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Preface

The purpose of this monograph is to lay down the foundations of the theory of
complex Kleinian groups, a concept and a name introduced by José Seade and
Alberto Verjovsky in the late 1990s, though their origin traces back to classical
work by Henri Poincaré, Emile Picard, Georges Giraud and many others. This
brings together several important areas of mathematics, as for instance classical
Kleinian group actions, complex hyperbolic geometry, chrystallographic groups
and the uniformization problem for complex manifolds. Each of these is in itself a
fascinating area of mathematics, with a vast literature, both classical and modern.
In fact, real and complex hyperbolic geometry are indeed at the very roots of the
theory of complex Kleinian groups and therefore we have devoted the first two
chapters of this work to giving a fast overview of these rich areas of mathematics.
A classical Kleinian group is a discrete group of conformal automorphisms
of the Riemann sphere S?, acting on the sphere with a nonempty region of dis-
continuity. Since the Riemann sphere is biholomorphic to the complex projective
line Pl and the orientation preserving conformal automorphisms of S? are exactly
the elements in PSL(2,C), one has that in this dimension, the classical Kleinian
groups can be regarded too as being groups of holomorphic automorphisms of Rlc'
When going into higher dimensions, there is a dichotomy: Should we look at
conformal automorphisms of the n-sphere S"?7, or should we look at holomorphic
automorphisms of the complex projective space P¢? These two theories are differ-
ent because in higher dimensions, neither are conformal maps always holomorphic,
nor are holomorphic maps necessarily conformal. In the first case we are talking
about groups of isometries of real hyperbolic spaces, an area of mathematics where
there is a rich body of knowledge thanks to the contributions of people like Ahlfors,
Thurston, Margulis, Sullivan, Mostow, Kapovich, McMullen and many others. In
the second case we are talking about an area of mathematics that still is in its
childhood, and its study is the theme of this work. Complex Kleinian groups are
discrete subgroups of PSL(n + 1,C), the group of holomorphic automorphisms of
PZ, having a nonempty invariant set where the action is properly discontinuous.
The group PU(n, 1) of holomorphic isometries of complex hyperbolic n-space
consists of the elements in PSL(n+1, C) that preserve a ball, while the affine group
Aff (C") =2 GL (n,C) x C™ consists of the elements in PSL(n + 1,C) that leave
invariant a given projective hyperplane. These are two very important subgroups

vii



viii Preface

of PSL(n + 1,C), but there are others, as for instance all the Lorentz groups
PU(p, q) with p+ ¢ = n + 1, the groups coming via twistor theory, Schottky type
groups, and many others. Thus we see that the study of complex Kleinian groups
is at the very heart of complex geometry.

An important difference with the classical case springs from the notion of
the limit set. We know that if we consider a Kleinian group G acting on the n-
sphere S™, then its limit set A is the set of accumulation points of the orbits.
Its complement €2 is the region of discontinuity; this is the maximal region where
the action is properly discontinuous, and it is also the equicontinuity set of the
family of transformations defined by the group action. The same definitions and
properties apply to discrete subgroups of PU(n, 1), essentially because when one
looks at the action of isometry groups in real or complex hyperbolic space, one has
the convergence property, in Misha Kapovich’s language. Yet, even in the case of
subgroups of PU(n, 1), when we look at the action on the whole space P¢ and not
only on the unit ball, there is not a well-defined notion of the limit set. There are
actually several possible definitions of the limit set, each with its own properties
and characteristics, and their study is one of the main features of this monograph.

Another important point to notice is that, in complex dimension 1, we have
Sullivan’s dictionary (highly enriched by McMullen and others) between the the-
ory of Kleinian groups and the study of iterates of holomorphic functions of the
Riemann sphere. There is currently much interesting work being done on iteration
theory in several complex variables, and it is to be expected that there should
be plenty of analogies (or perhaps a dictionary, to some extent) between iteration
theory of endomorphisms of P¢ and the theory of complex Kleinian groups. Recent
work by W. Barrera, A. Cano, J.- P. Navarrete and others, points in this direction,
but there is still a lot to be understood.

We finish this preface by saying that the theory of complex Kleinian groups is
a rich area of mathematics that is waiting to be explored. We believe that anyone
who absorbs the material in this book, will get plenty of ideas and insights about
interesting questions and further lines of research.

Angel Cano,

Juan Pablo Navarrete, and

José Seade.

Cuernavaca and Mérida, México, Spring of 2012.



Contents

Preface vii
Introduction xiii
Acknowledgments XX
1 A Glance at the Classical Theory 1
1.1 Isometries of hyperbolic n-space. The conformal group . . . . . . . 2
1.1.1  Poincaré models for hyperbolic space . . . . . . . . ... .. 2

1.1.2  Mobius groups in dimensions 2 and 3. . . . . . . . ... .. 6

1.1.3 Geometric classification of the elements in Isoy (Hp) . . . . 7

1.1.4 TIsometric spheres . . . . . . . .. . ... ... ... 10

1.2 Discrete subgroups . . . . . . . ... e 12
1.2.1 Properly Discontinuous Actions . . . . . . ... ... .... 12

1.2.2  The limit set and the discontinuity region. . . . . . . . . .. 15

1.2.3 Fundamental domains . . . . ... .. ... .. ....... 19

1.2.4 Fuchsian groups . . . . . ... ... oL 20

1.2.5 Kleinian and Schottky groups . . . . . . ... ... ... .. 25

1.3 Rigidity and ergodicity . . . . . . . .. ..o o 28
1.3.1 Moore’s Ergodicity Theorem . . . .. ... ... ... .... 28

1.3.2  Mostow’s rigidity theorem . . . . . . . .. ... ... ... 29

1.3.3 On the Patterson-Sullivan measure . . . . . . .. ... ... 31

1.3.4 Sullivan’s theorem on nonexistence of invariant lines . . . . 38

2 Complex Hyperbolic Geometry 41
2.1 Some basic facts on Projective geometry . . . . . . ... ... ... 42
2.2 Complex hyperbolic geometry. The ball model . . . . . . . . .. .. 45
2.2.1 Totally geodesic subspaces . . . . . . .. ... ... ... .. 48

2.2.2 Bisectors and spines . . . . .. ... oo 49

2.3 The Siegel domain model . . . . . .. ... ... ... ....... 51
2.3.1 Heisenberg geometry and horospherical coordinates . . . . . 52

2.3.2 The geometry at infinity . . . . . . . . ... ... 53



Contents

2.4 Isometries of the complex hyperbolic space . . . . ... ... ... 54
2.4.1 Complex reflections . . . . ... .. ... L. 55
2.4.2  Dynamical classification of the elements in PU(2,1) . ... 57
2.4.3 Traces and conjugacy classes in SU(2,1) . . ... ... ... 60

2.5 Complex hyperbolic Kleinian groups . . . . . . ... ... ... .. 66
2.5.1 Constructions of complex hyperbolic lattices . . .. .. .. 67
2.5.2  Other constructions of complex hyperbolic Kleinian groups 69

2.6 The Chen-Greenberg limit set . . . . . . . ... ... ... ..... 73

Complex Kleinian Groups (4

3.1 The limit set: an example . . . . . . .. .. ... ... ... ... 77

3.2 Complex Kleinian groups: definition and examples . . . . . . . .. 80

3.3 Limit sets: definitions and some basic properties . . . ... .. .. 83
3.3.1 The Limit set of Kulkarni . . . . ... ... ... ...... 83
3.3.2 Elementary groups . . . . . . . . ... .. oL 87

3.4 On the subgroups of the affine group . . . . . .. ... ... .. .. 88
3.4.1 Fundamental groups of Hopf manifolds . . . . . .. ... .. 88
3.4.2 Fundamental groups of complex tori . . . ... .. ... .. 88
3.4.3 The suspension or cone construction . . .. ... .. .. .. 88
3.4.4 Example of elliptic affine surfaces . . . . . . .. .. ... .. 90
3.4.5 Fundamental groups of Inoue surfaces . . . ... ... ... 90
3.4.6 A group induced by a hyperbolic toral automorphism . . . 91
3.4.7 Crystallographic and complex affine reflection groups . . . . 92

Geometry and Dynamics of Automorphisms of P2 93

4.1 A qualitative view of the classification problem . . . . .. ... .. 94

4.2 Classification of the elements in PSL(3,C) . . . .. ... ... ... 97
4.2.1 Elliptic Transformations in PSL(3,C) . ... ... .. ... 97
4.2.2  Parabolic Transformations in PSL(3,C) . ... ... .. .. 101
4.2.3 Loxodromic Transformations in PSL(3,C) . . . . . . . . .. 105

4.3 The classification theorems . . . . . . .. ... ... ... ... 112

Kleinian Groups with a Control Group 119

5.1 PSL(2,C) revisited: nondiscrete subgroups . . . . . ... ... ... 120
5.1.1 Main theorems for nondiscrete subgroups of PSL(2,C) . . . 120

5.2 Some basic examples . . . . . . ... 122

5.3 Elementary groups . . . . . . . .. ..o oo 123
5.3.1 Groups whose equicontinuity region is the whole sphere . . 123
5.3.2 Classification of elementary groups . . . . . .. ... .. .. 126

5.4 Consequences of the classification theorem . . . . . ... ... ... 126

5.5 Controllable and control groups: definitions . . . . . . ... .. .. 129
5.5.1 Suspensions . . . . . ... e 129

5.6 Controllable groups . . . . . . . . . ... 131

5.7 Groups with control . . . . .. .. ..o oL 133



Contents xi

58 Onthelimitset. . .. . ... .. ... ... 134
5.8.1 The limit set for suspensions extended by a group . .. .. 134

5.8.2 A discontinuity region for some weakly semi-controllable
BIOUDS © + v v v v e e e e e e e e e e 134
6 The Limit Set in Dimension 2 137
6.1 Montel’s theorem in higher dimensions . . . . . . . ... ... ... 138
6.2 Lines and the limitset . . . . . .. ... ... .. .. 139
6.3 The limit set is a union of complex projective lines . . . . . . . .. 140
7 On the Dynamics of Discrete Subgroups of PU(n, 1) 145
7.1 Discrete subgroups of PU(n, 1) revisited . . . . . ... .. ... .. 146
7.2 Some properties of the limit set . . . . . . ... ... ... ..... 148
7.3 Comparing the limit sets Axy(G) and Acg(G) . . . . . . ... .. 150
7.4 Pseudo-projective maps and equicontinuity . . . . ... .. .. .. 156
7.5 On the equicontinuity region . . . . . ... ... ... ... ... 160
7.6 Geometric Applications . . . . ... ... 162
7.6.1 The Kobayashi Metric . . . .. ... ... ... ....... 162
7.6.2 Complex Hyperbolic groups and k-chains . . . . . ... .. 162
7.7 The two-dimensional case revisited . . . . . . . ... ... ... .. 164
8 Projective Orbifolds and Dynamics in Dimension 2 167
8.1 Geometric structures and the developing map . . . . ... ... .. 168
8.1.1 Projective structures on manifolds . . . . .. ... ... .. 169
8.1.2 The developing map and holonomy . . . . . ... ... ... 170
8.2 Real Projective Structures and Discrete Groups . . . . . . . .. .. 171
8.2.1 Projective structures on real surfaces . . . . . ... ... .. 172
8.2.2  On divisible convex sets in real projective space . . . . . . . 173
8.3 Projective structures on complex surfaces . . . .. ... ... ... 175
8.4 Orbifolds . . . .. .. 177
8.4.1 Basic notions on orbifolds . . . . . .. ... ... 177
8.4.2 Description of the compact (P%, PSL3(C))-orbifolds . . . . . 181
8.5 Discrete groups and divisible sets in dimension 2 . . . . .. .. .. 182
8.6 Elementary quasi-cocompact groups of PSL(3,C) . . . . ... ... 184
8.7 Nonelementary affine groups. . . . . .. .. ... ... ... 187
8.8 Concluding remarks . . . . . ... ... Lo oL 192
8.8.1 Summary of results for quasi-cocompact groups . . . . . . . 192
8.8.2 Comments and open questions . . . . ... . ... ..... 193
9 Complex Schottky Groups 195
9.1 Examples of Schottky groups . . . .. ... .. ... ... ... 196
9.1.1 The Seade-Verjovsky complex Schottky groups . . ... .. 196
9.1.2 Nori’s construction of complex Schottky groups . . . . . . . 199

9.2 Schottky groups: definition and basic facts . . . . . ... ... .. 199



xii Contents
9.3 On the limit set and the discontinuity region . . . . ... ... .. 203
9.3.1 Quotient spaces of the region of discontinuity . . . . .. .. 205

9.3.2 Hausdorff dimension and moduli spaces . . ... ... ... 209

9.4 Schottky groups do not exist in even dimensions . . . . .. .. .. 216
9.4.1 On the dynamics of projective transformations . . . . . .. 216

9.4.2 Nonrealizability of Schottky groups in PSL(2n +1,C) . . . 220

9.5 Complex kissing-Schottky groups . . . . ... ... ... ... ... 223
9.6 The “zo0” in dimension 2 . . . . . . .. ... ... ... 225
9.7 Remarks on the uniformisation of projective 3-folds . . . . . . . .. 228

10 Kleinian Groups and Twistor Theory 231
10.1 The twistor fibration . . . . . . . . . ... ... ... ... .. ... 231
10.1.1 The twistor fibration in dimension 4 . . . . . ... ... .. 232

10.1.2 The twistor fibration in higher dimensions . . . . . . . . .. 234

10.2 The Canonical Lifting . . . . . ... .. ... ... ... ..., 235
10.2.1 Lifting Conf, (S*) to PSL(4,C) . . . . . . .. ... ... .. 235

10.2.2 The Canonical lifting in higher dimensions. . . . . . . . .. 238

10.3 Complex Kleinian groupson P& . . . . . . . ... ... 239
10.4 Kleinian groups and twistor spaces in higher dimensions . . . . . . 244
10.5 Patterson-Sullivan measures on twistor spaces . . . . . . . .. ... 247
10.6 Some remarks . . . . ... 250
Bibliography 253
Index 269



Introduction

Kleinian groups were introduced by Henri Poincaré in the 1880s as the mon-
odromy groups of certain 2" order differential equations on the complex plane C.
These are, classically, discrete subgroups of PSL(2,C), the group of holomorphic
automorphisms of the complex projective line P(lc, which act on this space with
nonempty region of discontinuity. Equivalently, these can be regarded as groups of
conformal automorphisms of the sphere S2, or as groups of (orientation preserving)
isometries of the hyperbolic 3-space.

Kleinian groups have played for decades a major role in several fields of math-
ematics, as for example in Riemann surfaces and Teichmiiller theory, automorphic
forms, holomorphic dynamics, conformal and hyperbolic geometry, 3-manifolds
theory, iteration theory of rational maps, etc.

Much of the theory of Kleinian groups has been generalised to conformal
Kleinian groups in higher dimensions (also called Mdbius or hyperbolic Kleinian
groups), i.e., discrete groups of conformal automorphisms of the sphere S™. We
refer to [105, 106] for clear accounts on conformal Kleinian groups.

Also, D. P. Sullivan’s dictionary gives remarkable relations between classical
Kleinian groups and the iteration theory of rational maps on P¢. Many interesting
results about the dynamics of rational maps on IP’}C in the last decades have been
motivated by the dynamics of Kleinian groups (see for instance the references to
Sullivan’s and McMullen’s work in the bibliography). Further striking relations in
this sense have been also obtained by M. Lyubich, Y. Minsky and others.

On the other hand, the iteration theory of rational maps is being generalised
to higher dimensions by various authors, like J. F. Fornzess, E. Bedford, J. Smillie,
N. Sibony, amongst others, obtaining many interesting results about the dynamics
of rational endomorphisms of P¢ (see [51] for a clear account on the subject).

It is thus natural to ask: what about the other side of the dictionary, in
holomorphic dynamics, in higher dimensions? I.e., what about discrete groups of
automorphisms of P37 That is the subject we explore in this monograph.

As we will see in the sequel, this includes the theory of discrete groups of
isometries in both, real and complex hyperbolic geometry, as well as discrete com-
plex affine groups. There are several other ways and sources from which complex
Kleinian groups arise, and we discuss some of these throughout the text.

xiii



xiv Introduction

This monograph originates in articles about complex Kleinian groups by A.
Verjovsky, J. Seade, J. P. Navarrete and A. Cano (see references in the bibliogra-
phy), enriched through the work of many authors who have studied and written
about real and complex hyperbolic geometry, and also about holomorphic projec-
tive structures on complex manifolds. We have particularly profited from W. Gold-
man’s excellent book on complex hyperbolic geometry, as well as John Parker’s
articles cited in our bibliography. Misha Kapovich’s work has also been very help-
ful and highly inspiring. These and many other works have played a significant
role for us while writing this monograph; throughout the text we indicate the most
significant references on each topic, and each chapter begins with an introduction
that includes references for further reading.

A complex Kleinian group means a discrete group of automorphisms of P¢
which acts within a nonempty region of discontinuity. When the group acts on P¢
preserving a ball, then it is conjugate to a subgroup of PU(n, 1) and we are in the
framework of complex hyperbolic geometry; the groups one gets in this way are
called complex hyperbolic Kleinian groups. If the group acts on P¢ preserving a
projective hyperplane IP’gfl, then we are essentially in the realm of complex affine
geometry. On the other hand, whenever a discrete subgroup I" of PSL(n+1, C) acts
properly discontinuously on an invariant open set 2 C PZ, the quotient space /T’
is an orbifold equipped with a projective structure, and the study of holomorphic
projective structures on complex manifolds and orbifolds is in itself a rich area
of current research. This includes the theory of complex hyperbolic and complex
affine manifolds. Thence the theory of complex Kleinian groups provides a means
to study these important fields of mathematics in a unified way.

The study of complex Kleinian groups is indeed still in its childhood, and this
monograph aims to contribute to the laying down of its foundations, studying ba-
sic concepts as for instance that of the limit set; constructions of discrete groups in
higher dimensions; the uniformisation problem for two-dimensional complex orb-
ifolds; classification problems: of the elements in PSL(n+ 1, C) and their geometry
and dynamics, of its discrete subgroups, of the complex structures one gets on
quotients of open sets of P¢ which are invariant under the action of a discrete
group; Teichmiiller theory in higher dimensions; relations with twistor theory; etc.

Whenever one has a classical Kleinian group, one has a natural splitting of ]P’(lC
in two invariant subsets: one of these, say (2, is where the action is discontinuous;
this is also the equicontinuity set of the group, i.e., the points where the group
forms a normal family. The other set A, its complement, is where the dynamics
“concentrates”. The set (2 plays a key role in complex geometry, as shown by the
work of Ahlfors, Kra, Bers and many others. And the action on the limit set plays
a key role for holomorphic dynamics, as shown by the work of D. Sullivan, W.
Thurston, C. McMullen, M. Lyubich and many others.

One has a similar picture for conformal Kleinian groups in higher dimensions,
and their study is the content of Chapter 1 of this monograph, which contains well-
known material that we present in a way that supports the remaining chapters.
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We refer to the literature, particularly to the recent articles of M. Kapovich listed
in the bibliography, for a deeper and wider study of this important field of math-
ematics.

Chapter 1 provides a quick glance at the foundations of real hyperbolic ge-
ometry: its various models; its group of isometries; the relation between hyperbolic
space and conformal geometry on the sphere at infinity; discrete groups of isome-
tries; the limit set and discontinuity region; fundamental domains. The literature
on these topics is vast, so we have made no attempt to give a comprehensive ac-
count of the subject. Instead, we give a number of examples and discuss some
of the key ideas that help to get a feeling for this exciting subject. We also ex-
plain briefly some of the most celebrated theorems in the subject that we use in
the sequel, such as Moore’s ergodicity theorem, Mostow’s rigidity, the Patterson-
Sullivan measure, the ergodicity of action on the limit set, and Sullivan’s theorem
of nonexistence on invariant line-fields on the limit set.

In Chapter 2 we look at complex hyperbolic geometry, which is the complex
analogue of real hyperbolic geometry. Its origin traces back to the work of E. Pi-
card on differential equations in several complex variables. Later, G. Giraud made
fundamental contributions to the subject through a series of papers, which are
discussed in an appendix at the end of [67]. This is a fascinating branch of mathe-
matics which has been having a fast development over the last few decades, thanks
to the contributions of many authors as, notably, G. Mostow and P. Deligne, and
more recently W. Goldman, J. Parker, N. Gusevskii, R. Schwartz, E. Falbel, M.
Kapovich and several others. In this chapter we briefly describe the classical mod-
els for complex hyperbolic geometry, its group of holomorphic isometries, which
is the projective Lorentz group PU(n, 1), and methods for constructing discrete
subgroups of it. We describe, following [67], the classification of the elements in
PU(n,1) according to their geometry and dynamics, and for n = 2 also according
to trace. We finish the chapter by giving the definition and basic properties of the
limit set following [45].

In Chapter 3 we start our discussion on complex Kleinian groups. As men-
tioned earlier, these are, by definition, discrete subgroups of PSL(n+1,C) that act
on P¢ with nonempty regions of discontinuity. This naturally includes the discrete
groups of isometries of real and complex hyperbolic n-space, as well as all complex
affine groups, and many more. In this general setting there is no well-defined no-
tion of limit set when n > 2. We give an example in PZ, motivated by work of R.
Kulkarni in the late 1970s, that illustrates the diversity of possibilities one has for
defining this notion, unlike the situation in hyperbolic geometry where “the limit
set” is a well-defined notion. There are several possible definitions of this concept,
each with its own properties and characteristics. There is the Chen-Greenberg
limit set for complex hyperbolic groups, i.e., subgroups of PU(n,1); there is the
Kulkarni limit set; there is the complement of the region of discontinuity; the
complements of the maximal regions where the action is properly discontinuous
(in general there is no largest such region); and the complement of the region of
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equicontinuity. There are also other sets that can play the role of “the limit set”
in different settings (e.g. the closure of the fixed points of loxodromic elements,
whenever this makes sense). These notions are not always equivalent, as we explain
in the text, and each of them has its own interest. Yet, in all cases one has a region
Q where the dynamics is “tame”, and a set A where the dynamics concentrates.

When n = 1 a complex Kleinian group is nothing but a discrete group of
automorphisms of IP’}C, which is the Riemann sphere. A natural next step is consid-
ering groups of automorphisms of PZ and this is our focus of study in Chapters 4
to 8. The material in these chapters is mostly based on work done by Angel Cano
and Juan-Pablo Navarrete, and more recently also in collaboration with Waldemar
Barrera.

In Chapter 4 we look at the geometry and dynamics of the individual ele-
ments in PSL(3, C). In other words, we consider a single automorphism of P and
the cyclic group it generates. We know that, classically, the elements in PSL(2, C)
are of three types: elliptic, parabolic and loxodromic (or hyperbolic). This clas-
sification is done in terms of their geometry and dynamics, and it can also be
done algebraically, in terms of the trace of a lifting to SL(2,C). In fact there is
a similar (geometric-dynamical) classification for the isometries of every Rieman-
nian manifold of nonpositive curvature, and even more generally for isometries of
CAT(0)-spaces (see Remark 2.4.6). In Chapter 4 we show that the elements of
PSL(3,C) can be also naturally classified into these three types, elliptic, parabolic
and loxodromic, although PZ has positive curvature and the action of PSL(3,C)
is not by isometries. This classification is of course compatible with the classical
one when the elements lie in PU(2,1). The classification is done in terms of the
geometry and dynamics, and also algebraically. It turns out that all the elliptic
and parabolic elements are actually conjugate to elliptic and parabolic elements
in PU(2,1). The new phenomena appear when looking at the loxodromic ele-
ments. We remark that the geometric-dynamical classification of the elements in
PSL(3,C) actually extends to higher dimensions, as shown in [39].

The next step in our study is considering in Chapter 5 subgroups of PSL(3, C)
whose dynamics is governed by a subgroup of PSL(2,C). This is natural since the
subgroups of PSL(2, C) are far better understood than the subgroups of PSL(3, C).
The simplest way for doing so is by taking a discrete group I' in PSL(2, C), lifting it
to SL(2,C) and looking at its canonical inclusion in SL(3,C). This type of groups
were called suspensions in [201] and this construction was generalised in [160],
[41], getting interesting representations in PSL(3,C) of subgroups of PSL(2,C).
Yet, there are many other situations in which one can get a lot of information
about a given group in PSL(3,C) from a lower-dimensional one which “controls”
its dynamics. This is the topic we study in Chapter 5. It is worth remarking
that even if we start with a discrete group in PSL(3,C), it can happen that the
corresponding control group in PSL(2,C) is nondiscrete. We thus make in this
chapter a brief discussion of nondiscrete subgroups of PSL(2,C). Of course it
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makes no sense in this setting to speak of a “discontinuity region”, since this is
empty by definition. Here, it is the equicontinuity region which plays a significant
role.

As we have said before, unlike the situation for subgroups of PSL(2,R),
in higher dimensions there is no unique notion of “the limit set” for complex
Kleinian groups. There are instead several natural such notions, each with its
own properties and characteristics, each providing a different kind of information
about the geometry and dynamics of the group. Yet, in Chapter 6 we see that in
dimension 2, the various natural definitions of limit set coincide generically, i.e.,
for complex Kleinian groups whose Kulkarni limit set has “enough” lines.

This is interesting also from the viewpoint of having a Sullivan dictionary
between Kleinian groups and iteration theory in several complex variables. In fact
we recall the important theorem in [60]), stating that in the space of all rational
maps of degree d in P¢, for n > 2, those whose Fatou set is Kobayashi hyperbolic
form an open dense set with the Zariski topology. Similarly, in this chapter we see
that under certain “generic” conditions, the region of equicontinuity of a complex
Kleinian group in IP’?C coincides with the Kulkarni region of discontinuity, and it
is the largest open invariant set where the group acts properly discontinuously.
And this region is Kobayashi hyperbolic. Hence the results in this chapter, which
are based on work by W. Barrera, A. Cano and J. P. Navarrete, give us a better
understanding of the concept of “the limit set” in dimension 2, and they set down
the first steps of a theory that points towards an analogous concept for Kleinian
groups of the aforementioned theorem of Fornaess-Sibony.

In Chapter 7 we consider again complex hyperbolic Kleinian groups, i.e.,
discrete subgroups of PU(n,1), but we now look at their action on the whole
projective space PZ, not only at the projective ball that serves as a model for
complex hyperbolic space. We know from Chapter 3 that one has in this setting
several possible definitions of the limit set. Here we compare the Kulkarni limit set
and the complement of the region of equicontinuity, with the limit set in the sense
of Chen-Greenberg. This is a subset of the sphere that bounds the projective ball
that serves as a model for the complex hyperbolic space Hg. This allows us to get
information about the action of the group on all of P¢ from its behaviour on the
ball Hg.

In Chapter 8 we bring together the information obtained through Chapters
4, 5 and 7, to study discrete subgroups of PSL(3,C) with a divisible set in P% in
the sense of Y. Benoist. More precisely, we study subgroups of PSL(3, C) acting on
]P’% so that there is a nonempty open invariant set 2 where the group acts properly
discontinuously and the quotient M = Q/T is compact; we call such actions quasi-
cocompact. This includes the cocompact case: When I' has a largest region of
discontinuity and the quotient is compact. The surface M is an orbifold naturally
equipped with a projective structure. The material in this chapter is closely related
to previous work by S. Kobayashi, T. Ochiai, Y. Inoue, B. Klingler and others,
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about compact complex surfaces with a projective structure. We give the complete
classification of the divisible sets appearing in this way, the corresponding groups,
the Kulkarni limit set and the topology of the quotient orbifold.

Chapters 9 and 10 focus on complex Kleinian groups in higher dimensions,
and these are essentially based on the articles by José Seade and Alberto Verjovsky
listed in the bibliography. The material in Chapter 9 is actually related to previous
work by M. Nori aimed at construction of new compact complex manifolds. We
also speak in that chapter about work by A. Cano.

Recall that the classical Schottky groups are subgroups of PSL(2, C) obtained
by considering disjoint families of circles in PL 2 S?. These circles play the role of
mirrors that split the sphere in two diffeomorphic halves which are interchanged
by a conformal map, and these maps generate the Schottky group (see Chapter 1
for details). So the idea of constructing Schottky groups in higher dimensions is to
construct mirrors in P¢: that split the space in two parts which are interchanged by
a holomorphic authomorphism, and use these to construct discrete subgroups. This
works fine on odd-dimensional projective spaces. One gets Schottky subgroups of
PSL(2n + 2, C) whose limit sets are solenoids with rich dynamics. Following [203],
we determine the topology of the compact complex manifolds obtained as quo-
tient My := Q(T)/T of the region of discontinuity divided by the action. We look
at their Kuranishi space of versal deformations and prove that, for n > 2, every
infinitesimal deformation of My actually corresponds to an infinitesimal deforma-
tion of the group I' in the projective group PSL(2n 4 2, C). This is analogous to
the classical Teichmiiller theory for Riemann surfaces. Similar considerations were
observed in [176] for n = 1, studying the so-called Pretzel Twistor spaces.

In even dimensions, one can show that there cannot be Schottky groups (see
the text for a more precise statement). Yet, in these dimensions one does have
mirrors, but unlike the odd-dimensional case, mirrors are now singular varieties,
not smooth submanifolds, and all mirrors must intersect. Thus one gets kissing-
Schottky groups as in the “Indra’s Pearls” of [158], acting on P% and actually on
all projective spaces. The examples of kissing-Schottky groups that we give in
Chapter 9 are interesting because these groups are not elementary (see the text
for the definition), nor affine, nor complex hyperbolic, in contrast with the groups
that appear in Chapter 8.

Finally, Chapter 10 is based on [202]. Here we use twistor theory to con-
struct complex Kleinian groups. Twistor theory is, no doubt, one of the jewels of
mathematics in the 20th Century.

There are two different ways in which twistor theory can be considered.
One is to see twistor theory as providing the geometrical setting for new and
valuable mathematical methods in, for example, the treatment of Yang-Mills and
other nonlinear equations. The other point of view, more ambitious, is the twistor
programme for physics, in which it is held that, if the nature of the physical world
is to be understood, then the usual description of space-time must be superseded
by some form of twistor geometry. The mathematical foundations of this theory
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were developed by R. Penrose and a number of other great mathematicians such
as M. Atiyah, N. Hitchin and others.

The “Penrose twistor programme” springs from the remarkable fact that
there is a rich interplay between the conformal geometry of (even-dimensional) Rie-
mannian manifolds and the complex geometry of their twistor spaces. In Chapter
10 we explain how this interplay can be also “pushed forward” to dynamics, provid-
ing interesting relations between conformal and holomorphic dynamics. One gets
that every conformal Kleinian group can be regarded, canonically, as a complex
Kleinian group via twistor theory. For example in dimension 4, one has a canon-
ical embedding Conf (S*) < PSL(4,C) and the dynamics of conformal Kleinian
groups in dimension 4 embeds in the dynamics of complex Kleinian groups in
]P’%. Furthermore, one can actually see things about conformal Kleinian groups
G C Conf(S?*) through their action on P2 which are not visible through their
action on S*. Similar statements hold in higher dimensions.

As mentioned before, the theory of complex Kleinian groups is still in its
childhood, although its origin traces back to the work of Riemann, Poincaré, Klein,
Picard, Giraud and many other great mathematicians. The knowledge we now
have about classical Kleinian groups, as well as about complex hyperbolic groups,
complex affine groups, geometric structures on complex manifolds, moduli spaces
and Teichmiiller theory, potential theory and iteration theory in several complex
variables, inspire many questions and lines of further research in the topic of
discrete subgroups of projective transformations, that are waiting to be explored.

Although the various chapters in this monograph add up to form a coherent
unit, this monograph has been written so that each individual chapter can be read
on its own. No doubt the theory of complex Kleinian groups will eventually become
an important subfield of both, complex geometry and holomorphic dynamics, and
we hope this monograph will help to lay down its foundations, and contribute to
enhancing the interest in this fascinating topic.
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Chapter 1

A Glance at the Classical
Theory

Classical Kleinian groups are discrete subgroups of Mébius transformations which
act on the Riemann sphere with a nonempty region of discontinuity. This includes
Fuchsian groups, Schottky groups and many other interesting families.

Mobius transformations are all obtained as compositions of inversions on cir-
cles on the Riemann sphere S 2 P}, and the group of all Mébius transformations
is isomorphic to the group of orientation preserving isomorphisms of hyperbolic
3-space H%.

When we go into “higher dimensions” there is a dichotomy: one may study
discrete subgroups of isometries of hyperbolic n-space Hg; equivalently, these are
also discrete groups of conformal automorphisms of the sphere at infinity, and
they are all obtained by inversions on spheres of codimension 1. We refer to these
as conformal Kleinian groups and their study is the goal of this chapter. Yet, by
“higher dimensions” one may also mean discrete groups of holomorphic transfor-
mations of the complex projective space P¢ acting with a nonempty region of
discontinuity. We call these complex Kleinian groups, following [201], [202], and
their study is the substance of the rest of this monograph. Since we have a group
isomorphism PSL(2, C) = Conf, S?, in the classical setting both concepts coincide:
conformal and complex Kleinian groups are essentially the same thing (provided
the conformal maps preserve also the orientation). In higher dimensions these con-
cepts are different, but there are similarities and the theory we develop here often
uses results and ideas from the conformal setting. Thence we begin this work by
reviewing briefly the conformal Kleinian groups.

This is a fascinating theory with a vast literature. For an introduction to
the subject we refer to the books of Maskit and Beardon. And for more updated
accounts we refer to Misha Kapovich’s book and the excellent notes [105] and
[150].

A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 1
DOI 10.1007/978-3-0348-0481-3_1, © Springer Basel 2013
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1.1 Isometries of hyperbolic n-space. The conformal
group

1.1.1 Poincaré models for hyperbolic space

We recall that a Riemannian metric g on a smooth manifold M means a choice of
a positive definite quadratic form on each tangent space T, M, varying smoothly
over the points in M. Such a metric determines lengths of curves as usual, and so
defines a metric on M by declaring that the distance between two points is the
infimum of the lengths of curves connecting them.

A (local) isometry between any two such spaces is a map that preserves
distances.

We now construct a model for hyperbolic n-space Hp. We learned this con-
struction from Dennis Sullivan (see [216]) and it is based on work of Jakob Steiner
(in 1825) on inversions in R™. We start by recalling that the classical inversion
inS'~*R=RU {o0} is the map ¢ defined by x +— 1/z, where we are as-
suming 1/0 = oo and 1/co = 0. This definition extends in the obvious way to
intervals of arbitrary length and centre. Using this, we can define inversions in
S* 2 R = R™ U {oo} on arbitrary (n — 1)-spheres in S™ by considering all rays
that emanate from the centre of the sphere and defining the inversion on each ray
as we did in dimension 1. This includes inversions on (n — 1)-spheres of maximal
radius, which correspond to hyperplanes in R™. In that case the inversion is the
usual Euclidean reflection.

Thus, for instance, if C' C R? is the circle of finite radius r > 0 and centre at
the origin 0, then the inversion on C'is defined by

r2

7)“2 (z,y).

LT(Iay) - H(x’y

It is clear that the inversion in S™ with respect to an (n — 1) sphere S has S
as its fixed point set, and it interchanges the two halves of S™ separated by S. In
other words, S is like a mirror in S™, a concept that will play a key role later in
Chapter 9.

The following theorem is due to Steiner:

Theorem 1.1.1. Inversions in S™ are conformal maps that preserve spheres of all
dimensions.

Recall that a map between Riemannian manifolds is conformal if it preserves
angles (measured in the usual way). So the theorem claims that inversions preserve
angles and carry each d-sphere S C S™ into another d-sphere, for all d > 0.

Let M6b(S™) be the group of diffeomorphisms of S™ = R=R"U {o0} gener-
ated by inversions on all (n — 1)-spheres in S™, and let M6b(B™) be the subgroup
of M6b(S™) consisting of maps that preserve the unit ball B™ in R”.

The proof of the following result is left as an exercise:
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Theorem 1.1.2. Let S; and Sy be two (n — 1)-spheres in S™, n > 2, and let 1s, be
the inversion on the first of these spheres. Then ts,(S2) = S if and only if S1 and
Sy intersect orthogonally (with respect to the usual round metric on S™). Hence
the group Mob(B™) is generated by inversions in S™ on (n — 1)-spheres that meet
orthogonally the boundary S*—! = OB".

Notice that if the (n — 1)-sphere S&; meets S*~! = 9B" orthogonally, then
C := 8 NS"!isan (n — 2)-sphere in S*~! and the restriction to S*~! of the
inversion ts, coincides with the inversion on S"~! defined by the (n — 2)-sphere C.
In other words one has a canonical group homomorphism Méb(B") — M&b(S™~1).

Conversely, given an (n—2)-sphere C in S"~! there is a unique (n — 1)-sphere
S in S™ that meets S"~! orthogonally at C. The inversion

Lo Sn—l N Sn—l
extends canonically to the inversion
LS B" — B" y

thus giving a canonical group homomorphism Mob(S™~!) — M&b(B™), which is
obviously the inverse morphism of the previous one. Thus one has:

Lemma 1.1.3. There is a canonical group isomorphism Mb(B™) =2 Mob(S"~1),
Vn > 2.

Remark 1.1.4. It is well-known that every conformal automorphism of a sphere
S™, m > 1, is a composition of inversions. Thus one also has an isomorphism
Mob(B™) = Conf(S"7 1), Vn > 2.

The following result shows that for n > 3, the property of being locally
conformal is very strong and makes a remarkable difference with the holomorphic
case in high dimensions, see [7], [8].

Theorem 1.1.5 (Liouville). Let n > 3, and let U,V C S™ be open, connected
and nonempty sets. Then every conformal injective function f : U — V is the
restriction of an element in Mob(S™).

Definition 1.1.6. We call Mob(B™) (and also M6b(S™)) the general Mébius group
of the ball (or of the sphere).

The subgroup M&b. (B™) of Mob(B™) of words of even length consists of the
elements in M6b(B™) that preserve the orientation. This is an index 2 subgroup
of Mob(B™). Similar considerations apply to Mob(S™). We call Mob (B™) and
Mob, (S™) Mobius groups (of the ball and of the sphere, respectively).

We have:

Theorem 1.1.7. The group Mob(S™) of Mébius transformations is generated by the
following transformations:
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(i
(ii

(iii

Translations: t(x) = x + a, where a € R™ ;
Dilatations (or homotecies): t(x) = Az, where A € (0,00) ;

Rotations: t(x) = Ox, where O € SO(n) ;

)
)
)
(iv) The inversion: t(x) = z/||z||.

In particular one has that Mob, (B™) contains the orthogonal group SO(n)
as the stabiliser (or isotropy) subgroup at the origin 0 of its action on the open ball
B”. The stabiliser of 0 under the action of the full group M6b(B™) is O(n). This
implies that M&b (B™) acts transitively on the space of lines through the origin
in B™. Moreover, M6b (B™) clearly acts also transitively on the intersection with
B™ of each ray through the origin. Thus it follows that Mob, (B™) acts transitively
on B™.

Now consider the tangent space ToB" and fix the usual Riemannian metric
on it, which is invariant under the action of O(n). Given a point 2 € B™, consider
an element v € Mob(B™) with v(0) = x. Let D5y denote the derivative at 0 of
the automorphism v : B — B™. This defines an isomorphism of vector spaces
D~y : ToB™ — T,B™ and allows us to define a Riemannian metric on 7,B". In
this way we get a Riemannian metric at each tangent space of B™, which a priori
might depend on the choices involved.

We claim that the above construction of a metric on the open ball is well
defined, i.e., that the metric one gets on 7, B™ does not depend on the choice of the
element v € Méb(B™) taking 0 into x. In fact, if n € Mob(B™) is another element
taking 0 into z, then (n)~! o« leaves 0 invariant and is therefore an element in
O(n). Since the orthogonal group O(n) preserves the metric at ToB", it follows
that both maps, v and 7, induce the same metric on 7, B™. Hence this construction
yields to a well-defined Riemannian metric on B”.

It is easy to see that this metric is complete and homogeneous with respect
to points, directions and 2-planes. That is, given points x,y € B”, lines ¢, ¢, and
2-planes P, Py, through these points, there is an element in Méb(B™) carrying
to y and ¢, to ¢, and an element taking = to y and P, to P,. Hence this metric
has constant (negative) sectional curvature.

Definition 1.1.8. The open unit ball B® C R"™ equipped with the above metric
serves as a model for the hyperbolic n-space HE. The group Mob(B™) is its group
of isometries, also denoted by Iso(HE), and its index 2 subgroup Mob (B™) is the
group of orientation preserving isometries of HE, Isoq (HE).

Since Isoy (HR) acts transitively on B™ with isotropy SO(n), and the tan-
gent bundle of B™ is obviously trivial, one has that, as a manifold, Iso; (HR) is
diffeomorphic to SO(n) x B™. In particular Iso, (H3) is an open solid torus S* x B2.

This is the open disc model of Poincaré for hyperbolic geometry. We now
describe the upper half-space model, also due to Poincaré, that we use in the
sequel too. For this consider the closed ball B" c R™, endow its interior with the
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hyperbolic metric as above, and think of R™ as the set of points in R+ with 0
in the last coordinate. Now project B" into the the upper half sphere,

S = {21, 2na1) €R™Ha + - 4 af ) = 1and 2pq1 > 0}

via stereographic projection in R™*! from the South pole (0,...,0,—1) € S**1.
Now project Siﬂ into the upper half space

RY = {(z1,...,2n41) € R™H |x1 =1and z,41 > 0},

via stereographic projection from the point (—1,0,...,0). The composition of these
two maps identifies the open ball B” with the interior H} of R"}. Equipping H"
with the induced (hyperbolic) metric we get Poincare’s upper half-space model for
hyperbolic n-space.

We finish this subsection with the following theorem, which summarises part
of the previous discussion.

Theorem 1.1.9. The Mdébius group Mob(B™), generated by inversions on (n — 1)-
spheres in S™ = R™ U oo which intersect transversally the boundary of the unit
sphere S"~Y = OB" (with nonempty intersection), is isomorphic to the group
Iso(H™) of isometries of the n-dimensional hyperbolic space H™. This group is
canonically isomorphic to Conf(S*™1), the group of conformal automorphisms of
the (n — 1)-sphere. As a manifold, Iso(H") is diffeomorphic to O(n) x B", so it is
a noncompact Lie group of real dimension % +n. The words in Iso(H"™) with
even length form the index 2 subgroup Iso, (H™) of Iso(H") consisting of orienta-
tion preserving maps, which is canonically isomorphic to Conf (S*~1).

In the sequel we denote the real hyperbolic space by Hg, to distinguish it from
the complex hyperbolic space Hf (of real dimension 2n) that we will consider in
later chapters. Also, we denote by S""! the sphere at infinity, that is, the boundary
of HZ in S™. We set Hy := HZ USZ L.

Remark 1.1.10 (Models for real hyperbolic geometry). There are several other
classical models for real hyperbolic geometry: the projective ball model, the hy-
perboloid model, the upper-half sphere model and the Siegel domain model. The
upper-half sphere model was briefly mentioned above and serves, among other
things, to pass geometrically from the disc model to the upper-half space model
and back. We refer to Thurston’s book for descriptions of several other models for
the hyperbolic n-space. These are briefly discussed below.

The hyperboloid model, also called Lorentz or Minkowski model, is very much
related to the models we use in the sequel to study complex hyperbolic geometry
(and so are the projective ball and the Siegel domain models that we describe
below). For this we look at the upper hyperboloid P of the two-sheeted hyperboloid
defined by the quadratic function

x%—i—~~+xi—xi+1:—1.
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Its group of isometries is now O(n,1),, the subgroup of the Lorentz group O(n, 1)
consisting of transformations that preserve P. This model is generally credited
to Poincaré too, though it seems that K. Weierstrass (and probably others) used
it before. Its geodesics are the intersections of P with linear 2-planes in R™+!
passing through the origin; every linear space passing through the origin meets P
in a totally geodesic subspace.

The projective ball model is also called the Klein, or Beltrami-Klein, model.
For this we look at the disc D in R™"*! defined by

D::{(m1,~~,xn+1)’x%+~--+xi<1andxn+1:1}.

That is, we look at the points in R"™! where the quadratic form Q(z) = 2 +-- -+
2 — 22 11 is negative and x4, = 1. Notice that stereographic projection from the
origin determines a bijection between D and P.

Finally, the Siegel domain (or paraboloid) model for Hf, is obtained by looking
at the points (z1,...,r,) in R™ that satisfy 2z,, > 23+ - -+22_,. This is bounded
by a paraboloid, and it is equivalent to the upper half-space model. The Cayley
transform provides an equivalence between this domain and the unit ball in R"™.

This is done in Chapter 2 for complex hyperbolic geometry.

1.1.2 Mobius groups in dimensions 2 and 3

The two- and three-dimensional cases are classical and can be regarded simulta-
neously. Consider the open 3-ball B® and its boundary B2, which is the 2-sphere,
that we regard as being the Riemann sphere S?, i.e., the usual 2-sphere equipped
with a complex structure, making it biholomorphic to the extended complex plane
C = CU 0, also called the Cauchy plane.

It is explained in many text books that in this dimension, an orientation
preserving diffeomorphism of S? is conformal if and only if it is holomorphic. This
is essentially a consequence of the Cauchy-Riemann equations. Moreover, every
holomorphic automorphism of the Riemann sphere is a Md&bius transformation
Z ‘Zjis, where a, b, ¢, d are complex numbers such that ad — bc = 1.

Let us look now at the group SL(2,C) of 2 x 2 complex matrices with de-
terminant 1. This group acts linearly on C2, so it acts on the complex projective
line P{ which is biholomorphic to the Riemann sphere §? & CU oo := C. The
induced action of SL(2,C) on PL is via the Mébius transformations:

az+b
cz+d

Thus one has a natural projection

SL(2,C) — Conf, (S?) = Iso, (H3),

b
given by <Z Z) — ZZZ i 7 This is in fact a homomorphism of groups: the product
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of two matrices in SL(2, C) maps to the composition of the corresponding M&bius
transformations.

It is clear that the above projection is surjective. Furthermore, two matrices
in SL(2,C) define the same Mdobius transformation if and only if they differ by
multiplication by £1. Hence the group PSL(2,C) = SL(2,C)/{£I} can be iden-
tified with the group of all M&bius transformations {Zjis , which is isomorphic
to the group of orientation preserving isometries of the hyperbolic 3-space. This
coincides with the group of holomorphic automorphisms of the Riemann sphere;
it also coincides with Conf (S?), the group of orientation preserving conformal
automorphisms on S2.

Summarizing;:
Theorem 1.1.11. One has the following isomorphisms of groups:
Iso, (H3) = be(IBzS) >~ Conf (S?)

{az+b
cz+d

1%

; a,b,c,d,E(C,adfbc:l} >~ PSL(2,C) .

Now recall that a Mobius transformation Zjis with ad —bec = 1 preserves the

upper half plane # C C if and only if a, b, ¢, d are real numbers. These correspond
to compositions of inversions in C = C U oo on circles (or lines) orthogonal to the
z-axis. Hence these are isometries of H3 and one has:

Theorem 1.1.12.

az+Db

; a,b,c,d,eR,ad—bc=1} >~ PSL(2,R).

1.1.3 Geometric classification of the elements in Iso, (HJ)

We now classify the elements of Iso; (HE) in terms of their fixed points. We start
with the case n = 2 which is classical and there is a vast literature about this
topic (see for instance [144], [19], [184]). By the theorem above, an isometry of the
hyperbolic plane can be regarded as a Md6bius transformation 7' given by z — ‘Zﬁiﬁ
with a,b,c,d, € R and ad — bc = 1. The fixed points of T" are the points where

T(z) = z. These are the solutions of the equation

(a—d)£+/(d—a)?+4bc

2c

Since the coefficients a, b, c,d are all real numbers we have the following three
possibilities:

(i) (d—a)?+4bc<0;
(ii) (d—a)* + 4bc = 0;
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(iii) (d —a)? +4bc > 0.
Assuming, as we do, ad — bc = 1, we have:

(d—a)®+4bc=(a+d)?*—4,

and a + d is the trace of the matrix <Z Z), so we call Tr(T) := a + d the trace
of T. Then the three cases above can be written as::

(i) 0 < Tr*(T) < 4. The map T is called elliptic;

(ii) Tr*(T) = 4. The map T is called parabolic

(iit) Tr*(T) > 4. The map T is called hyperbolic.

In the first case the map T has one fixed point in H, regarded as the upper
half-plane H = {&'z > 0}; the other fixed point is the complex conjugate of the
previous one, so it is in the lower half-plane. In the second case T has only one
fixed point (of multiplicity 2) and this is contained in the z-axis (union co), which
is the “boundary” of the hyperbolic plane, the sphere at infinity. In the third case
T has two distinct fixed points, both contained in the sphere at infinity.

If T is elliptic, then one can conjugate it by an automorphism of the Riemann
sphere to make it have its fixed points at 0 and co, and T becomes a rotation
around the origin, 7'(z) = €% 2.

If T is parabolic, then it is conjugate in PSL(2,C) to a map of the form
S(z) = z+ k, with k¥ € R constant. This map is a translation and has co as its
fixed point.

If T is hyperbolic, then it is conjugate in PSL(2,C) to a map of the form
S(2) = A%z , with X real and # 41. This map has 0 and oo as fixed points and all
other points move along straight lines through the origin. This description is good
in some sense, but it is not satisfactory because the map S does not preserve H,
which is our model for H2. To describe its dynamics in it is better to consider
its fixed points x1, x2, and assume for simplicity that both are finite and contained
in the real-axis. These two points determine a unique geodesic in H2, namely the
unique half-circle in H with end-points z1, zo and meeting orthogonally the z-axis.
This geodesic is invariant under 7. Moreover, given any other point x € H, there is
a unique circle passing through x1, x5 and x. These circles fill out the whole space
C and they are invariant under 7', so they are unions of orbits. When the fixed
points are taken to be 0 and oo, these circles become the straight lines through
the origin, or the meridians through the North and South poles if we think of T'
as acting on the Riemann sphere.

If we consider now an isometry 7' of H3 and we think of it as a Mdbius
transformation with (possibly) complex coefficients, then we have again three pos-
sibilities:

(i) The map T has two distinct fixed points which are both complex conjugate
numbers. In this case T is said to be elliptic, as before. Again, T' is conjugate
in PSL(2, C) to a rotation.
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(ii) The map T has only one fixed point which is real. In this case T is said to
be parabolic and it is conjugate in PSL(2,C) to a translation.

(iii) The map T has two distinct fixed points which are both real numbers. In this
case, as before, T' is conjugate in PSL(2,C) to a map of the form z — A2z,
but this time A can be a complex number with |A| # 1. In this case T is
said to be lovodromic. Now T leaves invariant the geodesic in H® that has
end-points at the fixed points of T" and the dynamics of all other points is
a translation along that geodesic, together with a rotation around it. The
number A is called the multiplier of T. When this number is real the map is
said to be hyperbolic, and in that case there is no rotation, only translation
along the geodesic.

In order to give a similar classification in higher dimensions it is convenient
to look at these transformations “from the inside” of the hyperbolic space Hpy
(see [105] for a deeper and more complete description of this classification). Let
T be an isometry of HE and pick up a point p € Hf such that the points p, T'(p)
and T?(p) are not in a Euclidean straight line. Let £ be the line that bisects the
angle that they form, and look at the lines T=1(L), £ and T'(£). There are three
possibilities:

(1) These three lines intersect in Hg.
(ii) These three lines intersect at the (n — 1)-sphere at infinity of H.

(i) These three lines do not intersect, neither in HE nor at the sphere at infinity.

Figure 1.1: The three types of isometries

In the first case T has a fixed point at the meeting point of the three lines.
The map T is said to be elliptic. These maps form an open set in Iso(HE).

In the second situation the three lines are parallel in hyperbolic space and
one has a fixed point at infinity. The map is a translation and it is said to be
parabolic; this can be regarded as a limit case between the other two.
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The last case is when the lines are ultra-parallel, i.e., they do not meet in Eg
(see Thurston’s book for more on the topic). Now T leaves invariant the geodesic
~ that minimises the length between the lines L and T(L). In this case T is a
translation along v and a rotation around it. The end-points of v are fixed points
of T. These maps are called loxodromic (or just hyperbolic) and they also form an
open set in Iso(HR).

Remark 1.1.13. In Chapter 2 we will see that in the case of the complex hyper-
bolic space, one has a similar classification of its isometries into elliptic, parabolic
and loxodromic (or hyperbolic), depending on their dynamics. Actually the clas-
sification of the isometries into these three categories holds in the more general
setting of the isometries of spaces of nonpositive curvature, and even more gener-
ally (for instance for CAT(0)-spaces, see Remark 2.4.6). We refer to [13], [32] for
clear accounts on this subject.

1.1.4 Isometric spheres

An isometric sphere for a M6bius transformation g is an sphere S C S™\{oo} where
g behaves like an isometry with respect to the euclidian metric. Such a geometric
object helps to the understanding of the dynamics of the transformation, as for
instance for the construction of fundamental domains and to proving important
convergence properties when we iterate the map.

More precisely, let us think of the n-sphere as being R™ U {oo} and assume
g satisfies g(oc) # 0o, which we can always do up to conjugation. Set p = g~—!(c0)
and ¢ = g(00). If p # ¢ we let 7 be the reflection through the hyperplane which
contains the point (p + ¢)/2 and is orthogonal to the line which passes through
p and q. Otherwise, if p = g, we define 7 = Id. For each R > 0, let Sr be the
sphere with centre p and radius R, let og be the inversion with respect to Sg, and
consider the map

b=g l7rog.

Then b(co) = oo and b(p) = p. Thus b is of the form
b(z) = Ar Or(x — p) +p, (1.1.13)

for some Ag > 0 and Or € O(n). Hence g(Sg) is a sphere with radius RAr and
centre q. So g carries the spheres with centre at p into spheres with centre at q.
Now take R =1, then from (1.1.13) one gets

g(MO1(z —p) +p) = T01.

Thence the image under g of the sphere with centre p and radius r is the sphere
with centre ¢ and radius \; /7, so we arrive at the following proposition-definition
(we refer to [19] for a proof of this proposition).

Definition-Proposition 1.1.14. The unique sphere centred at p whose image under
g is a sphere with the same radius is called the isometric sphere. It will be denoted
by I,.
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We recall that a transformation g is said to be an involution if g? is the
identity.
Proposition 1.1.15. Let g be a Mobius transformation different from the identity
and such that oo is not fixed by g. Then g is of the form
g=100,

where O is a rotation with centre at g~1(00), o is the reflection on the isometric
sphere, T s the identity if g is an involution or else it is the reflection on the
plane orthogonal to the line which joins g(co) and g~1(co0) and contains the point

(9(00) + g7 (0))/2.
The following result enables us to measure the “distortion” of sets under the
action of Mébius transformations, see [19] for a proof.

Theorem 1.1.16. Let g be a Mdbius transformation such that g(co) # oo and let
R, be the radius of the corresponding isometric sphere. If E is a closed set such
that g~1(00) ¢ E, we have:

diamEucl (g(E)) S 2R3/pa

where p denotes the Euclidean distance between g~1(00) and E. Moreover, if oo €
E we also have

diamgyci(9(E)) > R2/p.
As a consequence of this theorem one gets:

Theorem 1.1.17. Let (g,,) be a sequence of Mobius transformations acting on S™
such that there is an v > 0 so that if we set U = {x € R™ : |z| > r}, then the
sequence satisfies that g,;l(gm(U)) NU = 0 for each k # m. Let r,, denote the
radius of the isometric sphere of gm,. Then

lim r,, =0.
m— 00

Proof. Let d,, be the distance between U and g, (c0). Thus

diam (g, (U)) > 12, /8y > 12, /7.
Since g, (U) is an Euclidean ball, we deduce that its radius should be at least
r2,/2r. In particular,

Volgue(gm (U)) > (1/27 1)1
We now observe that the balls g,,(U) form a bounded set and they are pairwise
disjoint. This implies that

00 > Y Volgua(gm(U)) = > (1/27r™ )2,
m>1 m>1

and the result follows. 0

The above results will be used in the sequel for studying convergence prop-
erties of the orbits of points under the action of a discrete group.
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1.2 Discrete subgroups

In this section we look at discrete subgroups of Iso(Hy), i.e., subgroups of Iso(Hy)
which are discrete as topological subspaces. This is equivalent to saying that the
identity element has a neighbourhood in Iso(HE) which has no element of the
subgroup other than the identity. Every such subgroup is necessarily countable.

We give some basic definitions and several important examples of such groups.
We start the section with a discussion on discontinuous actions.

1.2.1 Properly Discontinuous Actions

In this subsection G is assumed to be a group acting on a smooth manifold M
by diffeomorphisms. Recall that the stabiliser of a point x € M, also called the
isotropy, is the subgroup G, C G defined by

Gz ={9 € Glg(z) =z};
The orbit of x under the action of G is the set:
Gx={y e M|y =g(z) for some g € G}.

Definition 1.2.1. The action of G is discontinuous at x € M if there is a neigh-
bourhood U of z such that the set

{9€GlgUNU # o}

is finite. The set of points in M at which G acts discontinuously is called the region
of discontinuity. This set is also called the reqular set of the action. The action is
discontinuous on M if it is discontinuous at every point in M.

The following proposition provides an equivalent definition of discontinuous
actions.

Proposition 1.2.2. The group G acts discontinuously on M if and only if for each
x € M the isotropy group is finite and for every compact subset K of M if follows
that

card(K N Gz) < 00.

We have the following well-known result.

Proposition 1.2.3. If the G-action on M is discontinuous, then the G-orbits have
no accumulation points in M. That is, if (gm) is a sequence of distinct elements
of G and x € M, then the sequence (gm(x)) has no limit points. Conversely, if G
satisfies this condition, then G acts discontinuously on M.

One gets the following corollary, which is specially relevant for this mono-
graph since it applies to all the cases we envisage:
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Corollary 1.2.4. Let Diff (M) denote the group of diffeomorphisms of M endowed
with the compact-open topology. If G acts discontinuously on M by diffeomor-
phisms, then G is a discrete subset of Diff (M).

Notice that for the case when f : M — M is a diffeomorphism of a smooth
manifold, G. D. Birkhoff introduced in 1927 the notion of wandering and nonwan-
dering points of f (see [26] or [209, p. 749]). By definition, x € M is called a wander-
ing point of f when there is a neighbourhood U of x such that Uy, |~ f™(U)NU =
(), where for m > 0, f™ denotes the m*" iterate fo---o f, while for m < 1, f™
denotes the m!" iterate of f~1. A point is called nonwandering if it is not a wan-
dering point. Of course we can think of the family of diffeomorphisms {f"},,cz as
defining an action of the integers Z on M, with f° = Id. In this case the wandering
points are precisely the points in M where the action is discontinuous.

Definition 1.2.5. Let G be as before and consider a subgroup H C G. We say that
aset Y C M is precisely invariant under H if for all h € H and for all g € G\ H
one has

h(Y)=Y and g(Y)NY =0.

Proposition 1.2.6. The group G acts discontinuously on M if and only if for all
x € M one has that the stabiliser G, is finite and there exists a neighbourhood U
of x that is precisely invariant under G.

Proof. Tt is clear that if for all x € M one has that the stabiliser G, is finite and
there exists a neighbourhood U of x that is precisely invariant under G, then the
action is discontinuous. Conversely, let us assume that G acts discontinuously on
M and let € M. Then there is a neighbourhood U of x such that H, = {g €
GlgU NU # 0} is finite. Trivially the stabliser G, is finite and contained in H,.
Now, since M is a Hausdorff space, for each g € H, \ G, let Uy and Uy, be open
neighbourhoods of  and gz respectively, such that U, N Uy, = 0. Set

W= (] (UnU)ng '(Upngl).

geHm\Gz
Then W is an open neighbourhood of = which satisfies

{ge GlgWNW #£ 0} =G,.

Finally, set W= ﬂger gW . Clearly W is an open neighbourhood of = which is
precisely invariant under G. 0

Remark 1.2.7. Some authors use the name properly discontinuous actions for group
actions satisfying that for all x € X one has that the stabiliser G is finite and
there exists a neighbourhood U of x that is precisely invariant under G,.. It is clear
that such an action is necessarily discontinuous. However, it is easy to construct
examples of discontinuous actions which fail to satisfy that all points have a neigh-
bourhood which is precisely invariant under the stabiliser. For this statement to
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be true we need to impose certain conditions on the topology of X. We remark
too that in some places in the literature, the term properly discontinuous actions
actually means a discontinuous action which is also free, i.e., all the stabilisers are
trivial (see for instance [114] and [211]). Yet, in the modern literature the term
“properly discontinuous actions’ has a different meaning, that we explain in the
definition below. This is what we will understand in this monograph by a properly
discontinuous action.

Definition 1.2.8. Let GG act on the manifold M by diffeomorphisms. The action is
said to be properly discontinuous if for each nonempty compact set K C M the
set

{9€ GlgKNK # o},
is finite.

It is clear that every properly discontinuous action is a fortiori discontinuous.
In Example 1.2.11 below we show that the converse statement is false generally
speaking. Notice also that in the literature, some authors say that an action sat-
isfies the Sperner’s condition if it satisfies the condition stated in Definition 1.2.8
(see for instance [114]).

The following propositions provide equivalent ways of defining properly dis-
continuous actions:

Proposition 1.2.9. The group G acts properly discontinuously on M if and only if
for every pair of compact subsets K1, Ko of M, there are only a finite number of
elements g € G such that g(K1) N Ky # 0.

Proposition 1.2.10. Let G act properly discontinuously on M. Then the orbits of
the action on compact sets have no accumulation points. That is, if (gm) is a
sequence of distinct elements of G and K C M is a nonempty compact set, then
the sequence (gm (K)) has no limit points. Conversely, if G satisfies this condition,
then G acts properly discontinuously on M.

It is clear that the second proposition implies the previous one. We refer to
[114] for the proof of Proposition 1.2.10.

The following example shows that discontinuous actions are not necessarily
properly discontinuous:

Example 1.2.11. Let G be the cyclic group induced by the transformation g : C? —
C? given by g(z,w) = (%z,2w). Clearly G acts discontinuously on C?\ {0}, but if
we let S be the set

S={(z,w) € C*| 2] = Jw| =1},

then the set of cluster points of its orbit is {(z,w) € C?|z = 0} U{(z,w) € C}|lw =
0}, the union of the two coordinate axis.
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Notice that if G acts discontinuously and freely on a manifold M, then the
quotient map 7 : M — M/G is a covering map and the group of automorphisms
of the covering is G itself, Aut(M — M/G) = G. Yet, the example above shows
that the quotient M /G may not be a Hausdorff space, even if the action is free
and discontinuous. We notice that in this same example, the axis is the set of
accumulation points of the orbits of compact sets in C2 \ {(0,0)}. If we remove
the axis, we get a a properly discontinuous action on their complement, and in
that case the quotient is indeed Hausdorff. This is a general fact for properly
discontinuous actions (see [114], [132]).

The proposition below says that in the case of conformal automorphisms of
the n-sphere, every discontinuous action is a fortiori properly discontinuous. That
is, in this setting both concepts are equivalent (we refer to [185] for a proof).

Proposition 1.2.12. Let M be an n-sphere and G a discrete group of conformal
maps of M. Then the regular set of G is the largest open set of M where the
action of G is properly discontinuous.

In the next chapter we will see that similar statements hold for discrete sub-
groups of isometries of complex hyperbolic space. Similar, but weaker, statements
hold also for discrete subgroups of PSL(n,C) provided one considers the appro-
priate region of discontinuity (see Chapter 3).

1.2.2 The limit set and the discontinuity region.

We consider again a subgroup G of ISO(HH%-H), and we think of it as acting on

Hy' = Hg™ USZ. In this case Definition 1.2.1 becomes:

Definition 1.2.13. The region of discontinuity of G is the set Q = Q(G) of all points

in ﬁg“ which have a neighbourhood that intersects only finitely many copies of
its G-orbit.

The following result is in some sense analogous to Montel’s theorem. This is
the convergence property in M. Kapovich’s language (see for instance [105] or [106,
p. 495]), and it enables us to prove basic properties about actions of groups on
the hyperbolic space. We will see later that the same property holds in complex
hyperbolic geometry and this is why the Chen-Greenberg limit set of complex
hyperbolic discrete groups shares most of the properties one has for the limit set
of discrete groups in real hyperbolic geometry.

Lemma 1.2.14. Let (v,,) be a sequence of distinct elements of a discrete group
G C M6b(S™). Then either it contains a convergent subsequence, or it converges
to a constant map away from a point in S™. That is, there exist a subsequence,
still denoted by (Vm), and points x,y € S™ such that:

(i) vm converges uniformly to the constant function y on compact sets of S™ —

{z}.
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(ii) .} converges uniformly to the constant function x on compact sets of S™ —

{y}-

To prove this result we use the following lemma:

Lemma 1.2.15. Think of hyperbolic space Hgt' as being the unit (n + 1)-ball
equipped with the hyperbolic metric; its boundary is S™. Let (ym) be a sequence
of distinct elements of a discrete group G C ISO(H[E+1). Then the set of accumu-
lation points of the orbits (ym)(x) is contained in S™.

Proof. Let us assume that the lemma is false and there is a subsequence of (v, ),
still denoted by (V,), and y € H*! such that v,,(00) ——= v.

n—0o0

We can equip H"* = {z € R"*! | || > 1} U {oo} with a metric of constant
curvature —1 for which the group of preserving orientation isometries is given by
Mob(HZ™); denote such metric by d. Now let z € H” !, then

d(ym(2),y) < d(ym(2), ym(00)) + d(y, Ym(00)) = d(2, ) + d(y, ym(2)) -

Thus the set {y,,(2) : m € N} is relatively compact. Since (7,,) C Iso(H™'!)
the Arzela-Ascoli theorem yields that there is a subsequence of (7, ), still denoted
by (Ym), and v : H*™* — H"™' such that 5,, —— 7 in the compact-open

n—oo
topology. Clearly v is an isometry and therefore G is nondiscrete. Which is a
contradiction. O

Proof of Lemma 1.2.14. By Lemma 1.1.3 we may assume that G C ISO(HD%H).
Now consider the centres of the isometric spheres I,,, of v, and I_,, of v},
i.e., 771(00) and 7, (o0). By Lemma 1.2.15 we can assume these sequences are
convergent and if we say that that g}, (co) converges to y and g,,,(00) converges to z,
we must have that z,y € 9(HE ). Let z € R"*!\ {y} and W be a neighbourhood
of z such that dgy.(W,y) > 0. By Theorem 1.1.17 and Lemma 1.2.15, the radius of
the isometric spheres tends to zero. Thus we can assume that W is in the outside
of all the isometric spheres. Finally, by Proposition 1.1.15 we know that g,, sends
the outside of I, to the inside of I_,,, so the result follows. O

Theorem 1.2.16. Let G be a subgroup of Iso(HE™). The following three conditions
are equivalent:

(i) The subgroup G C Iso(HRT") is discrete.
(ii) The region of discontinuity of G in HE " is all of HE ™.
(iii) The region of discontinuity of G in Hﬁ“ is nonempty.

Proof. Tt is clear that (ii) = (ili) = (i). Let us prove that (i) implies (ii). Let
K be a compact set and assume that K(G) = {y € G : yKNK # (} is countable.
Then by Lemma 1.2.14 there is a sequence (7,,) C K(G) and points z,y € 9Hg

such that ~,, converges uniformly to y on compact sets of EEH —{z}. Let U be a
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neighbourhood of y disjoint from K. Then there is a natural number n, such that
Ym(K) C U for m > n,. In particular we deduce v,,,(K) N K = @ for all m > ny,
which is a contradiction, and the result follows. O

Notice that by continuity, it is clear that if the region of discontinuity of G
in S™ is nonempty, then the region of discontinuity of G in Hﬁ“ is nonempty and
therefore G is discrete.

Definition 1.2.17. Let G be a discrete subgroup of Iso(H"™!). The limit set of G,

denoted by A(G) or simply A, is the set of accumulation points in Eﬁ“ of orbits
of points in Hﬁ“.

One has:

Theorem 1.2.18. Let G be as above. Then the limit set is contained in the sphere
at infinity ST = GHH%H and is independent of the choice of orbit.

Proof. Let x,y € Hﬁ“ and p a cluster point of Gy. Then there exists a sequence
(gm) C G such that g,,(y) converges to p. By Lemma 1.2.14 it follows that ¢ also
is a cluster point of (g,,(x)), which ends the proof. O

Theorem 1.2.19. Let G be a discrete subgroup of ISO(HH’%H). The limit set of G is
the complement of the region of discontinuity in ST .

Proof. First we show that A lies in the complement of the region of discontinuity.
Let y € A(G), then there is a point p € Hﬁ“ and a sequence (7¥,) such that
Ym(p) — x. From Lemma 1.2.14 we conclude that there exists 2 € JHp ' such
that we can assume that 7, converges uniformly to the constant y on compact
sets of ﬁﬂzﬂ — {z}. Let U be any neighbourhood of y. Then there is a natural
number mg for which 7,,(y) € U for m > my.

Now let ¢ € 8H§+1 be a point in the discontinuity region, and assume that
q € A(G). By the previous argument we deduce that ¢ does not belong to the
discontinuity region, which is a contradiction. Hence the discontinuity region is
contained in the complement of A(G). In others words, the complement of the
discontinuity region is contained in A(G). O

It is clear from its definition that the limit set A(G) is a closed G-invariant
set, and it is empty if and only if G is finite (since every sequence in a compact
set contains convergent subsequences).

Definition 1.2.20. Let G be a group acting on a manifold X. The equicontinuity
region of G, denoted Eq (G), is the set of points z € X for which there is an open
neighbourhood U of z such that G |y is a normal family.

Recall that a collection of transformations is a normal family if and only if
every sequence of distinct elements has a subsequence which converges uniformly
on compact sets.

One has:



18 Chapter 1. A Glance at the Classical Theory

Theorem 1.2.21. Let G be a discrete subgroup of ISO(HH%H). Then the equiconti-
nuity region of G coincides with the discontinuity region S™ \ A(G).

Proof. Observe that by Lemma 1.2.14, it is enough to show that Eq (G) C Q(G).
Let x € Eq(G) and assume that x € A(G), thus by Lemma 1.2.14 there is a
sequence (7v,,) and a point y such that ~,, converges uniformly to the constant
function y on compact sets of ﬁﬂgﬂ — {z}. Since = € Eq(G), it follows that

Ym converges uniformly to the constant function y on Eﬁ“. Let ¢ € Hﬁ“ and
U be a neighbourhood of y such that U N Hit' ¢ HEt' — {g}. The uniform

o . —n+1
convergence implies that there is a natural number ny such that vm(H£+ ) C
UNHET™ ¢ Hit' — {g} for each m > my. This is a contradiction since each 7,
is a homeomorphism. O

We have:

Theorem 1.2.22. Let G be discrete group such that its limit set has more than two
points, then it has infinitely many points.

Proof. Assume that A(G) is finite with at least three points. Thus

G= ﬂ Isot(z, G)
z€A(G)

is a normal subgroup of G with finite index. Moreover, since each element in
Iso(HE ™) has at most two fixed points in JHET! we conclude that G is trivial and
therefore G is finite, which is a contradiction. O

Definition 1.2.23. The group G is elementary if its limit set has at most two points.

Theorem 1.2.24. If G is not an elementary group, then its action on the limit set
is minimal. That is, the closure of every orbit in A(G) is all of A(G).

Proof. Let z,y € A(G), then there is a sequence (g,,,) C G and a point p € Hp ™!
such that g,,(p) converges to y. By Lemma 1.2.14 there is a point ¢ € 8H§+1, such
that we can assume that g, converges uniformly to y on compact sets of EEH.
Now, it is well know (see [19]) that there is a transformation g € G such that
g(x) # x. thus we can assume that z # ¢ and therefore we conclude that g,,(x)

converges to y. O

Corollary 1.2.25. If G a nonelementary Kleinian group, then A(G) is a nowhere
dense perfect set.

In other words, if G is nonelementary, then A(G) has empty interior and
every orbit in the limit set is dense in A(G).

Remark 1.2.26. It is noticed in [202] that if the limit set of a nonelementary
conformal group acting on S™ is a compact smooth k-manifold IV, for some 0 <
k < n, then N is a round sphere S*. The proof, by Livio Flaminio, is a direct
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consequence, via stereographic projection of S™ into the tangent plane of S™ at
a hyperbolic fixed point of the group, of the following fact: if M is a closed k-
submanifold of R™ which is invariant under a homothetic transformation, then M
is a k-dimensional subspace of R™.

1.2.3 Fundamental domains
Given a discrete subgroup G of Iso(Hz ") one has:

Definition 1.2.27. A fundamental domain for the action of G on Hﬁ“ is an open
set F' C Hﬁ“ satisfying the following two conditions:

(i) If F denotes the (topological) closure of F in H ", then for arbitrary distinct
elements g1, go in G one has that g, (F') and go(F') do not meet, i.e., gi (F) N

g2(F) = 0.
(ii) The union Ugeg g(F) of all the sets g(F) for all g € G, is the whole space
HE .

In other words, the various images of F by the elements of G cover the whole
space and they are pairwise disjoint except for points in the boundary of F.

Fundamental domains appear frequently in various contexts in geometry and
dynamics, not only in hyperbolic geometry, and the definition is the same. They
are important for various reasons, but basically for the fact that we can know
essentially everything about the action of the group on the region of discontinuity
just by looking at the fundamental domain and the way the group relates the
points in its boundary. This should become clear in the sequel.

Observe that a fundamental domain for a group G is by no means unique.
In particular, if F' is a fundamental domain, then every translate g(F') of it by an
element in G is also a fundamental domain. In fact there can be entirely distinct
fundamental domains for a certain group action.

There are several methods for constructing fundamental domains for discrete
group actions, and we refer to [19] for more on this subject. Here we give a method
for constructing a fundamental domain for G C Iso(Hg ") which is rather simple.
The same method works in general whenever we have a topological group acting
on a locally compact metric space where the metric satisfies that, given any two
points x1, xo, there is a third “middle” point zg of same distance to both points
1, T2. In the case we envisage here the sides of the fundamental domain F' we get
are pieces of hyperbolic n — 1-planes, so F' is said to be polyhedral, and it is called
a Dirichlet fundamental domain, or a Dirichlet region, for G.

The construction is easy: we select a point z, € Hﬁ“ which is not fixed by
any element of G, and consider the set F' of those points in Hﬁ“ whose hyperbolic
distance dj, to x, is strictly less than its distance to every other point in the G-orbit
of x,. That is,

F={z e H"" | dp(z,20) < dn(z,g(20)) forallge G'}.
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One can show that F' is indeed a fundamental domain for G.

This region F' is convex in the hyperbolic sense, being the intersection of half
spaces. Its boundary is a countable collection of (n — 1)-dimensional faces which
are G-related in pairs, and the face-pairing transforms are a set of generators for
G.

We now introduce the important concept of geometrically finite groups. We
refer to [105] for a deeper discussion of the subject. For this, we recall that if H is
\ H"*1, then its convex hull,
Hull(H), is the smallest convex subset of H"*! whose closure in A" meets Sz
exactly at H. When H is the limit set A(G) of a discrete subgroup G of Iso(H"*1),
and the cardinality of A(G) is not 1, then Hull(A(G)) is an invariant set. Now, for
all € > 0 we may consider the e-neighbourhood Hull,(A(G)) of the convex hull;
this is also an invariant set.

a closed subset of the sphere at infinity ST, := "t

Definition 1.2.28. A discrete subgroup G of Iso(H"*!) is geometrically finite if:
e (G is finitely generated; and
e The quotient Hull,(A(G))/G has finite hyperbolic volume, for some e > 0.

One has the following theorem due to Marden and Thurston in dimension 2.
The proof in general is given in [30]:

Theorem 1.2.29. A discrete subgroup G C ISO(H%+1) is geometrically finite if it
has a convex fundamental domain (not necessarily a Dirichlet domain) with finitely
many faces.

Perhaps because of this important result, often in the literature one finds
that geometrically finite groups are defined as those having a convex fundamental
domain with finitely many faces. Yet, there are examples in [7] of geometrically
finite subgroups of Iso(H*) that do not admit convex fundamental domains with
finitely many faces.

It is clear that if a Dirichlet region has finitely many faces, then the group is
finitely generated. Furthermore, in dimensions 2 and 3, if a group is geometrically
finite, then every fundamental domain for it has finitely many faces and the group
is finitely generated (see [140]). In dimension 2 the converse is true: every finitely
generated group is geometrically finite. However this is false in dimension 3, by
[77]. Moreover, in higher dimensions there are discrete groups for which some
fundamental domain is a convex polyhedron with finitely many faces, but there
is some other fundamental domain which is a convex polyhedron with infinitely
many faces. We will not deal with these situations in this monograph; we refer to
the literature for more on the subject (see for instance [6], [7]).

1.2.4 Fuchsian groups

Our first examples of discrete subgroups of isometries of hyperbolic space are the
Fuchsian groups:
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Definition 1.2.30. A (classical) Fuchsian group is a discrete subgroup of PSL(2,R).

From the previous section we know that a Fuchsian group can be equiva-
lently defined to be a discrete subgroup of orientation preserving isometries of the
hyperbolic plane H3.

Example 1.2.31 (Surface groups brummel). Let S be a Riemann surface of genus
g > 1. By the Riemann-Kobe uniformisation theorem, S is of the form H2 /G where
G is a Fuchsian group which acts freely on H3, so it has no elliptic elements. The
group G is isomorphic to the fundamental group m(S), acting on HZ by deck
transformations.

Let us give other examples of Fuchsian groups. We think of PSL(2,R) as
the group of orientation preserving isometries on the 2-disc D equipped with the
hyperbolic metric.

Example 1.2.32 (Triangle groups). Given integers p,q,r > 2 such that
1/p+1/g+1/r<1,

let T = T, 4, be a triangle in D bounded by geodesics, with angles w/p, m/q

and 7/r. Recall these geodesics are segments of circles in R2 orthogonal to the
boundary of I, so we have isometries of H2 defined by the inversions on these
three circles, the “sides” of T'.

Let G* be the group of isometries of HZ generated by the inversions on the
three sides of T'. Then it is easy to see that G* is a discrete subgroup of isometries
of HZ and T is a fundamental domain for this action. However G* is not a subgroup
of PSL(2,R); to get a Fuchsian group one must take the index 2 subgroup G of
G* of orientation preserving maps, i.e., words of even length. In this case, if g; is
the inversion on one of the sides of T, then the double triangle F' =T U g1 (T) is
a fundamental domain for G.

The action of G has three orbits of fixed points in HZ, which correspond to
the three vertices of T'. The corresponding isotropy subgroups are cyclic of orders
p, ¢, respectively. The quotient space H2 /G, which equals F/G, is the 2-sphere
with three marked points; it has an orbifold structure. (See Chapter 8.)

Of course one could start with a geodesic polygon P with r sides in H2 having
rational angles, and get a corresponding Fuchsian group with fundamental domain
a double polygon. The corresponding quotient space is always the 2-sphere with r
marked points.

Notice that in all these examples the corresponding limit set is the whole
circle at infinity.

Example 1.2.33 (Ideal Triangle groups). Now take three points in the boundary
St of the disc D and think of it as the sphere at infinity of the hyperbolic plane.
Select three distinct (arbitrary) points in this circle St and join them by geodesics
in H2. We get an ideal triangle in H2, that is a triangle 7' C H2 with vertices at
infinity; each pair of sides converging to a vertex are therefore parallel. Now make
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Figure 1.2: The triangle group (2,3,7)

the same construction as in the previous example to get a corresponding triangle
group G which is Fuchsian, with fundamental domain a double ideal triangle. The
quotient space H2 /G is now the Riemann sphere with three punctures. Notice also
that just as in the previous example, the limit set is the whole circle at infinity.
However, the closure of F is not compact in H2, as it was in the previous example;
yet, F' has finite hyperbolic area.

We remark that one can think of this example as a limiting case of the
previous one, in which we are gradually moving away the circles that define the
edges of T, keeping them orthogonal to the boundary S!, until the circles meet
tangentially at three points in S!'. More generally, given the circle S!, consider an
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Figure 1.3: An ideal triangle group

arbitrary family of circles orthogonal to S! and such that each circle is tangent
to the two adjacent circles, forming a “necklace of pearls”. Then the inversions
in these circles leave invariant the disc ID and give rise to a Fuchsian group with
fundamental domain the union of the polyhedron in H2 that they bound union a
copy of it by one of the inversions.

Example 1.2.34. Now continue to “deform” the previous example and separate the
circles, so that they are still orthogonal to S' but they are pairwise disjoint. Now
the fundamental domain of the full group of inversions is the “polygon” bounded
by the circles; it hits the circle S! at infinity in a fundamental domain for its action
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Figure 1.4: A necklace of pearls

on the region of discontinuity in this circle. The limit set is now a Cantor set in the
circle. The double polygon is a fundamental domain for the corresponding Fuchsian
group, and its limit set coincides with that of the full group of inversions. In this
case the region of discontinuity in the circle is nonempty and the fundamental
domain in H has infinite hyperbolic area.

In general, given a Fuchsian group G and a fundamental domain F' one has
the following three possibilities, as illustrated by the previous examples:

Case I. The closure of the fundamental domain is compact in HZ. The group is
said to be cocompact.
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Case II. The fundamental domain has finite area but its closure hits the circle at
infinity at isolated points. The group is said to be cofinite.

Groups of the two types described in cases I and II are called Fuchsian groups
of the first kind. They all have in common that the limit set is the whole circle S*.

Case III. The fundamental domain has infinite area and its closure hits the sphere
at infinity in a fundamental domain for its action there.

This type of groups are called Fuchsian groups of the second kind. Their limit
set is a Cantor set contained in the circle St.

This motivates the following more general definition of a Fuchsian group.

Definition 1.2.35. A Fuchsian group is a discrete subgroup of isometries of the
hyperbolic n-space, whose limit set is contained in a (round) (n — 2)-sphere, which
is necessarily contained in the sphere at infinity. The group is said to be quasi-
Fuchsian if its limit set is contained in a quasi-sphere of dimension n — 2, (i.e., a
topological manifold which is a sphere up to a quasi-conformal homeomorphism).

A “round” sphere means a sphere which bounds a totally geodesic (n—1)-disc
in H™. We may also think of a Fuchsian group as a discrete group of conformal
automorphisms of the (n — 1)-sphere (the sphere at infinity) such that its limit set
is contained in an equator.

1.2.5 Kleinian and Schottky groups

Another classical example of discrete subgroups of hyperbolic isometries is pro-
vided by the Schottky groups that we now discuss (see [143] for details). As a
historical fact we mention that the classical Schottky groups were introduced by
Friederich Schottky in the late 1880s (see [192]), before Klein and Poincaré began
the general theory of Kleinian groups. The name Schottky group was coined by
Poincaré.

A Schottky group is a group generated by Mdbius transformations Ay, ..., Ay,
g > 1, with the following geometric restriction: there is a collection of 2g pairwise
disjoint regions in C, say Ry, S1,..., R4, S, bounded by Jordan curves, so that
A;(R;) = C- S; for all j = 1,...,g. The generators Aj,..., A, are called a
Schottky set of generators; the domains Ry, S1,..., Ry, Sy are a fundamental set
of domains, and the integer g is the genus of the Schottky group. A Schottky group
is classical if all the Jordan curves corresponding to some set of generators can be
chosen to be circles.

All Schottky groups are finitely generated free groups such that all nontrivial
elements are loxodromic. Conversely Maskit showed that any finitely generated
free Kleininan group such that all nontrivial elements are loxodromic is a Schottky
group.

If we denote by G a Schottky group of genus g, then for ¢ > 2 one has that
A(G) is a Cantor set, and the quotient Q(G)/G is a closed Riemann surface of
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genus ¢g. The converse holds and it is known as the Koebe retrosection theorem
(see [124)):

Theorem 1.2.36 (Retrosection theorem). Every closed Riemann surface of genus
greater than 1 can be uniformised by a suitable Schottky group.

Let us mention that Schottky groups may also be characterised as follows:

Theorem 1.2.37 (Maskit, 1967). A group G C PSL(2,C) is a Schottky group if
and only if G is a finitely generated, purely loxodromic Kleinian group which is
isomorphic to a free group.

The notion of a Schottky group has also been extended in the following geo-
metric way, which is the starting point for Chapter 9 of this monograph. Consider
an arbitrary family of pairwise disjoint 2-discs D1,..., D, in the 2-sphere with
boundaries the circles C4,...,C,. Let ¢1,...,t, be the inversions on these r cir-
cles, and let G be the subgroup of Iso(H3) = M&b(B*) 2 Conf(S?) generated by
these maps. Then G is called a Schottky group. Its index 2 subgroup of words of
even length is a classical Schottky group in the previous sense.

Notice that G has a nonempty region of discontinuity and the complement
in S? of the union D; U---U D, is a fundamental domain for G.

Definition 1.2.38. A discrete subgroup of Iso(H"™!) = Conf(S") is Kleinian if it
acts on S™ (the sphere at infinity) with a nonempty region of discontinuity. We
refer to these as Conformal Kleinian groups.

So, the previous discussion shows that Fuchsian and Schottky groups are
special types of Kleinian groups.

Remark 1.2.39. Nowadays the term “Kleinian group” is being often used for an
arbitrary discrete subgroup of hyperbolic motions, regardless of whether or not
the region of discontinuity is empty.

Continuing with the previous Example 1.2.33, choose circles C1,...,C; in C
so that there is a common circle C' orthogonal to all of them and, moreover, they
form a “necklace of pearls” as at the end of that example. The limit set is the
whole circle C. Now slightly perturb the circles C1q, ..., C;, keeping them round
but dropping the condition that they have a common orthogonal circle.

We consider two settings:

(i) We perturb the circles slightly, so that each circle overlaps with its neigh-
bors. Then one has (this is not obvious) that the limit set becomes a fractal curve
of Hausdorff dimension between 1 and 2, and choosing appropriate deformations
one can cover the whole range of Hausdorff dimension between 1 and 2. This
beautiful example is a special case of a more general result in [31].

A limiting case would be when the circles are tangent to its two neighbors
(as initially) but there is no common orthogonal circle, in this case we say that
the group G is a Kissing-Schottky group (cf. [158]).



1.2. Discrete subgroups 27

Figure 1.5: Deformations of a Fuchsian group: The limit set is a quasi-circle

(ii) We perturb the circles so that they become pairwise disjoint. Then the
limit set is a Cantor set. We get a Schottky group as above. If we preserve the
condition that there is a common orthogonal circle which is orthogonal to all circles
Cq,...,C,, then the group is Fuchsian and we are in the situation envisaged in
Example 1.2.34.

These are all examples of Kleinian groups.

Recall there is a canonical inclusion Conf(S™) < Conf(S"*!) and every sub-
group G of Conf(S™) can be regarded as acting on S"*! leaving invariant an
equator, which contains its limit set. Hence one has:

Proposition 1.2.40. Every discrete subgroup of Conf(S") is Kleinian when regarded
as a subgroup of Conf(S"H1).

This justifies the modern use of the term “Kleinian” to denote simply a
discrete subgroup of Conf(S™), with no condition on its limit set.

Remark 1.2.41. The previous examples obtained by reflections on circles in S?
that form a “necklace of pearls” give as limit set a fractal circle in the 2-sphere.
Many other fractal curves can be obtained in this way, showing that the limit sets
of Schottky (and kissing-Schottky) groups provide a dynamical method to obtain
fractal sets of remarkable beauty and complexity.

A natural question is whether a topological n-sphere (n > 1) which is not
a round sphere can be the limit set of a higher-dimensional geometrically finite
Kleinian group. In this case one can show that the sphere is necessarily fractal
(possibly unknotted) and self-similar. Examples of wild knots in S which are limit
sets of geometrically finite Kleinian groups have been obtained in [144], [105], [90]
and [79]. In [91] the author gives an example of a wild 2-sphere in S* which is the
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limit set of a geometrically finite Kleinian group. In [28] the authors construct an
infinite number of wild knots S® — S"*2 for n = 1,...,5, which are limit sets of
geometrically finite Kleinian groups. Also, in [92] the authors construct an action
of a Kleinian group on S3, whose limit set A is a wild Cantor set, which is a kind
of Antoine’s necklace. This construction can be generalised to all odd-dimensional
spheres, and it is shown that there exist discrete, real analytic actions on S?7*!
whose limit set is a Cantor set wildly embedded in S?7+1.

1.3 Rigidity and ergodicity

In this section we briefly discuss several rigidity and ergodicity theorems which
play a very important role in the theory of actions of discrete groups. There are
other important contributions along the lines of “rigidity and ergodicity”, as for
instance: the ergodicity of the geodesic flow on compact manifolds of constant
negative curvature, proved by Eberhard Hopf; Ragunathan’s conjecture, proved
by Marina Ratner; Birkhoff’s Ergodic theorem, and several others that we will not
discuss here, restricting our discussion to the results that we use in this monograph.

1.3.1 Moore’s Ergodicity Theorem

Important research on the theory of surfaces of constant negative curvature was
carried out around the turn of the 19th century by F. Klein, H. Poincaré and
others, in connection with complex function theory. This gave rise to the theory
of Kleinian and Fuchsian groups. If T is a discrete subgroup of PSL(2,R) with
no torsion elements, then the quotient M := H2 /T is a hyperbolic 2-dimensional
manifold, which is naturally equipped with the hyperbolic metric. Thus one has
the geodesics in M, and a well-defined geodesic flow on the unit tangent bundle
Ty (M) of M.

The metric on M, being PSL(2, R)-invariant, defines an invariant measure on
M so one has an invariant measure also on T} (M), and one can look at the geodesic
flow from a measure-theoretical point of view. This was done by E. Hopf in 1939,
proving that for compact hyperbolic surfaces, the geodesic flow is ergodic. This
theorem was generalised by Hopf himself and by many other authors, in several
directions. One can mention for instance the remarkable works of M. Ratner, S.
G. Dani, G. A. Margulis, M. Raghunathan, S. V. Fomin, I. M. Gelfand, D. V.
Anosov, Y. G. Sinai and many others (see for instance Zimmer’s book for more
on the subject).

Moore’s Ergodicity Theorem (1966) can be thought of as belonging to this
class of results. It is well known that if G is a Lie group and H C G is a closed
subgroup, then there is a unique invariant measure class on the quotient manifold
G/H (where two measures are said to be in the same measure class if they have the
same zero-measure sets). Moore’s theorem answers the following natural question:
If G is a semisimple Lie group and H,T are closed subgroups, when is the action
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of H on G/T' ergodic? Recall that a (connected) Lie group is said to be semisimple
if it has no nontrivial abelian connected normal closed subgroup.

Moore’s proof makes use of the power of representation theory of Lie groups
in the study of certain classes of flows on manifolds. The starting point is the
so-called “Mautner phenomenon” for unitary representations. This is a general
assertion of the form that “if v(¢) is a one-parameter subgroup of a Lie group G,
p is a unitary representation of G on a Hilbert space ) and v is a vector in
which is fixed by ~(t), i.e., p(v(¢))v = v for all ¢, then v must also be fixed by a
generally much larger subgroup H of G”. The existence of pairs (G, H) satisfying
the Mautner phenomenon was first exhibited in [204] and [62], and then studied
and clarified in [145].

Moore refined the notion of a Mautner phenomenon in various ways, one of
these leading to the ergodicity theorem. He proved that if G is a connected, semi-
simple Lie group with no compact factors, and H is a noncompact subgroup, then
the pair (G, H) satisfies that for any unitary representation p of G and a vector
z in the representation space of p, the equation p(h)z = z for all h € H implies
that p(g)x = x for all g € G. Then he showed that given (G, H) as above, if I is
a closed subgroup of G such that G/T" has finite invariant measure, then H acts
ergodically on G/T.

More generally, Moore’s theorem can be stated as follows (we refer to [233,
2.2.15] for a proof of this theorem):

Theorem 1.3.1 (Moore’s Ergodicity Theorem). Let G = [[ G; be a finite product
where each G; is a connected noncompact simple Lie group with finite centre.
Suppose S is an irreducible ergodic G-space with a finite invariant measure. If
H C G is a closed noncompact subgroup, then H is ergodic on S.

For instance, if I' C SL(2,R) is a discrete subgroup which is cofinite (i.e.
H2 /T has finite area), then I' acts ergodically on S' = SL(2,R)/P where P is the
noncompact subgroup of upper triangulable matrices. In this case S! is the limit
set of I' and we obtain that the action of I" on its limit set is ergodic. This is a
special case of a more general theorem, that we briefly explain below, due to S. J.
Patterson in dimension 2 and to D. P. Sullivan in higher dimensions.

1.3.2 Mostow’s rigidity theorem

It has been known since Riemann that compact Riemann surfaces of genus > 0
have a rich deformation theory. Indeed, the conformal equivalence classes of com-
pact Riemann surfaces of genus g > 1 make up a complex manifold of dimension
3g — 3. This implies that the fundamental group I' of one such surface, considered
as a subgroup of PSL(2,R) via the uniformisation theorem, admits a continuous
family of deformations which are not conjugate to I'.

In 1960 Selberg made the remarkable discovery that certain higher-dimen-
sional symmetric compact manifolds of negative curvature behave very differently
in the sense that their fundamental groups, treated as discrete subgroups of the



30 Chapter 1. A Glance at the Classical Theory

Lie groups of isometries of their universal covering, cannot be deformed nontriv-
ially. This led eventually to Mostow’s Rigidity Theorem for compact hyperbolic
manifolds [153], and more generally for simply connected Riemannian symmetric
spaces of negative curvature having no factors of rank 1 [154]:

Theorem 1.3.2 (Mostow Rigidity Theorem). Let I’y and Ty be discrete subgroups
of Iso(Hy) with compact quotients M; := Iso(HR)/I'i, i = 1,2, with n > 3. If Ty
is isomorphic to T'a, then T'y and T's are conjugate in Iso(HEY).

In other words, the mere fact that I'y and I'; are isomorphic as abstract
groups implies that they are actually conjugate in Iso(Hp), which is remarkable.
We refer to Section 5 in [105] for a discussion on the relations amongst several
types of equivalences for discrete subgroups of Iso(HR) as well as for a wider view
of Mostow’s rigidity theorem and the known ways for proving it.

This theorem can be reformulated geometrically by saying that every iso-
morphism ¢ : m(M;) — 71 (Mz) between the fundamental groups of compact
hyperbolic manifolds (or orbifolds) of dimension 3 or more, can be realised as
being induced by an isometry h : M; — Ms. In particular M; and My are dif-
feomorphic. Furthermore, the hypothesis of the manifolds being compact can be
relaxed, just demanding that they have finite-volume. We refer to [150] for a short
and clear proof of Mostow’s rigidity theorem, which is along the same lines of
Mostow’s original proof. Here we sketch the main ideas.

The manifolds M, Ms, being of the form Iso(HR) /T, are Eilenberg-MacLane
spaces of type K (I';,1). Therefore the isomorphism ¢ between their fundamental
groups can be realised by a homotopy equivalence ® : M; — Ms. One then has a
lifting ® of ® to the universal covering:

$: HE — HE.

Then one can show [150, Lemma 6.15] that D is a quasi-isometric isomorphism
of Hp. Next we observe that every quasi-isometric isomorphism f of Hp extends
to a self-map F of the sphere at infinity S7!, the extension being defined as
follows: given z € S" !, take a geodesic ray v landing at z; consider the curve
f o, this is a “quasi-geodesic”. Let ¢ be a geodesic ray that “shadows” the quasi-
geodesic fo (i.e., ¢ is bounded distance away from fo-y). Then define F'(x) as the
endpoint of §. The next step is to show [150, theorems 6.12 and 6.14] that since
f is a quasi-isometry, then F' is a quasi-conformal homeomorphism of S7!, and
it conjugates the action of I'; to that of I's. Moreover, the map F is differentiable
almost everywhere, by fundamental results on quasi-conformal mappings. In fact
McMullen points out that all these arguments work equally well for n = 2: it
is in the final step that we need the hypothesis n > 2 in order to prove, using
the ergodicity of the geodesic flow, that F' is actually conformal and therefore
corresponds to an isometry of H.

The following remarkable theorem from [228] extends Mostow’s theorem for
noncompact manifolds. The proof is based on work on quasi-conformal homeo-
morphisms of S~ due to Mostow, Tukia and others.
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Theorem 1.3.3 (Tukia’s Rigidity Theorem). Let HY denote the n-dimensional hy-
perbolic space. Suppose that n > 2 and let 'y be a discrete subgroup of IsoL Hy. Let
f be a quasi-conformal homeomorphism of Hg inducing a conjugation ¢ between
I'1 and another subgroup I'y C Iso,Hy. Suppose that for every k > 0 there exists
a compact set D C Hy such that f is k-quasi-conformal outside the orbit of D.
Then the extension of f to the boundary S"~' of HE is a conformal map, and ¢
is a conjugation by a Mobius transformation.

Mostow’s Rigidity Theorem is a deep and fundamental theorem in the theory
of hyperbolic geometry and Kleinian groups, opening a gate for striking rigidity
theorems, as sketched above. We may consider, more generally, discrete groups I'
of semisimple Lie groups G. Recall that the rank of G is the maximal dimension
of an abelian subgroup which can be diagonalised (over R or C, as the case may
be). A discrete subgroup I' C G is called a lattice if the quotient G/T has finite
volume; the lattice is cocompact (or uniform) if G/T" is actually compact. For
instance SL(n,R) has rank n — 1 over R. Mostow’s rigidity theorem was extended
in [154] for uniform lattices in semisimple groups of rank > 1 with trivial centre
and no compact factors, and then in [141] for the nonuniform case. This is known
as the Mostow-Margulis Rigidity Theorem. The theorem also holds for groups of
rank 1 excluding PSL(2,R), by [154] in the uniform case and by [179] for general
lattices. In [150] there is a version of Mostow rigidity that works for hyperbolic
surfaces.

We refer to Raghunathan’s book “Discrete subgroups of Lie groups” for a
clear and comprehensive account on the topic with material known by the early
1970’s. This is also discussed in R. J. Zimmer’s book “Ergodic theory and semisim-
ple groups”, published in 1984, which includes Margulis’ work on rigidity and
arithmeticity of lattices in semisimple groups. Of course there is also Margulis’
book, published in 1991, which gives a coherent presentation of the theory of lat-
tices, their structure and their classification. Margulis superrigidity theorem is a
striking result stating that all lattices in any simple Lie group of R-rank > 2 are
superrigid. This means that given such a Lie group G, a lattice I' in it, and a
homomorphism ¢I' — GL (n,R), for any n, then ¢ actually extends (virtually)
to a homomorphism 5 — GL (n,R) so that its image is contained in the Zariski
closure of ¢(I'). As usual, “virtually” means that for this statement to hold we
may possibly have to restrict our attention to a subgroup of finite index in I
Superrigidity is so strong that Margulis theorem implies that all lattices in such a
group G are arithmetic.

1.3.3 On the Patterson-Sullivan measure

At the end of the 1970s, S. J. Patterson in [172] gave a geometric construction of a
family (0,)zemn+1 of measures associated to every discrete subgroup I' C Iso HZ,
with support in the limit set, which are quasi-invariant under the action of I' and
dp-conformal. D. P. Sullivan in [213] extended Patterson’s construction to higher
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dimensions. In some sense, the Patterson-Sullivan measures give the proportion
of elements of the orbit I'z that go to a given zone in S™. This construction laid
down the foundations for a measure theoretical study of the limit sets arising from
discrete groups.

From our knowledge of ergodic theory, we know that quasi-invariant mea-
sures, rather than the invariant ones, are the correct type of measures to look
for in the study of the dynamics of discrete groups (c.f. Subsection 1.3.1). The re-
markable construction of the Patterson-Sullivan measures, that we briefly describe
below, fits along this line of ideas.

We consider a discrete group I' C Iso(H" 1) acting on the hyperbolic space,
that we think of as being the unit ball B"*! endowed with the hyperbolic metric.
We are interested in the distribution of the orbits in H”*! and the way in which
they approach the sphere at infinity. For each 2 € B"*!, we denote by B(z, R) the
ball of radius R centred at x. We use the orbital counting function defined by:

N(R,z) = card({B(z, R) N Tx}).
One has that there exists a constant A depending on I', such that
N(R,z) < A-e™.

This orbital counting function plays an important role in the sequel, and it is very
much related to the so-called critical exponent of the group, and to the Hausdorff
dimension of the limit set. The critical exponent is a concept, a number, associated
to the rate at which the orbits tend to the sphere at infinity S?, which is the unit
sphere in R"*1. In fact, notice that given any point z € B"*!, a way to study how
its orbit tends to SZ is by looking at the numbers 1 — |y(z)| for v € T, or in other
words, by looking at the distance to the centre 0 of points in the orbit . If dp(z, y)
denotes the hyperbolic distance, then it is not hard to see that one has

1—|—|x|)

dp(0,z) = log(1 m_—p

(1.3.4)

Together with the triangle inequality, this implies that for all z,y € B"*!, one has

1—|y(z)] < 2™V (1~ |y(y)]),

which implies that the ratios

1—|y()|
1=yl

are comparable in the sense that they lie between finite limits. Hence, a good way
to study the rate at which the orbits tend to oo is to consider the convergence of

the series
> (1= 0))*, (1.3.5)
yel

withy e T,
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for various « > 0. Since the hyperbolic distance to 0 is given by equation (1.3.4),
it is an exercise to see that the convergence or divergence of the series in equation
(1.3.5) coincides with the convergence or divergence of the Poincaré series

D emedn02(0) (1.3.6)
ver

And this latter series is often easier to handle than the previous one. In fact,
using the orbital counting function it is easy to see that the series (1.3.6) always
converges for a > n. So it makes sense to define:

Definition 1.3.7. The critical exzponent of the group I' C Iso(H"*1!) is the number
defined by:

or = inf {a cR ‘ Z e~ dn(07(0)) oo} .
yel’

The critical exponent depends only on I' and it can be expressed in terms of
the orbital counting function as:

1

or = limsup —logN(R,0).

rR——> R
R—o0

This is a nonnegative number which is at most n. The Poincaré series in equation
(1.3.6) converges for « > dr and diverges for o < 0r. For a = dr, the series may
converge or not. The group I is said to be of convergence type if the above series
converges when « is the critical exponent. Otherwise the group is said to be of
divergence type.

One has (see for instance [57] or [163, 1.6.2 and 1.6.3]):

Theorem 1.3.8. If the group I' is such that its limit set is not the whole sphere SZ.,
then the series (1.3.6) converges at the exponent n. If the limit set is all of S”. and
T" is cofinite, then its critical exponent is o = n and the group is of divergence

type.

For x,y € B"*! and s > Jr, set

gs(z,y) = Z e—sdn(@y(y))
yel

The idea now is to construct a measure for x, ¥y, s by placing a Dirac point mass of

weight % at each point in the orbit of y. One then aims to get a measure
in the limit as s — 51; . It turns out that if the group is of divergence type, this

procedure works fine. However, if the group is of convergence type, one does not
get anything interesting.
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To overcome this difficulty, the point masses are multiplied by a factor
h(dp(z,~v(y))) which does not change the critical exponent of the series, but en-
sures divergence at that exponent. Then one has the corresponding Poincaré series

P(s,x) = > h(dy(z,5(x)))e @)
yel

and one may argue as for groups of divergence type. The function h : Ry — R
must be continuous, nondecreasing and with the following properties:

(i) The corresponding Poincaré series converges for s > dr and diverges for
s < (51".

(ii) For every € > 0 there exists rg such that if r > ro, ¢ > 1, then h(t +r) <
eth(r).

(iil) h(r +1t) < h(r)h(t).
Now one has:

Definition 1.3.9. Let I' be a discrete subgroup of Mobius transformations acting
on the unit ball B"*! and let # € B"*!. Define the Patterson-Sullivan measure ji,
associated to I" at = as the weak limit of the series,

P(sl, ) > hldn(z, () e Dy ) (1.3.9)

as s tends by the above to the critical exponent ér, where D(y ) is the Dirac
point mass of weight 1 at v x.

Theorem 1.3.10. Let I' be a nonelementary group of Mébius transformations of
]H[ﬁ“, n > 1. Then for each x € Hﬁ“ there exists a Patterson-Sullivan measure
L associated to I.

In fact, if the group is convex cocompact, then its critical exponent equals
the Hausdorff dimension of the limit set ([163, Theorem 4.6.4]).

The following result describes basic properties of the Patterson-Sullivan mea-
sures (we refer to [218] or [163]) for the proof of these statements).

Theorem 1.3.11. Let I' be a nonelementary group of Mdbius transformations of
Hﬁ“. For every = € Hﬁ“, let i be a Patterson-Sullivan measure associated to
I'. Then:

(i) The measure p, is concentrated in the limit set A(T).

(ii) For each v € I one has: Y jiz = fiy—1(z)-

(iii) For each vy € T one has: ¥ pz = |75|°F pte.
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(iv) For every x,y € Hﬁ“ the measures iz, |y are absolutely continuous with
respect to each other and the Radon-Nikodym derivative satisfies

o= ()

2
where P(x,z) = % is the Poisson kernel.

(v) If T is nonelementary and geometrically finite, then the measure p, has no
atomic part.

(vi) For each Borel set A and each v € I' it follows that:
p(v(A4)) = /A | du, (1.3.12)

where |y denotes the unique positive number making ‘“fy—/, an orthogonal ma-
triz.

Any quasi-invariant, finite, positive Borel measure with support on the limit
set and satisfying items (ii) and (iv), with dp replaced by an «, is said to be a
conformal measure (or density) of dimension « for T'. And every conformal density
satisfies equation (1.3.12).

Conformal measures were introduced by Patterson in dimension 2, and then
by Sullivan in general. These appear as powerful tools in several major appli-
cations. One of these is the investigation of the geodesic flow of the quotient
manifold. These appear also in relation with some rigidity problems connected to
the barycentre method; see for instance the characterization of symmetric spaces
due to [138] and [25]. Conformal measures appear as well in the study of several
geometric and number-theoretic problems related to fractal sets in holomorphic
dynamics, see for instance [149].

Now we look at the action of the group T' C Iso(Hz ™) on the sphere SZ..
We know from the previous discussion that if I' is nonelementary, then one has
the conformal densities p, of dimension Jr, the critical exponent of the group.
These define conformal measures on the sphere, with support on the limit set of
the group. One has the following theorem from [218]:

Theorem 1.3.13. Assume a discrete group I' C ISO(HH%H) admits a I'-invariant
conformal density o of dimension o > 0. Then the action of I' on S is ergodic
with respect to the measure class defined by o if and only if the only T'-invariant
conformal densities of dimension o are constant multiples of o.

Theorem 1.3.14. Let I' C ISO(H§+1) be a geometriclly finite group and o a con-
formal invariant density of dimension a > 0, then I' is ergodic on S™ x S™ with
respect to oy X 0.
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In analogy with the theorem of E. Hopf about ergodicity of the geodesic flow
with respect to a certain measure, associated to the Lebesgue measure, D. Sullivan
discovered that the Patterson-Sullivan measures determine an invariant measure
for the geodesic flow on the unit tangent bundle of the manifold H"*!/T". More
precisely:

Let U be the unitary tangent bundle of H"t!, that is,

U= {(z,n):z € H"" ne T,(H"") is unitary} .

This space can be described as follows: given any (z,n) € U, there is exactly one
geodesic v passing through z whose velocity vector at = is 7. Set vy and v_ for
the beginning and the end points of this geodesic and let z be the euclidean mid
point of the geodesic v. Notice that the geodesics in H"*! correspond bijectively
with the pairs of distinct point in the sphere at infinity S™ = S2,. Thus we can
define a homeomorphism

¢:U— ((S" xS")\{(y,y) €S" x§"}) xR,
by
QS(va):

(v_,vy,d(z, 2)) if v € 2,0,
(v_,vy,—d(x,2)) ifxe€z v

where 7,4 is the connected component of v\ {2} containing v.

From now on the spaces U and ¢(U) both will be represented by .

Now we can define the flow g; on U which serves as basis for the geodesic
flow

gt(V—7V+a3) = (l/_,l/+7t—|—8).

Observe that the group of Mdbius transformations leaving invariant Hﬁ“
acts naturally on U by

Y(x,n) = (v(x% 7(z) n) :

Using this equation it is easy to show that:
(i) The action of Mob(Hpz ") commutes with the flow g;.

(ii) Whenever T' € Mob(Hg ™) is a discrete group, the action of T' on U is properly
discontinuous.

(iii) Given a Patterson-Sullivan measure p, for I' we have a I'-invariant measure
me on U defined by the following differential (see [163, Chapter 8] for details):

dprr (n-)dpz (1+)ds
dm,(v_,vs,s) = P ‘2—; .
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Now consider the quotient //I'. Since g; commutes with the action of the
group M&b(HZET!), it follows that g, induces a flow g, on the manifold &//T, which
is called the geodesic flow and m, induces a measure m) on U /T which is g}-
invariant.

Recall that the geodesic flow on U is said to be conservative if for every set
A C U with p,(A) > 0, we have mu, (AN g:(A)) > 0 for an infinite sequence ().

Let us now recall the definition of the conical limit set of I':

Definition 1.3.15. A point z € S™ in the limit set A of I' is said to be a conical
limit point if for each = € ]HIH%H, regarded as the unit ball, there is a sequence
(vm) C I' such that the sequence

|2 — ym ()|
1- |7m($)|

)

remains bounded.

Intuitively, conical points are the points in the limit set which are approxi-
mated by orbits within a cone. More precisely, a point z € S™ is a conical limit
point for T if there is a geodesic ¢ in Hﬁ“ ending at z and such that for every
T € Hﬁ“, there are infinitely many I'-images of x within a bounded hyperbolic
distance from o.

For instance, it is clear that every fixed point of a loxodromic element in T" is
a conical limit point. On the contrary, a fixed point of a parabolic element in I' is a
limit point which cannot be conical, since every parabolic element is conjugate to
a translation. In fact one has that for geometrically finite groups, the whole limit
set A consists fully of conical limit points and fixed points of parabolic elements.

The following theorem can be stated for conformal densities in general (see
[163]), however for the sake of simplicity we state it only for the Patterson-Sullivan
measures.

Theorem 1.3.16. Let I' be a Mdbius group preserving Hﬁ"’l, Ly a Patterson-
Sullivan measure for I' of exponent dr, and g; the geodesic flow on U/T". Let m;,
be the invariant measure on U constructed above. Then the following statements
are equivalent:

!

-conservative.
P

(i) The geodesic flow g} is m
(ii) The geodesic flow g; is m), -ergodic.
(ii)
D (1= PO = ce.

(iv) T is (o0 x 0)-ergodic on S™ x S™.

(v) The conical limit set has full ji,-measure.
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Remark 1.3.17. The construction of conformal densities (and Patterson-Sullivan
measures) generalises to the case of complex hyperbolic groups, that we study in
the sequel. This generalises also to quaternionic hyperbolic groups and actually for
every nonelementary discrete group of isometries of a simply connected complete
Riemannian manifold with negative curvature, see for instance [180, 181].

1.3.4 Sullivan’s theorem on nonexistence of invariant lines
D. P. Sullivan in [215] proved the following remarkable theorem:

Theorem 1.3.18. Let I' be a finitely generated discrete group of isometries of the
hyperbolic space H?, so that T is also a group of conformal transformations of the
sphere S%. Then there is no I'-invariant measurable vector field on the conservative
part of S? for the action with respect to Lebesque measure. Hence there is no
measurable I'-invariant field of tangent lines supported on the limit set.

A measurable version of the Riemann mapping theorem due to Ahlfors and
Bers gives a one-to-one correspondence between measurable vector fields and
quasi-conformal homeomorphisms, up to composition with a conformal homeo-
morphism. Hence Sullivan’s theorem says that on the conservative part of S? there
are no quasi-conformal deformations of I'. Hence this theorem of Sullivan is in the
same spirit as Mostow’s rigidity theorem.

This theorem has important applications in geometry and dynamics, and we
refer to [148] and [166] for more on the topic. In the sequel we use (in Chapter 10)
a generalization of Sullivan’s theorem proved in [202], which is based on a deep
theorem by L. Flaminio and R. J. Spatzier that we explain below.

It is worth saying that it is not known whether or not the equivalent of
Theorem 1.3.18 holds for rational maps on the Riemann sphere. This would have
important applications to iteration theory and there are several people working
on that problem.

Recall that a subset of Iso(Hy), regarded as an algebraic variety, is said to
be Zariski closed if it is the set of solutions (zeroes) of a collection of polynomial
equations on Iso(HR). Given a subset V of Iso(HR), its Zariski closure is the
(unique) smallest algebraic subset of Iso(Hy) that contains V. It is not hard to
see that if V' is a group, then its Zariski closure is also a group.

Definition 1.3.19. A discrete subgroup I' of Isoy (HR) is said to be Zariski-dense
in Isoy (HR) if its Zariski closure is all of Iso4 (HR).

We know from the previous section that if I' is a geometrically-finite discrete
subgroup of Iso; (HR), then there is a unique Patterson-Sullivan measure, up to
constant multiples. We denote this by p. One has:

Theorem 1.3.20 ([59]). Let I" be a geometrically-finite discrete subgroup of Isoy (HR)
which is Zariski-dense. Let p be the Patterson-Sullivan measure on the limit set
A of T'. Then every I'-invariant measurable distribution on A C S*~1 by subspaces
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of dimension d is p-almost everywhere trivial, i.e., either d = n—1 or d = 0.
Furthermore, the restriction to A of the bundle of orthonormal n-frames on S™
is locally U, x SO(n), with U, an open set in A, so we can endow it with the
measure i which is (locally) the product of p with the invariant measure measure
on SO(n). Then T acts on this bundle, via the differential, and this action is
ergodic with respect to i .

This theorem is used in [59] to study rigidity properties of the horospherical
foliations of geometrically finite hyperbolic manifolds, generalizing Marina Rat-
ner’s theorem.

One also has the following theorem of [202], which improves Theorem 1.3.20.
This result will be used in the sequel, in Chapter 10.

Theorem 1.3.21. Let I' be a geometrically-finite and Zariski-dense discrete sub-
group of Iso(Hﬁ“), Let p be the Patterson-Sullivan measure on the limit set A.
Let 0 < p < n. Let I'n, be the the restriction to A of the Grassmannian fibre
bundle, Gy, ,(S™), of p-dimensional subspaces of TS™. Then T' acts, via the differ-
ential, minimally on G ,. Furthermore, I' acts ergodically on G, with respect to
the measure p which is (locally) the product of u with the homogeneous measure

on Gy, = S0(n)/(SO(p) x SO(n — p)).

The proof of ergodicity in Theorem 1.3.21 follows easily from Theorem 1.3.20
above. In fact, notice that locally one has a product structure: given any point
x € A, there is an open neighbourhood U, of  in S™ such that, Ga ply, =
(ANUz) X Gryp = (ANU;) x (SO(n)/(SO(p) x SO(n —p))). Furthermore, the
action of I' on G , sends a fibre isometrically onto a fibre, since I' preserves angles.
The action of I' on G, is a factor of the action of I' on Fy ,,, the restriction to A
of the bundle of orthonormal n-frames on S™, which locally is U, x SO(n). This
action is ergodic with respect to i by [59]. Hence the action on G, ), is also ergodic.

In order to prove the minimality of the action stated in the theorem above,
the next step, once we have the ergodicity, is to show that the action of I' on Gj
carries fibres isometrically into fibres. This is an exercise and we refer to [202]
for details. Then the minimality of the action follows from the ergodicity together
with the following general theorem (2.3.1 in [202]): (Only the first statement below
is needed for Theorem 1.3.21, but the second statement will be used in Chapter
10.)

Theorem 1.3.22. Let X and Y be compact metric spaces, and let G be a compact
group which acts minimally on X. Let m: E — X be a locally trivial fibre bundle
with fibre Y, such that G acts on E as a skew-product, g(z,y) = (9(z), Fig.2)(¥)),
where Flg oy 1Y — Y is an isometry for each (g,x) € G x X. Let H be a minimal
subset of E for the action of G. Then:

(i) The restriction of m to H, wlg : H — X, is a locally trivial fibre bundle,
whose fibres are homogeneous spaces on which G acts transitively.

(ii) If the space Y is the 2-sphere, then either the minimal set H is all of E, or
else the bundle m: E — X admits a section.
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This theorem implies that if the action of I' on G, is not minimal, then
there exists a minimal set F' C G, which is a fibre bundle over A and whose fibre
F,, at € A, is a proper submanifold of the fibre {z} x G,, ,. All submanifolds
F, are isometric. Consider a small tubular neighbourhood U, of F} in the fibre
{z} x G, consisting of points at distance less than ¢ > 0 of F,. Then, for ¢
small, the union U := U,cpl, is a measurable set of positive measure which is
T'-invariant and whose measure varies with e. This contradicts ergodicity, so the
action is minimal. O



Chapter 2

Complex Hyperbolic Geometry

In complex hyperbolic geometry we consider an open set biholomorphic to an
open ball in C", and we equip it with a particular metric that makes it have
constant negative holomorphic curvature. This is analogous to but different from
the real hyperbolic space. In the complex case, the sectional curvature is constant
on complex lines, but it changes when we consider real 2-planes which are not
complex lines.

Complex hyperbolic geometry contains in it the real version: while every
complex C*-plane in HE is biholomorphically isometric to H(’E, every totally real k-
plane in HE is isometric to the real hyperbolic space Hﬁg. Moreover, every complex
line in HZ is biholomorphically isometric to HZ.

There are three classical models for complex hyperbolic space Hg: the unit
ball model in C", the projective ball model in P¢ and the Siegel domain model.
In this monograph we normally use the projective ball model, and the symbol
HE will be reserved for that. These models for complex hyperbolic n-space are
briefly discussed in Sections 2 and 3, where we also explain and define some basic
notions which are used in the sequel, such as chains, bisectors and spinal spheres,
horospherical coordinates and the Heisenberg geometry at infinity. We refer to
[67], [71], [168], [200], [169] for rich accounts on complex hyperbolic geometry.

In Section 4 we discuss the geometry, dynamics and algebraic properties of
the elements in the projective Lorentz group PU(n, 1), which is the group of holo-
morphic isometries of H. We give in detail Goldman’s proof of the classification
according to trace, since this paves the ground for the discussion in Chapter 4.

In Section 5 we discuss methods and sources for constructing complex hy-
perbolic Kleinian groups, i.e., discrete subgroups of PU(n, 1). For further reading
on this we refer to the excellent survey articles [105], [168] and the bibliography
in them. As explained in [168], the methods for constructing complex hyperbolic
lattices can be roughly classified into four types: i) Arithmetic constructions; ii)
reflection groups and construction of appropriate fundamental domains; iii) al-
gebraic constructions, via the Yau-Miyaoka uniformisation theorem; and iv) as

A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 41
DOI 10.1007/978-3-0348-0481-3_2, © Springer Basel 2013
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monodromy groups of certain hypergeometric functions. In fact, a fundamental
problem in complex hyperbolic geometry is whether or not there are nonarith-
metic lattices in dimensions > 3 (see for instance [50]).

Finally, Section 6 is based on [45]. Here we discuss the definition of limit set
for complex hyperbolic Kleinian groups and give some of its properties. This is
analogous to the corresponding definition in real hyperbolic geometry. The simi-
larities in both settings spring from the fact that in both situations one has the
convergence property (see [105, §3.2]): every sequence of isometries either contains
a convergent subsequence or contains a subsequence which converges to a constant
map away from a point on the sphere at infinity. This property is not satisfied by
discrete subgroups of PSL(n 4+ 1,C) in general, and this is why even the concept
of limit set becomes intriguing in that general setting. This will be explored in the
following chapters.

2.1 Some basic facts on Projective geometry

We recall that the complex projective space P¢ is defined as
PE = (C"* —{0})/ ~,

where “~” denotes the equivalence relation given by z ~ y if and only if z =
Ay for some nonzero complex scalar A. This is a compact connected complex n-
dimensional manifold, diffeomorphic to the orbit space S*"*1/ (1), where U(1)
is acting coordinate-wise on the unit sphere in C"*1.

We notice that the usual Riemannian metric on S?"*! is invariant under the
action of U(1) and therefore descends to a Riemannian metric on Pg, which is
known as the Fubini-Study metric.

If [], : C"*! — {0} — PZ represents the quotient map, then a nonempty set
H C P{ is said to be a projective subspace of dimension k if there is a C-linear

“

subspace H C C"*1 of dimension k+ 1 such that [H], = H. If no confusion arises,
we will denote the map [ ],, just by [ ]. Given a subset P in PE , we define

(P) = ﬂ{l C P¢ | I is a projective subspace and P C [}.

Then (P) is a projective subspace of P¢, see for instance [125]. In particular, given
p, q € PE distinct points, ({p, ¢}) is the unique proper complex projective subspace
passing through p and ¢. Such a subspace will be called a complex (projective)
line and denoted by p,¢; this is the image under [ ]n of a two-dimensional linear
subspace of C"*1. Observe that if ¢, ¢ are different complex lines in PZ, then
¢1 N ¢y consists of exactly one point.

If e1,...,e,41 denotes the elements of the standard basis in C™*!, we will
use the same symbols to denote their images under [ |,,.

It is clear that every linear automorphism of C™*! defines a holomorphic
automorphism of Pg, and it is well known (see for instance [37]) that every auto-
morphism of P¢ arises in this way. Thus one has



2.1. Some basic facts on Projective geometry 43

Theorem 2.1.1. The group of projective automorphisms is:
PSL(n 4+ 1,C) := GL(n+1,C)/(C*)"" 2 SL(n +1,C)/Zpn41 ,

where (C*)"*1 is being regarded as the subgroup of diagonal matrices with a single
nonzero eigenvalue, and we consider the action of Zy,41 (viewed as the roots of the
unity) on SL(n 4+ 1,C) given by the usual scalar multiplication.

This result is in fact a special case of a more general, well-known theorem,
stating that every holomorphic endomorphism f : P¢ — P¢ is induced by a poly-
nomial self-map F = (Fy,..., F,) of C"™! such that F~1(0) = {0} and the com-
ponents F; are all homogeneous polynomials of the same degree. The case we
envisage here is when these polynomials are actually linear.

We denote by [[ ]Jn+1 : SL(n+1,C) — PSL(n+1, C) the quotient map. Given
v € PSL(n + 1,C) we say that ¥ € GL (n+ 1,C) is a lift of + if there is an scalar
r € C* such that r¥ € SL(n,C) and [[r3]]n4+1 = 7-

Notice that PSL(n + 1,C) acts transitively, effectively and by biholomor-
phisms on P¢, taking projective subspaces into projective subspaces.

There are two classical ways of decomposing the projective space that will
play a significant role in the sequel; each provides a rich source of discrete sub-
groups of PSL(n + 1,C). The first is by thinking of P¢ as being the union of C”
and the “hyperplane at infinity”:

% =CruPrt.
A way for doing so is by writing
C"™'=C"xC={(Z,2n41) | Z = (21,...,2n) €C"and z,,, € C}.

Then every point in the hyperplane {(Z,1)} determines a unique line through
the origin in C"*1, i.e., a point in P%; and every point in P% is obtained in this
way except for those corresponding to lines (or “directions”) in the hyperplane
{(Z,0)}, which form the “hyperplane at infinity” Pg_l.

It is clear that every affine map of C"*! leaves invariant the hyperplane at
infinity ]P’gil. Furthermore, every such map carries lines in C**! into lines in C**+1,
so the map naturally extends to the hyperplane at infinity. This gives a natural
inclusion of the affine group

Aff (C") 2 GL (n,C) x C*,
in the projective group PSL(n + 1, C). Hence every discrete subgroup of Aff (C")
is a discrete subgroup of PSL(n + 1,C).

The second classical way of decomposing the projective space that plays a
significant role in this monograph leads to complex hyperbolic geometry, which
we study in the following section. For this we think of C"*! as being a union
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V_ U Vo UV, where each of these sets consists of the points (Z,z,.1) € C**!
satisfying that ||Z||? is respectively smaller, equal to or larger than |z, 1|

We will see in the following section that the projectivisation of V_ is an
open (2n)-ball B in PZ, bounded by [Vp], which is a sphere. This ball B serves as
model for complex hyperbolic geometry. Its full group of holomorphic isometries is
PU(n, 1), the subgroup of PSL(n+1, C) of projective automorphisms that preserve
B. This gives a second natural source of discrete subgroups of PSL(n+1,C), those
coming from complex hyperbolic geometry.

We finish this section with some results about subgroups of PSL(n + 1,C)
that will be used later in the text.

Proposition 2.1.2. Let I' C PSL(n + 1,C) be a discrete group. Then T is finite if
and only if every element in I' has finite order.

This proposition follows from the theorem below (see [182, Theorem 8.29])
and its corollary; see [160], [41] for details.

Theorem 2.1.3 (Jordan). For anyn € N there is an integer S(n) with the following
property: If G C GL(n,C) is a finite subgroup, then G admits an abelian normal
subgroup N such that card(G) < S(n)card(N).

Corollary 2.1.4. Let G be a countable subgroup of GL(3,C), then there is an infinite
commutative subgroup N of G.

Proof of Proposition 2.1.2. If every element in G has finite order, then by Selberg’s
lemma (see for instance [186]) it follows that G has an infinite set of generators,

say {¥m }men. Define
Am = <,yl7' .. 7’7m>a

then by Selberg’s lemma A, is finite and by Theorem 2.1.3 there is a normal
commutative subgroup N(A,,) of A4,, such that

card(A,,) < S(3)card(N(A,)).-

Assume, without loss of generality, that card(A,,) = kocard(N(4,,)) for some ko
and every m. Set
nm =max{o(g) : g € N(An)},
where o(g) represents the order of g, and consider the following cases:
Case 1. The sequence (1, )men is unbounded.

In this case we can assume that
k‘o?’Lj < MNjt1 for all J-
Now for each m, consider v,, € N(A,,) such that o(v,) = nm. Thus % €

MNyn<; N(4;) and ko £ 'y]]?‘). Hence (y%0 : m € N) is an infinite commutative
subgroup of G.
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Case 2. The sequence (1, )men is bounded.

We may assume that n,, = ¢¢ for every index m. Let us construct the following
sequence:

Step 1. Assume that card(N(A;)) > koc3. For each m > 1, consider the map
¢1,m : N(Al) — Am/N(Am>

given by I — N(A,,)l. Since card(N(A;)) > card(A,,/N(A,)) = ko, we deduce
that @1, is not injective. Then there is an element w; # id and a subsequence
(By)nen C (Ap)nen such that card(N(By)) > koct and wy € Men N (Bm)-

Step 2. For every m €N consider the map ¢2 ,, : N(B1)/{w1) — Bp/N(Bpm)
given by (w1)l — N(By,)l. As in step 1 we can deduce that there is an element
we and a subsequence (Cp,)nen C (By)nen such that card(N(Cq)) > kocd and
w2 € (Npen N (Cm) = (wr).

Step 3. For m € N consider the map ¢3 ,,, : N(C1)/{w1,ws) — Cp,/N(Cyy)
given by {(wq,w9)l — N(Cp,)l. As in step 2 we deduce that there is an element
ws and a subsequence (Dy)nen C (Cp)nen such that card(N(A1)) > kocS and
w3 € anN N(Dp,) — (w1, wa).

Continuing this process ad infinitum we deduce that (w,, : m € N) is an
infinite commutative subgroup. O

2.2 Complex hyperbolic geometry. The ball model

There are three classical models for complex hyperbolic n-space, namely:
(i) the unit ball model in C™;

(ii) the projective ball model in Pg; and

(iii) the Siegel domain model in C™.

Let us discuss first the ball models for complex hyperbolic space. For this, let
C™! denote the vector space C"*! equipped with the Hermitian form (,) given
by
(u,v) = w101 + -+ - + UpTp, — Up4+10n41

where u = (u1,ug,...,unt1) and v = (v1,va,...,Vy4+1). This form corresponds to
the Hermitian matrix
1 0 0
H=]101 0
0 0 -1

One obviously has (u,v) = uHv*, where v* is the Hermitian adjoint of v, i.e., it
is the column vector with entries v1, ¢ = 1,...,n 4+ 1. Notice H has n positive
eigenvalues and a negative one, so it has signature (n,1).
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As before, we think of C"*t! ~ C™! as being the union V_ UV, U V. of
negative, null and positive vectors z, depending respectively (in the obvious way)
on the sign of (2,2) = |21)> + -+ |2n|? — |2na1|?. Tt is clear that each of the three
sets V_ U Vp UV is a union of complex lines; that is, if a vector v is in V_, then
every complex multiple of v is a negative vector, and similarly for Vy and V.. The
set V is often called the cone of light, or the space of null vectors for the quadratic
form Q(z) = (z, z).

We now look at the intersection of V5 and V_ with the hyperplane in C™!
defined by z,11 = 1. For V; we get the (2n — 1)-sphere

S:={(z1,-- - 2nt1) €C" | [21P + - + [z =1},
For V_ we get the ball B bounded by S:
B :={(21,. .-, 2n+1) E(Cnﬂ’|Z1|2-&-~-~—|—|zn|2 <1}.

This ball, equipped with the complex hyperbolic metric serves as a model for
complex hyperbolic geometry, this is the unit ball model of complex hyperbolic
space. We refer to [169] for details on this model and for beautiful explanations
about the way in which it relates to the Siegel domain model that we explain in
the following section.

To get the complex hyperbolic space we must endow B with the appropriate
metric. We do so in a similar way to how we did it in Chapter 1 for the real
hyperbolic space. Consider the group U(n, 1) of elements in GL (n + 1,C) that
preserve the above Hermitian form. That is, we consider matrices A satisfying
A*HA = H, where A* is the Hermitian transpose of A (that is, each column
vector v with entries vy, vy, ..., vy, is replaced by its transpose v*, the row vector
(U0, 01,...,0p)). It is easy to see that U(n, 1) acts transitively on B with isotropy
U(n) (see [67, Lemma 3.1.3]). In fact U(n,1) acts transitively on the space of
negative lines in C™!.

Let 0 = (0,...,0,1) denote the centre of the ball B, consider the space
ToB = C" tangent to B at 0, and put on it the usual Hermitian metric on C". Now
we use the action of U(n, 1) to spread the metric to all tangent spaces T, HZ, using
that the action is transitive and the isotropy is U(n), which preserves the usual
metric on C™. We thus get a Hermitian metric on B, which is clearly homogeneous.
This is the complex hyperbolic metric, and the ball B, equipped with this metric,
serves as a model for complex hyperbolic n-space Hg. This is the unit ball model
for complex hyperbolic space. The boundary OHZ is called the sphere at infinity (it
is called the absolute in [67]).

Notice that this way of constructing a model for the complex hyperbolic
space HF is entirely analogous to the method used in Chapter 1 to construct
the real hyperbolic space Hg. Yet, there is one significant difference. In the real
case the action of Iso(HE) on the unit ball has isotropy O(n) and this group acts
transitively on the spaces of lines and 2-planes through a given point. Thence Hyg
has constant sectional curvature. In the complex case, the corresponding isotropy
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group is U(n), which acts transitively on the space of complex lines through a
given point, but it does not act transitively on the space of real 2-planes: a totally
real plane cannot be taken into a complex line by an element in U(n). Therefore
the sectional curvature of H is not constant, though it has constant holomorphic
curvature.

Observe that for n = 1 one gets the complex hyperbolic line Hé. This corre-
sponds to the unit ball

{(21,22) € (Cz‘ |21] <land 2o =1} .

Notice that U(1) is isomorphic to SO(2), hence H{ is biholomorphically isometric
to the open ball model of the real hyperbolic space HZ. Moreover, since U(n, 1)
acts transitively on the space of negative lines in C™', every such line can be
taken into the line spanned by the vector {(0,...,0,1)} € C™! and the above
considerations essentially show that the induced metric on the unit ball in this
complex line corresponds to the usual real hyperbolic metric on the ball model for
H2. That is: every complex line that meets HE determines an embedded copy of
HE 2 H2 (see [67, §1.4] or [169, §5.2] for clear accounts on HY).

It is now easy to construct the projective ball model for complex hyperbolic
space, which is the model we actually use in the sequel. For this we notice that if a
complex line through the origin 0 € C**! is null, then it meets the above sphere S
at exactly one point. Hence the projectivisation (V5\{0})/C* of V} is diffeomorphic
to the (2n —1)-sphere S. Similar considerations apply for the negative lines, so the
projectivisation [V_] is the open 2n-ball [B] bounded by the sphere [S] = [V_].

The ball [B] in P¢ can be equipped with the metric coming from the complex
hyperbolic metric in B, and we get the projective ball model for complex hyperbolic
space. From now on, unless it is stated otherwise, the symbol H will denote this
model for complex hyperbolic space. The corresponding Hermitian metric is the
Bergmann metric, up to multiplication by a constant. It is clear from the above
construction that the projective Lorentz group PU(n,1) acts on HE as its the
group of holomorphic isometries.

In [67, 3.1.7] there is an algebraic expression for the distance function in
complex hyperbolic space which is useful, among other things, for making com-
putations. For this, recall first that in Euclidean space the distance function is
determined by the usual inner product, and this is closely related with the angle

between vectors x, y:
|z -yl 3

_ (zy)(y-x)
(z-2)(y-y)
multiplication by a constant) as follows: given points [z], [y] € HE, their complex

hyperbolic distance p is:

p([z], [y]) = 2cosh™ (v/6(x,1));

where 6(z, y) . Similarly, the Bergmann metric can be expressed (up to
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~ (z,y)(y,x)
@) = a2V g)

where (, ) is now the Hermitian product given by the quadratic form @ used to
construct Hg.

2.2.1 Totally geodesic subspaces

Given a point z € Hf one wishes to know what the geodesics through z, and
more generally the totally geodesic subspaces of Hf, look like. Here is a first
answer. Consider a complex projective line £ in P¢ passing by z. Then LNHE is a
holomorphic submanifold of HZ and we already know (see the previous section or
[67, Theorem 3.1.10]) that £ N HZ is isometric to HY; the latter can be regarded
as H2 equipped with Poincare’s ball model for real hyperbolic geometry. This “2-
plane” £ NHE is totally geodesic, i.e., every geodesic in Hf joining two points in
L NHE is actually contained in £ N HZ = HE. This type of surfaces in Hf are
called complex geodesics (they are also called complex slices). They have constant
negative curvature for the Bergman metric, and we assume this metric has been
scaled so that these slices have constant sectional curvature —1 (see [67]). The
intersection of the projective line £ with the boundary OHZ is a circle S'. This
kind of circles in the sphere at infinity, which bound a complex slice, are called
chains.

Notice that two distinct points 21, 22 in Hg determine a unique line in Pg, so
there is a unique complex geodesic £ passing through them. There is also a unique
real geodesic in £ = H2 passing through these points. Of course this statement
can be easily adapted to include the case when either one, or both, of these points
is in the boundary JHE.

Each real geodesic in Hf is determined by its end points in the sphere OHZ.
For each point ¢ € OHE, the real geodesics in H which end at ¢ are parametrised
by the points in R?"~! ~ 9HZ\ g and they form a parabolic pencil (see [67, Sections
7.27, 7.28]). Each of these real geodesics o is contained in a complex geodesic 2
asymptotic to ¢, and the set of all complex geodesics end at ¢ has the natural
structure of an (n — 1)-dimensional complex affine plane.

In fact, since each complex geodesic 3 corresponds to the intersection of the
ball H with a complex projective line £, one has that ¥ is asymptotic to all
points in £ N OHZ, which form a circle S. If the complex geodesic ¥ ends at
q € OH, it follows that the real geodesics in X asymptotic to ¢ are parametrised
by R~ (£ 0HE) \ {q}.

More generally, if P is a complex projective subspace of P¢ of dimension
k that passes through the point z € Hg, then P N Hg is obviously a complex
holomorphic submanifold of H. Then Theorem 3.1.10 in [67] tells us that P NH
is actually a totally geodesic subspace of H which is biholomorphically isometric
to H(’E. Such a holomorphic submanifold of H is called a CFk-plane; so a CF-plane
is a complex geodesic. The boundary of a CF-plane is a sphere of real dimension
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2k—1 called a C*-chain. This is the set of points where the corresponding projective
plane meets the sphere at infinity OHZ. A C!-chain is simply a chain.

Goldman shows in his book that behind C*-planes, there is only another type
of totally geodesic subspaces in Hg: The totally real projective subspaces:

Definition 2.2.1. Let R*¥+1 be a linear real subspace of C™! of real dimension k+ 1
which contains negative vectors. We say that RE+L is totally real with respect to the
Hermitian form @ if J(R**1) is Q-orthogonal to R¥*1, where J denotes complex
multiplication by ¢. A totally real subspace of Hf means the intersection with Hg
of the projectivisation R* := [75,’““] of a totally real projective subspace REFL of
C™1. Such a plane in HZ is called an R*-plane. (Of course this can only happen if
k<n.) An Rz—plane is called a real slice.

It is easy to see that PU(n, 1) acts transitively on the set of all R*-planes in
HZ, for every k. One has (see [67, Section 3.1]):

Theorem 2.2.2. Every totally geodesic submanifold of HY. is either a C*-plane or an
R¥-plane. In particular HE has no totally geodesic real submanifolds of codimension
1 (for n > 1). Furthermore:

(i) Every CF-plane, with its induced metric, is biholomorphically isometric to

H(’E. Every complex line in HE is biholomorphically isometric to Poincaré’s
ball model of HZ.

(ii) Ever R*-plane, with its induced metric, is isometric to the real hyperbolic
space HH’% equipped with the Beltrami-Klein model for hyperbolic geometry.

(iii) In particular, HE has two types of real 2-planes which are both totally geodesic:
complez slices, and real slices. Furthermore, it is at these two types of 2-planes
where HE attains its bounds regarding sectional curvature: the sectional cur-

vature in HE varies in the interval [—1, *%] with the upper bound correspond-
ing to the curvature of real slices and the lower one being attained at complex
slices.

2.2.2 Bisectors and spines

Recall that in real hyperbolic geometry the group of isometries is generated by
inversions on spheres of codimension 1 that meet orthogonally the sphere at in-
finity. This type of spheres are totally geodesic. These spheres also determine the
sides of the Dirichlet fundamental domains. In complex hyperbolic space, there
are no totally real submanifolds of codimension 1, and a reasonable substitute
are the bisectors (or equidistant hypersurfaces), that we now define. These were
introduced by Giraud (see [67]) and also used by Moser, who called them spinal
surfaces, to construct the first examples of nonarithmetic lattices in PU(n, 1).

Given points z1,ze in HE, we denote by p(z1,22) their complex hyperbolic
distance.
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Definition 2.2.3. Let 2, 2o be two distinct points in H.

(i) The bisector of z1 and zz is the set
¢{z1, 22} = {2 € HY [ p(2,21) = p(2,22) }.

(ii) The boundary of a bisector is called a spinal sphere in OH.

(iii) The complex geodesic ¥ = X(z1,22) in H spanned by z1, 22 is called the
complez spine (or simply the C-spine) of the bisector {z1, zo} with respect
to z1 and zs.

(iv) The spine 0 = o(z1,22) of €{z1, 22} with respect to z; and z5 is the inter-
section of the bisector with the complex spine of z; and zs:

o:=0{21,2} N = {z€3]|p(z,21) = p(z,22) }

Notice that by the above discussion, the complex spine X is the intersection
with HZ of projectivisation of a complex linear 2-space in C™!. Thence one has
a (holomorphic) orthogonal projection 7y, : H — ¥ induced by the orthogonal
projection in C™! (with respect to the corresponding quadratic form). Then one
has the following theorem, which is essentially the Slice Decomposition Theorem
of Giraud and Mostow (see Theorem 5.1, its corollary 5.1.3 and lemma 5.1.4 in
[67]). Recall that a bisector is a real hypersurface in the complex manifold H and
therefore comes equipped with a natural CR-structure and a Levi-form.

Theorem 2.2.4. The bisector € is a real analytic hypersurface in HE diffeomor-
phic to R?"~1 which fibres analytically over the spine o with projection being the
restriction to & of the orthogonal projection mx, : Hft — X:

¢ —m5'(0) = U m'((9).

seo

Furthermore, each bisector € is Levi-flat and the slices 7151 ((s) C € are its mazimal
holomorphic submanifolds. Hence €, the spine, the complex spine and the slices
are independent of the choice of points z1, zo used to define them.

Of course, spinal spheres are diffeomorphic to §?"~2. We remark too [67,
Theorem 5.1.6] that the above association € ~~ ¢ defines a bijective correspondence
between bisectors and geodesics in H: every real geodesic o is contained in a
unique complex geodesic ¥; then one has an orthogonal projection 7y : H — X
and the bisector is € = 75" (o).

Another nice property of bisectors is that just as they decompose natu-
rally into complex hyperplanes, as described by the Slice Decomposition Theo-
rem above, they also decompose naturally into totally real geodesic subspaces and
one has the corresponding Meridianal Decomposition Theorem (see [67, Theorem
5.1.10]).
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2.3 The Siegel domain model

There is another classical model for complex hyperbolic geometry, the Siegel do-
main (or paraboloid) model. While the ball models describe complex projective
space regarded from within, the Siegel domain model describes this space as re-
garded from a point at infinity. Thence it is in some sense analogous to the upper-
half plane model for real hyperbolic geometry. The basic references for this section
are [67], [71] and [169].

Consider C" as C"~! x C with coordinates (w’,w,), w’ € C"~1 andlet ((, ))
be the usual Hermitian product in C*~1. So ((w’,w')) = wjw) + -+ +w!,_ @/, ;.
The Siegel domain G™ consists of the points in C" satisfying

2Re(wy,) > ((w',w')) .

Its boundary is a paraboloid in C™.
Now consider the embedding of &" in P§ given by
1 1
(W', wy) B W, = —wp, = +w,].

2 2
We claim that the image B(6") is the ball B of negative points that serves as
a model for complex hyperbolic H. To see this, notice that given points w =
(w',wy), 2 = (2',2,) € C", the Hermitian product of their image in P¢ (induced
by the product (, ) in C™!) takes the form

(B(w), B(2)) = ((w',2')) = wn = Zn.

In particular (B(w), B(w)) = {({(w’,w’)) — Rew,, . Hence B(w) is a negative point
in P¢ if and only if w is in &".

Now consider the null vector po := (0, —1,1) € C™! and its image po in
P¢. Let Ho be the unique complex projective hyperplane in P¢ which is tangent
to HE at pso. This hyperplane consists of all points [z] € P whose homogeneous
coordinates [z1 : ... : zp41] satisfy z, = z,4+1. Therefore the image of B does not
meet H,, and B provides an affine coordinate chart for P¢ \ Ho, carrying the
Siegel domain & into the ball Hf.

Notice that the boundary of &™ is the paraboloid {2Re(w,) = ({(w’,w’))},
and its image under B is the sphere OH minus the null point p, := [0/, —1,1] €
P2, where 0 := (0,...,0) € C"~!. That is:

96" = OHE \ {¢oo} -

One thus has an induced complex hyperbolic metric on 6™, induced by the
Bergman metric on HE (see [71, p. 520] for the explicit formula).

Definition 2.3.1. For each positive real number u, the horosphere in &™ (centred
at goo) of level w is the set

9 = {w = (v, wn) € 8" |Rew,, — ((w',w')) = u}.

We also set g := IG™.
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Hence, horospheres in &™ are paraboloids, the translates of the boundary.
When regarded in Hf they become spheres, tangent to OHP at ¢o = [0',—1,1.
This definition can be easily adapted horospheres in H centred at every point in
OHE.

2.3.1 Heisenberg geometry and horospherical coordinates

Recall that the classical Heisenberg group is the group of 3 x 3 triangular matrices
of the form

1
H=1 0
0

O = Q

t
b
1

where the coefficients are real numbers. This is a 3-dimensional nilpotent Lie
group diffeomorphic to R3. Its group structure, coming from the multiplication of
matrices, is a semi-direct product C x R where C and R are being regarded as
additive groups:

((a,),t) - ((a',0),¢") = ((a+a b+ ¥),t+t' +a-b),
(U,t) . (v’,t’) — (U+U’,t+t’—|—a~b’),

where v = (a,b) and v' = (a/, V).

More generally, let V' be a finite-dimensional real vector space, equipped
with a symplectic form w. This means that w is a nondegenerate skew symmetric
bilinear form on V. One has a Heisenberg group H = H(V,w) associated with the
pair (V,w). This group is a semi-direct product V x R, where the group structure
is given by the following law:

(v1,t1) « (v2,t2) = (v1 +v2,t1 + ta + 2w(v1,v2));

the factor 2 is included for conventional reasons. This group is a central extension
of the additive group V and there is an exact sequence

0—R— HV,w) —V —0.

A Heisenberg space is a principal H(V,w)-homogeneous space N, say a
smooth manifold, for some Heisenberg group as above. In other words, H acts (say
by the left) transitively on N with trivial isotropy. So N is actually parametrised
by H and it can be equipped with a Lie group structure coming from that in H.

Consider now the isotropy subgroup G, of the null point py, :=[0',—1,1] €
OHE under the action of PU(n, 1). Let 91 be the set of unipotent elements in G.
It is proved in [67, §4.2] (see also [71]) that 91 is isomorphic to a Heisenberg group
as above. This group is a semidirect product C*~! x R and consists of the so-
called Heisenberg translations {T¢,}. These are more easily defined in &™. For
each ( € C" ! t € R and (w',w,) € & C C" one has:

(W) 5 (@ 4w+ {0, 0) + 5060~ i)
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Notice that each orbit in G” is a horosphere $),,, and I acts simply transitively
on HHy := 06™.

One also has the one-parameter group © = {D,} of real Heisenberg dilata-
tions: For each u > 0 define

(W, w) 24 (Vuw', uvw,) .

Each dilatation carries horospheres into horospheres.

These two groups of transformations were used in [71] to equip the complex
hyperbolic space with horospherical coordinates, obtained by identifying G™ with
the orbit of a “marked point” under the action of the group - ® generated by
Heisenberg translations and Heisenberg dilatations. The choice of “marked point”
is the obvious one: (0, 3) € &", the inverse image under the map B of the centre
0=1[0,0,1] € HE.

We thus get an identification (C"™1 x R x Ry) = HE given by

Gty o (630U —utit), (1= (60 —utit).

Following [71] we call (¢,t,u) € C"~! x R x R, the horospherical coordinates of
the corresponding point in HE.

From the previous discussion we also get a specific identification of OHE \
(oo = . Thence the sphere at infinity can be thought of as being “the horosphere”
of level 0, and if we remove from it the point ¢, then it carries the structure of
a Heisenberg space C"~! x R where the group operation is

(C?t) : (C/’t/) = (C + Clat +t' + 2(5(<<<’</>>) .

We now consider a point ¢ € JHE, the family {$),(q)} of horospheres cen-
tred at ¢, and the pencil of all real geodesics in Hf ending at ¢. Just as in real
hyperbolic geometry, one has (see [67, §4.2] or [71, §1.3]) that every such geodesic
is orthogonal to every horosphere $,,(q). Thence, for every u,u’ > 0, the geodesic
from ¢ to a point x € $),,(q) meets the horosphere £,/ (¢) at exactly one point. This
gives a canonical identification II : $,,(¢) — ./ (q) called the geodesic perspective
map. In particular we get an identification between OHE = Ho(g) and every other
horosphere.

2.3.2 The geometry at infinity

Just as there is a deep relation between real hyperbolic geometry and the conformal
geometry on the sphere at infinity (as described in Chapter 1), so too there is a
deep relation between the geometry of complex hyperbolic space and a geometry
on its sphere at infinity. In this case the relevant geometry is the spherical CR (or
Heisenberg) geometry. In both cases (real and complex hyperbolic geometry) this
relation can be explained by means of the geodesic perspective introduced above.
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In real hyperbolic geometry, geodesic perspective from a point ¢ in the sphere
at infinity identifies the various horospheres centred at ¢, and the corresponding
maps between these spheres are conformal. This yields to the fact (explained
in Chapter 1) that real hyperbolic geometry in the open ball degenerates into
conformal geometry in the sphere at infinity. There is an analogous phenomenon
in complex hyperbolic space, which we now briefly explain.

Recall that a CR-structure on a manifold means a codimension 1 sub-bundle
of its tangent bundle which is complex and satisfies certain integrability conditions.
In general, CR-manifolds arise as boundaries of complex manifolds, as for instance
real hypersurfaces in complex manifolds, which carry a natural CR-structure.

In our setting, every horosphere, including OHE = £, is a real hypersurface in
PG and therefore carries a natural CR-structure. This is determined at each point
by the unique complex (n—1)-dimensional subspace subspace of the bundle tangent
to the corresponding horosphere. In fact, since real geodesics are orthogonal to all
horospheres, the CR-structure can be regarded as corresponding to the Hermitian
orthogonal complement of the line field tangent to the geodesics emanating from
q, the centre of the horosphere in question. Therefore, it is clear that the geodesic
perspective maps preserve the CR-structures on horospheres.

We are in fact interested in a refinement of this notion: spherical CR-struc-
tures:

Definition 2.3.2. A manifold M of dimension 2n — 1 has a spherical CR-structure
if it has an atlas which is locally modeled on the sphere S?”~! with coordinate
changes lying in the group PU(n, 1).

Amongst CR-manifolds, the spherical CR-manifolds are characterised as be-
ing those for which the Cartan connection on the CR-bundle has vanishing curva-
ture.

Now consider the sphere S~ = JHZ. Then one has that PU(n,1) acts on
it by automorphisms that preserve the spherical CR-structure, and one actually
has that every CR~automorphism of the sphere is an element in PU(n,1). Thus
one has that every CR-automorphism of the sphere at infinity corresponds to a
holomorphic isometry of Hg.

In particular, the Heissenberg group 9t acts by left multiplication on the
sphere at infinity, and by holomorphic isometries on complex hyperbolic space.

2.4 Isometries of the complex hyperbolic space

This section is based on [67]. We consider the ball model for HE C Pg, equipped
with the Bergman metric, and we recall that PU(n, 1) is the group of holomorphic
isometries of the complex hyperbolic n-space HZ. When n = 1 the space HL
coincides with H2, the group PU(n, 1) is PSL(2,R), and we know that its elements
are classified into three types: elliptic, parabolic and hyperbolic. This classification
is determined by their dynamics (the number and location of their fixed points),
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and also according to their trace. We will see that a similar classification holds for
isometries of H?C, and to some extent also for those of H.

2.4.1 Complex reflections

Recall that in Euclidean geometry reflections play a fundamental role. Given a
hyperplane H C R", a way for defining the reflection on H is to look at its
orthogonal complement H-, and consider the orthogonal projections,

7 :R" - H and mm.:R"— H*.
Then the reflection on H is the map
x> () —mg(x).

This notion extends naturally to complex geometry in the obvious way. Yet,
in complex geometry this definition is too rigid and it is convenient to make it
more flexible. For instance a hyperplane in C is just a point, say the origin 0, and
the reflection above yields to the antipodal map, while we would like to get the
full group U(1). Thus, more generally, given a complex hyperplane H C C", to
define a reflection on H we consider the orthogonal projections

g :R*" - H and WHL:R"%HL,

as before, but now with respect to the usual Hermitian product in C". Then a
reflection on H is any map of the form

x> ag(z)+¢-myo(x),

where ( is a unit complex number. In this way we get, for instance, that the group
of such reflections in C? is U(2) = SU(2) x U(1) =S x St.

Sometimes the name “complex reflection” requires also that the complex
number ¢ be a root of unity, so that the corresponding automorphism has finite
order. And it is also usual to extend this concept so that complex reflection means
an automorphism of C" that leaves a hyperplane fix-point invariant. This includes
for instance, automorphisms constructed as above but considering different Her-
mitian products, and this brings us closer to the subject we envisage here.

Denote by (, ) the Hermitian product on C™! corresponding to the quadratic
form Q of signature (n, 1). Let F be a complex linear subspace of C™! such that the
restriction of the product (, ) to F is nondegenerate. Then there is an orthogonal
direct-sum decomposition

(Cn,l —F @ FJ_ ,

where [+ is the Q-orthogonal complement of F':
F+ ={zeC™|(z,f)=0 VfeF}.

Let mp, mp1 be the corresponding orthogonal projections of C™! into F and F*
respectively, so one has 7p.i(z) = 2 — mp(2). Then following [67, p. 68] we have:
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Definition 2.4.1. For each unit complex number (, define the complex reflection in
F with reflection factor ¢ to be the element in U(n, 1) defined by

Q%(z) =7p(z) +(mpi(2).

When ¢ = —1 the complex reflection is said to be an inversion.

For instance, if F' is 1-dimensional and V is a nonzero vector in this linear
space, then
(z,V)
(V,V)

and therefore the complex reflection in F' with reflection factor ( is

(z,V)
(V,v)

WF(Z): V,

g%(z):(z—l—(l—() V.

In particular, every complex reflection is conjugate to an inversion and in this case
the formula is

(z,V)
(V,V)

Notice that classically reflections are taken with respect to a hyperplane,
which is not required here: We now have reflections with respect to points, lines,
etc., which is in fact a concept coming from classical geometry, where one speaks
of symmetries with respect to points, lines, planes, etc.

Of course our interest is in looking at the projectivisations of these maps,
that we call complex reflections as well.

Ip(z) =—2z+2 V. (2.4.1)

Example 2.4.2. Consider in C*! the vector v = (—1, 1, 0), which is positive for the
Hermitian product
<Z, ’U}> = 21W1 + 2oWo — Zg’lz)g .

The inversion on the line F' spanned by v is the map
I(21, 22, 23) = (—22, —21, —23).

Notice that HZ is contained in the coordinate patch of PZ with homogeneous
coordinates

[ug : ug : 1]. In these coordinates the automorphism of H% determined by I, is
the map [ug : ug : 1] — [ug : u; : 1]. Notice also that in this example the points
in ]HI(QC with homogeneous coordinates [u : u : 1] are obviously fixed points of the
inversion [I,. Indeed these points form a complex geodesic in Hé which is the
projectivisation of the orthogonal complement of F":

Ft = {(w, w2, w3) € C*' |w; = —ws}.

Now consider in C? the inversion with respect to the negative vector w = (0,0,1).
The inversion is: I,,(z) = (—1 + 223) z. Its fixed point set in P% consists of the
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point [0 : 0 : 1], which is the centre of the ball H%, together with the complex line
in ]P’% consisting of points with homogeneous coordinates [u; : ug : 0]. These points
are the projectivisation of the orthogonal complement of the line spanned by w;
they are all positive vectors (or the origin).

Thence in the first case, the complex reflection has a complex geodesic of fixed
points in H<2c and the corresponding projective map has a circle of fixed points in
S® = OHZ, plus another fixed point far from HZ. In the second example the reflec-
tion has a single fixed point in ]HL% and the remaining fixed points form a complex

projective line in ]P’(% \ (Hg). This illustrates the two types of complex reflections
one has in H%. Of course similar considerations apply in higher dimensions, but
in that case there is a larger set of possibilities.

2.4.2 Dynamical classification of the elements in PU(2,1)

Every automorphism ~ of H lifts to a unitary transformation ¥ € SU(n,1). Just
as for classical Mobius transformations in PSL(2, C) their geometry and dynamics
is studied by looking at their liftings to SL(2, C), here too we study the geometry
and dynamics of v by looking at their liftings 4 € U(n,1). The fixed points of
v correspond to eigenvectors of 4. By the Brouwer fixed point theorem, every
automorphism of the compact ball Eﬁ = Hg U OHZ has a fixed point.

The following definition generalises to complex hyperbolic spaces the corre-
sponding notions from the classical theory of Mdbius transformations.

Definition 2.4.3. An element g € PU(n, 1) is called elliptic if it has a fixed point
in H; it is parabolic if it has a unique fixed point in OHE, and lozodromic (or
hyperbolic) if it fixes a unique pair of points in OHE.

In fact this classification can be refined as follows. Recall that a square matrix
is unipotent if all its eigenvalues are 1.

Definition 2.4.4. An elliptic transformation in PU(n, 1) is: regular if it can be
represented by an element in SU(n,1) whose eigenvalues are pairwise different,
or a complex reflection otherwise (and this can be either with respect to a point
or to a complex geodesic). There are two classes of parabolic transformations in
PU(n, 1): unipotent if it can be represented as a unipotent element of PU(n, 1),
and ellipto-parabolic otherwise. A loxodromic element is strictly hyperbolic if it
has a lifting whose eigenvalues are all real.

One has (see [67, p. 201]) that if v is ellipto-parabolic, then there exists a
unique invariant complex geodesic in Hg on which 7 acts as a parabolic element
of PSL(2,R) = Tso Hé = Iso Hﬁ. Furthermore, around this geodesic, v acts as a
nontrivial unitary automorphism of its normal bundle.

From now on in this section, we restrict to the case n = 2 and we think of
H2 as being the ball in PZ consisting of points whose homogeneous coordinates
satisfy |21]? + |22]? < |23]?.
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Let g € PU(2,1) be an elliptic element. Since PU(2, 1) acts transitively on
HZ, we can assume that [0: 0 : 1] is fixed by g. If § denotes a lift to SU(2,1) of g
then (0,0, 1) is an eigenvector of g, so it is of the form

- A 0
where A € U(2) and A € S'. Then every eigenvector of § has module 1 and g
generates a cyclic group with compact closure.

Conversely, if § is as above (an element in U(2) x St), or a conjugate of such
an element, then the transformation g induced by g is elliptic.

When g is regular elliptic, then it has precisely three fixed points in IE‘%7 which
correspond to (0,0,1) and two other distinct eigenvectors, both being positive
vectors with respect to the Hermitian product (-,-). If g is elliptic but not regular,
then there exist two cases: if g is a reflection with respect to a point z in HZ,
then the set of fixed points of g is the polar to = which does not meet ]HI?C U QH%.
If g is a reflection with respect to a complex geodesic, then g has a whole circle
of fixed points contained in HZ. Therefore the definitions of elliptic, loxodromic
and parabolic elements are disjoint.

Now we assume g € PU(2,1) is a loxodromic element. Let § € SU(2,1) be a
lift of g, we denote by x and y the fixed points of g and by & and gy some respective
lifts to C*!. Let ¥ be the complex geodesic determined by x and ¥, and let o be
the geodesic determined by = and y. We can assume that ¥ = H(lc x 0; in other
words, we can assume z = [—1:0: 1], y = [1 : 0 : 1]. To see this, notice that if
z € o, then there exists h € PU(2, 1) such that h(z) = (0,0), so h(L) contains the
origin of B? = HZ. The stabiliser of the origin is U(2) and it acts transitively on
the set of complex lines through the origin, so there exists hy € PU(2,1) such that
hi(¥) = HE x 0 and hy (o) contains the origin. Composing with a rotation in H},
we prove the statement.

We see that any vector ¢ polar to ¥ is an eigenvector of §. In fact, if v € C?!
and P¢(v) € X, then (§(c), g(v)) = (c,v) = 0, then g(c) is polar to g(¥) = X, but
we know that the complex dimension of the orthogonal complement (respect to
(-,-)) of the vector subspace inducing ¥ is 1.

Now, ¢ = (0,1,0) is a vector polar to X, then we can assume [0 :1: 0] is a
fixed point of g. Thus g has the form

a 0 b
0 6722’0 0 ,
b 0 a

and the transformation of PSL(2, C) induced by the matrix

—i0 a b
(5 a)
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is a hyperbolic transformation preserving the unitary disc of C and with fixed
points 1, —1. With this information it is not hard to see that we can take § of the
form

e coshu 0 e sinh u
0 6722'0 0
€9 sinh u 0 e coshu

We notice that § has an eigenvalue in the open unitary disc, one in S' and
another outside the closed unitary disc. Since they are parabolic, all of these have
a unique fixed point in OHZ, but they have a different behaviour in P2 \ HZ.

Example 2.4.5. a) The transformation induced by the matrix
1+¢/2 0 1/2

§= 0o 1 0
/2 0 1-—i/2

is a unipotent transformation with a whole line of fixed points in P%, tangent
to OHZ.

b) The transformation in SU(2, 1) given by the matrix

0

V3

2

e
|
‘1\3 ‘ﬁwh-‘
w%u%
N
o
w‘&w\mw&

induces a unipotent automorphism of ]HI% with one single fixed point in IP)(%.

¢) The transformation in SU(2,1) given by

2—552 ei@ 0 %eie

0 6—220 0 ,
_€iif 2—¢i if

Je 0 St

where € # 0, induces an ellipto-parabolic automorphism of HZ, with fixed
points [—1:0: 1] € OHZ and [0: 1:0].

Remark 2.4.6. We recall that complex hyperbolic space has (nonconstant) nega-
tive sectional curvature. As such, the classification given above of its isometries,
into elliptic, parabolic and loxodromic (or hyperbolic), actually fits into a similar
classification given in the general setting of the isometries of spaces of nonpositive
curvature, and even more generally, for CAT(0)-spaces. We refer to [13], [32] for
thorough accounts of this subject. The concept of CAT(0)-spaces captures the
essence of nonpositive curvature and allows one to reflect many of the basic prop-
erties of such spaces, as for instance Hg, and Hf, in a much wider setting. The
origins of CAT(0)-spaces, and more generally CAT(k)-spaces, are in the work of
A. D. Alexandrov, where he gives several equivalent definitions of what it means
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for a metric space to have curvature bounded above by a real number x. The
terminology “CAT(k)” was coined by M. Gromov in 1987 and the initials are in
honour of E. Cartan, A. Alexandrov and V. Toponogov, each of whom considered
similar conditions.

Yet, we notice that our main focus in this work concerns automorphisms of
PZ, whose sectional curvature, when we equip it with the Fubini-Study metric,
is strictly positive, ranging from 1/4 to 1. Moreover, the action of PSL(n + 1,C)
is not by isometries with respect to this metric. Thence, these transformations
do not fit in the general framework of isometries of CAT(0)-spaces. Even so, we
will see in the following chapter that the elements of PSL(3, C) are also naturally
classified into elliptic, parabolic and hyperbolic, both in terms of their geometry
and dynamics, and also algebraically.

2.4.3 Traces and conjugacy classes in SU(2,1)

We now describe Goldman'’s classification of the elements in PU(2, 1) by means of
the trace of their liftings to SU(2,1).

Let 7 : SU(2,1) — C be the function mapping an element in SU(2,1) to
its trace. Notice that a holomorphic automorphism of ]HI(% has a trace which is
well-defined up to multiplication by a cubic root of unity. The following result of
linear algebra is well known:

Lemma 2.4.7. Let E be a Hermitian vector space, and let A be a unitary automor-
phism of E. The set of eigenvalues of A is invariant under the inversion 1 in the
unitary circle of C:

1:C* = C*
Z = —.
z

Proof. We assume the Hermitian form on FE is given by a Hermitian matrix M.
The automorphism A is unitary if and only if

A'MA = M.
In other words,
A= M1 AHTIM.
Thus A has the same eigenvalues as (A?*)~!, which means that \ is an eigenvalue

of A if and only if (\)~! is an eigenvalue. O

Notice that when § € SU(2,1), then g has at least an eigenvalue of module
1. Moreover, the eigenvalues not lying in the unitary circle are given in an -
invariant pair. Particularly, if g has two eigenvalues of the same module, then
every eigenvalue has module 1.
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Lemma 2.4.8. The monic polynomial x(t) = t3 — xt? + yt — 1 with complex coeffi-
cients has repeated roots if and only if

flzy) = =2y + 4(2® + y°) — 18zy + 27

—x Y -1 0

—x
1
0
=13 -2z y 0 0
0
0

=0.

Proof. We assume x has repeated roots, then y and its derivative x’ have a com-
mon root. We suppose

X(t) = (t = a1)(t — az)(t — a3)
and
() = 3(t — ar)(t - a).
Then
3(t — as)x(t) = (t — a2)(t — az)X'(t),
or which is the same,

3tx(t) — 3aax(t) — 12X/ (t) + (a2 + a3)ty' () — azasx/(t) = 0.

This means that the vectors obtained from the polynomials tx(t), x(t), t2x'(t),
tx'(t), X'(t), taking the coefficients of the terms with degree < 4, are linearly
independent. But such vectors are precisely those row vectors of the determinant
defining f(x,y) Thence f(x,y) =0.

Conversely, if we assume that f (z,y) = 0, then there exist complex numbers
c1,...,cs5, not all zero, such that

crtx(t) + cax(t) + cat?x (1) + catx'(t) + esx' (1) = 0.
Then (cit + co)x(t) = —(e3t? + cqt + c5)x’(t), which implies that x(t) and x/(t)
have a common root because deg(x) = 3. Therefore x(¢) has a repeated root. O

We denote by C5 = {w,w? 1} C C the set of cubic roots of unity, and 3C3
denotes the set {3w, 3w?,3}. We observe that there is a short exact sequence

1—Cs = SU(2,1) - PU(2,1) — 1.

Let 7 : SU(2,1) — C be the function which assigns to an element of SU(2,1) its
trace. Goldman’s classification theorem involves the real polynomial f : C — R
defined by f(z) = |z|* — 8Re(z®) + 18|z[> — 27. In other words f(z) = —f(z, 2),
where

fz,y) = =%y + 4(2® + y°) — 18zy + 27,

is the discriminant of the (characteristic) polynomial x(t) = 3 — 2t? 4+ yt — 1.
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Theorem 2.4.9. [67, Theorem 6.2.4] The map 7 : SU(2,1) — C defined by the trace
is surjective, and if A1, A € SU(2,1) satisfy 7(A1) = 7(A2) € C — £71(0), then
they are conjugate. Furthermore, supposing A € SU(2,1) one has:

1) A is regular elliptic if and only if f(7(A)) <0.
2) A is loxodromic if and only if f(T(A)) > 0.
3) A is ellipto-parabolic if and only if A is not elliptic and T(A) € f=1(0) —3Cs.
4) A is a complex reflection if and only if A is elliptic and 7(A) € f~1(0)—3Cs3.
5) 7(A) € 3C5 if and only if A represents a unipotent parabolic element.

Proof. Let x a(t) be the characteristic polynomial of A:

xa(t) =t —at> 4yt — 1.
The eigenvalues A1, A2, A3 of A are the roots of x4 (t). We have
x=7(A) = A + A2+ As,

and
)\1)\2)\3 = det(A) =1. (2.4.10)

The coefficient y of x4 is equal to

Yy = )\1)\2+)\2)\3+)\3)\1 — )\714_)\72_;'_)\73 — T(A)

Thus,
xa(t) =1 —7(A)t2 + (At — 1.

If A e SU(2,1), then its eigenvalues satisfy equation 2.4.10 and the set
A= {22, A,
of these eigenvalues satisfies:
Aed = () =2"tel. (2.4.11)

Let A (respectively A) be the set of unordered triples of complex numbers satisfying
(2.4.10) (respectively (2.4.11) ). Then 2 induces an involution in A (denoted by
the same) whose set of fixed points is A. The function

x: A — C?
A= (A 4+ Ao+ Az, A do + Aods + Ashy)
is bijective, with inverse function
C?= A
(z,y) = {t€C: 3 —at+yt—1=0}.
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The involution j on C? defined as

j(z,y) = (9,7)

satisfies
Xor=jox

and x restricted to the set of fixed points of 2 is a bijection on the set of fixed
points of j in C2, which is the image of

e:C— C?
z > (2,2).

One has e~ o x|y = 7. Let Asing C A be the set of unordered triples {1, A2, Az},
not all the A; being different. Lemma 2.4.8 implies that x restricted to Aging is a
bijection on the set

{(x,y) eC?: f(x»y) = 0}7

where

flz,y) = 2z y 0 0
3 —2x vy 0

0 0 3 —2x y
= —2?y? +4(2® + y) — 18zy + 27.

oS W o

We define Ag = A — Asing and notice that T‘Aﬂf\smg AN Asing — f71(0) and
Tla, : Ao = C — f~1(0) are bijections. In fact, in order to prove that Tl AN R g
is injective it is enough to see that 7 = e~! o y is the composition of injective

functions. Now, if z € f~1(0), then 0 = f(z) = —f(2,2) = —f(e(2)), but there
exists A € A such that x(\) = e(z), then f(x(\)) = 0, which implies that A €
AN Aging. Moreover 7(\) = e~ 1o x(\) = z. Therefore, TlAnA.,, 1S onto. The proof
of the fact that 7|, is bijective is straightforward.

We have proved that 7 : SU(2,1) — C is onto. However we have implic-
itly assumed that A is the image of a correspondence defined in SU(2,1). Such
correspondence is defined by

L:SU(2,1) = A
A {)\1,)\27)\3}7

where A1, Ao, A3 are the eigenvalues of A. We must check that L is onto. We define
A ={A1, A2, A3} € A. Notice there are only two possibilities:
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(i) |Ai| =1 for ¢ = 1,2,3; in this case

A1
A= Ao S SU(Q, 1),
A3

and L(A) = A

(i) A3 = re?, 0 <7 < 1 and we can take Ay = e~ 2 \; = (1/r)e?’. We take
r =e “ for some u € RT, then

cosh(u)e' 0  sinh(u)e
A= 0 e~ 20 0 € SU(2,1),
sinh(u)e? 0  cosh(u)e®

and L(A) = \.

If Ay, Ay € SU(2,1) satisfy 7(A4;) = 7(A3) € C — f71(0), then the charac-
teristic polynomials of A; and Ay are equal, which implies they have the same
eigenvalues (they are different amongst them). Then A; and A, are conjugate of
the same diagonal matrix, so A; and A, are conjugate.

We define A}, = {\ € A : AN'S! has one single element }. We can suppose
that

Al >1, || <1, |A3]=1. (2.4.12)

In particular, A}, C Ay, and given that \; satisfies 2.4.12 , we obtain unique A, A3
by means of the relations

Ao = (M), Az = —

which proves that Al is homeomorphic to the exterior of the unitary disc of C

and therefore it is connected. [The topology on A is the topology induced by the

bijective function y : A — C2 and the topology on A is the subspace topology.]
We denote by A§ = Ag — A. If A € R\ {0,1, —1}, then

AL = A+ A 41

which shows that 7[g(a:) : R(A) — R\ [~1, 3] is a bijection, where R(AY) denotes
the set of triples in A}: We note that ’7'|§R(Aé) is injective because it is the compo-

sition of injective functions and it is not hard to check that it is onto. Notice that
f is positive in R \ [-1, 3]. In fact, if z € R, then

flx) =a* — 823 + 1822 — 27 = (x + 1)(z — 3)>.

We claim that 7y : AL — f~L(R*) is bijective. In fact, first notice that
7(AL) € f~Y(RY), for otherwise, using that A} is connected, we can find a triplet
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A € Al such that f(7()\)) = 0, which means A € Ag N Agng = @, a contradiction.
That 7 is injective follows from the fact that it is a composition of the injective
functions e~! and Y.

In order to prove 7(AL) = f~1(R"), we take z € f~}(RT), we know that
z = 7(\), for some A\ € A. We assume that A\ ¢ AL, then every element in \ has
module 1, which implies that

|2l = 7V <3,

and then
R(2%)| < |2°] <27,

therefore,
f(2) < (3)* —8(—27) + 18(3)* — 27 = 0,

which is a contradiction.

We now claim that the function 7|a¢ is a bijection on f~!(R™). We prove first
that 7(A§) C f~1(R™). In fact, if A € A§, then the elements in A are different and
they have module 1. We know that 7[A¢ is injective, because it is the restriction of
the injective function 7|,. Finally, 7(A§) = f~!(R™), because 7(A}) = f~1(R*).

Hence f(7(A4)) < 0 if and only if the eigenvalues of A are distinct unitary
complex numbers, which happens if and only if A is regular elliptic. One has
f(r(A)) > 0 if and only if A has exactly one eigenvalue in S!, if and only if A is
loxodromic.

Now we consider the case when f(7(A4)) = 0. Clearly A € PU(2,1) is unipo-
tent if and only if it has a lift to SU(2, 1) having equal eigenvalues, and therefore

+7(A) € Cs. Conversely, if £7(A) = w € Cj, then

xa(t) =3 = 3wt + 3wt — 1 = (t — w)3,

thus A has three repeated eigenvalues and it is projectively equivalent to a unipo-
tent matrix.

Finally we consider the case when 7(A4) € f~(0) — 3C5. Then A has an
eigenvalue ¢ € S! of multiplicity 2 and the other eigenvalue is equal to (~2. Given
that 7(A) ¢ 3C3, we have ¢ # (2. There are two cases depending on the Jordan
canonical form of A: if A is diagonalizable, then A is elliptic (a complex reflection).
This case splits in two cases, depending on whether the (-eigenspace V; is positive
or indefinite: if V¢ is indefinite, then A is a complex reflection with respect to
the complex geodesic corresponding to V¢; if V¢ is positive, then A is a complex
reflection with respect to the point corresponding to the ¢ ~2-eigenspace. If A is
not diagonalizable, then A has a repeated eigenvalue of module 1 and it has Jordan
canonical form

A1 0
0 x 0
0 0 A2

In this case the eigenvector corresponding to A is e; and A is ellipto-parabolic. [
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Corollary 2.4.13. Let v : C* — C* be the inversion on the unitary circle; i.e.,
1(z) = 1/Z. If the set of eigenvalues of A € SL(3,C) is invariant under 1, then:

(i) The eigenvalues of A are unitary complex numbers, and pairwise different if
and only if f(7(A)) <0.

(ii) Precisely one eigenvalue is unitary if and only if f(r(A)) > 0.

This corollary can be proved using the proof of Lemma 2.4.8. This is useful
for proving Theorem 4.3.3, which is an extension to the elements in PSL(3,C) of
the classification Theorem 2.4.9.

Remark 2.4.14. In [44] the authors look at the group of quaternionic Mobius trans-
formations that preserve the unit ball in the quaternionic space H, and they use
this to classify the isometries of the hyperbolic space Hj into six types, in terms of
their fixed points and whether or not they are conjugate in U(1, 1; H) to an element
of U(1,1;C). In [72] the author uses also quaternionic transformations to refine the
classification of the elements in Conf, (S*) using algebraic invariants, and in [73]
the authors characterize algebraically the isometries of quaternionic hyperbolic
spaces (see also [43]). In Chapter 10 we follow [202] and use Ahlfor’s characteriza-
tion of the group Conf(S*) 2 Iso; (H3) as quaternionic Mébius transformations
in order to describe the canonical embedding Conf (S*) < PSL(4,C) that ap-
pears in twistor theory, and use this to construct discrete subgroups of PSL(4, C).

2.5 Complex hyperbolic Kleinian groups

As before, let U(n,1) C GL (n+ 1,C) be the group of linear transformations that
preserve the quadratic form |z1|? + - + |2,|? — |2n41[*. We let V_ be the set
of negative vectors in C™! for this quadratic form. We know already that the
projectivization [V_] is a 2n-ball that serves as a model for complex hyperbolic
space HIZ and PU(n, 1) is its group of holomorphic isometries (see Section 2.2).

Definition 2.5.1. A subgroup I' C PSL(n + 1,C) is a complex hyperbolic Kleinian
group if it is conjugate to a discrete subgroup of PU(n, 1).

A fundamental problem in complex hyperbolic geometry is the construction
and understanding of complex hyperbolic Kleinian groups.

This problem goes back to the work of Picard and Giraud (see the appendix
in [67]), and it has been subsequently addressed by many authors, as for instance
Mostow, Deligne, Hirzebruch and many others, as a means of generalising the
classical theory of automorphic forms and functions, and also as a means of con-
structing complex manifolds with a rich geometry. Complex hyperbolic Kleinian
groups can also be regarded as being discrete faithful representations of a group
I into PU(n, 1).

Two basic questions are the construction of lattices in PU(n, 1), and the
existence of lattices which are not commensurable with arithmetic lattices. Let us
explain briefly what this means.
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A discrete subgroup I' of PU(n, 1) (and more generally of a locally compact
group G), equipped with a Haar measure, is said to be a lattice if the quotient
PU(n,1)/T has finite volume. The lattice is said to be uniform (or cocompact) if
the quotient PU(n,1)/I" is actually compact.

A subgroup I of U(n,1) is arithmetic if there is an embedding U(n,1) <
GL (N, C), for some N, such that the image of " is commensurable with the inter-
section of ¢(U(n,1)) with GL (N, Z). That is, ¢(I') N GL (N, Z) has finite index in
¢(T") and in GL (N, Z).

Complex hyperbolic space is, like real hyperbolic space, a noncompact sym-
metric space of rank 1, and an important problem in the study of noncompact
symmetric spaces is the relationship between arithmetic groups and lattices: while
all arithmetic groups are lattices (by [29]), the question of whether or not all
lattices are arithmetic is rather subtle. We know from Margulis’ work that for
symmetric spaces of rank > 2, all irreducible lattices are arithmetic. The rank 1
symmetric spaces of noncompact type come in three infinite families, real, complex
and quaternionic hyperbolic spaces: Hg, Hf, H},, and one has also the Cayley (or
octonionic) hyperbolic plane HZ. We know by [81] (and work by K. Corlette) that
all lattices on H%, and HZ are arithmetic, and we also know by [80] that there
are nonarithmetic lattices acting on real hyperbolic spaces of all dimensions. In
complex hyperbolic space Hg, we know that there are nonarithmetic lattices for
n = 2,3, by [50] respectively. The question of existence of nonarithmetic lattices
on HE is open for n > 4 and this is one of the major open problems in complex
hyperbolic geometry (see [50]).

There is a huge wealth of knowledge in literature about complex hyperbolic
Kleinian groups published the last decades by various authors, as for instance P.
Deligne, G. Mostow, W. Goldman, J. Parker, R. Schwartz, N. Gusevskii, E. Falbel,
P. V. Koseleff, D. Toledo, M. Kapovich, E. Z. Xia, among others. Here we mention
just a few words that we hope will give a taste of the richness of this branch of
mathematics.

2.5.1 Constructions of complex hyperbolic lattices

We particularly encourage the reader to look at the beautiful articles [105] and
[168] for wider and deeper surveys related to the topic of complex hyperbolic
Kleinian groups. Kapovich’s article is full of ideas and provides a very deep under-
standing of real and complex hyperbolic Kleinian groups. Parker’s article explains
the known ways and sources for producing complex hyperbolic lattices (see also
[169]). Below we briefly mention some of Parker’s explanations for lattices, and in
the section below we give other interesting examples of constructions that produce
complex hyperbolic groups which are not lattices.

Parker classifies the methods for constructing complex hyperbolic lattices in
the following four main types, which of course overlap. All these are also present
in the monograph [50], whose main goal is to investigate commensurability among
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lattices in PU(n, 1).

i) Arithmetic lattices: The natural inclusion of the integers in the real num-
bers is the prototype of an arithmetic group. This yields naturally to the cele-
brated modular group PSL(2,Z) in PSL(2,R). That construction was generalised
to higher-dimensional complex hyperbolic lattices by Picard in 1882, and then
studied by a number of authors. For instance, let d be a positive square-free in-
teger, let (@(Z\/g) be the corresponding quadratic number field and Oy its ring of
integers, a discrete subgroup of C. Let H be a Hermitian matrix with signature
(2,1) and entries in Oq4. Let SU(H) be the group of unitary matrices that preserve
H, and let SU(H;O4) be the subgroup of SU(H) consisting of matrices whose
entries are in Q4. Then SU(H; O,) is a lattice in SU(H). These type of arithmetic
groups are known as Picard modular groups. We refer to Parker’s article for a wide
bibliography concerning these and other arithmetic constructions in the context
of complex hyperbolic geometry.

ii) The second major technique mentioned by Parker for producing lattices
in complex hyperbolic spaces is to consider objects that are parametrised by some
HE, with the property that the corresponding group of automorphisms is a complex
hyperbolic lattice. For instance we know that the modular group PSL(2,Z) can be
regarded as being the monodromy group of elliptic functions. Similar results were
known to Poincaré, Schwartz and others for real hyperbolic lattices. In complex
hyperbolic geometry, the first examples of this type of lattices were again given by
Picard in 1885. He considered the moduli space of certain hypergeometric functions
and showed that their monodromy groups were lattices in PU(2,1), though his
proof of the discreteness of the groups was not complete. This was settled and
extended in [50], where the authors study the monodromy groups of a certain
type of integrals, generalising the classical work of Schwarz and Picard. Under a
certain integrality condition that they call (INT), they prove that the monodromy
group I' is a lattice in PU(n,1); yet, for d > 5 this condition is never satisfied.
They also give criteria for I' to be arithmetic. Further research along similar lines
was developed in [50], as well as by various other authors, as for instance Le
Vavasseur, Terada, Thurston, Parker and others. Alternative approaches along
this same general line of research have been followed by Allcock, Carlson, Toledo
and others. Thurston’s approach in [224] is particularly interesting and gives an
alternative way of interpreting the (I NT')-condition. We refer to Section 3 in [168]
for an account on the construction of lattices arising as monodromy groups of
hypergeometric functions.

iii) A third way for constructing discrete groups is by looking at lattices
generated by complex reflections, or more generally by finding appropriate fun-
damental domains. This approach was introduced by Giraud (see Appendix A in
[67]). Typically, a fundamental domain is a locally finite polyhedron P with some
combinatorial structure that tells us how to identify its faces, called the sides, by
maps in PU(n, 1). Given this information, Poincare’s polyhedron theorem gives
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conditions under which the group generated by the sides pairing maps is discrete,
and it gives a presentation of the group. One way for doing so is to construct
the Dirichlet fundamental domain Dr(zg) as in Chapter 1: Assume 2o € Hf is not
fixed by any nontrivial element in a given group I, then Dr(zg) is the set of points
in H¢ that are closer to zp than to any other point in its orbit. Its sides are con-
tained in bisectors. Mostow used this approach in [155] to give the first examples of
nonarithmetic lattices in PU(n, 1) (n < 3). Alternative methods for constructing
lattices in this way have been given by Deraux, Falbel, Paupert, Parker, Goldman
and others. Again, we refer to [168] for more on this topic.

iv) A fourth way for constructing complex hyperbolic lattices is using alge-
braic geometry. In fact, the Yau-Miyaoka uniformization theorem ([151]) states
that if M is a compact complex 2-manifold whose Chern classes satisfy ¢ = 3ca,
then M is either IP% or a complex hyperbolic manifold, i.e., the quotient of H%
by some cocompact lattice. Thence the fundamental groups of such surfaces with
c? = 3cy are uniform lattices in PU(2,1). Yet, techniques for having a direct geo-
metric construction of such surfaces were not available until the Ph. D. Thesis of
R. A. Livné [Harvard, Cambridge, Mass., 1981]. A variant on Livné’s technique,
using abelian branched covers of surfaces, was subsequently used in [93] to con-
struct an infinite sequence of noncompact surfaces satisfying ¢ = 3¢3. See also
[94] and [195].

2.5.2 Other constructions of complex hyperbolic Kleinian groups

In the previous subsection we briefly explained methods for constructing complex
hyperbolic lattices. In the case of H<1c = HZ2 these are the so-called Fuchsian groups
of the first kind, i.e., discrete subgroups of PSL(2,R) = PU(1,1) whose limit set
is the whole sphere at infinity. And we know that Fuchsian groups of the second
kind are indeed very interesting. It is thus natural to ask about discrete subgroups
of PU(n, 1) which are not lattices. This is in itself a whole area of research, that
we will not discuss here, and we refer for this to the bibliography, particularly to
[67], [105].

One of the classical ways of doing so is by taking discrete subgroups of
PSL(2,R), considering representations of these in PU(2,1) and then looking at
their deformations. More generally (see [67, Section 4.3.7]) one may consider
I' € U(n,1) a discrete subgroup and consider the natural inclusion U(n,1) <
U(n + 1,1). The composition

I' - Un,1) > Unr+1,1) — PUMn+1,1)

defines a representation of I' as a group of isometries of HEH. If T is a lattice,
then there are strong local rigidity theorems, due to Goldman, Goldman-Millson,
Toledo (for n=1) and Corlette (for n=2). If we now consider I" to be discrete but
not a lattice, then there is a rich deformation theory, and there are remarkable
contributions by various authors.
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We now give two interesting examples along this line of research, with refer-
ences that can guide the interested reader into further reading.

Example 2.5.2 (Complex hyperbolic triangle groups). In Chapter 1 we discussed
the classical hyperbolic triangle groups. These are discrete subgroups of PSL(2, R)
generated by inversions on the sides (edges) of a triangle in the hyperbolic space
H2, bounded by geodesics, with inner angles m/p, 7/q and 7/r for some integers
p,q,7 > 1; in fact some of these integers can be oo, corresponding to triangles
having one or more vertices on the visual sphere. When all vertices of the triangle
are at infinity, this is called an ideal triangle.

In their article [70], W. Goldman and J. Parker give a method of constructing
and studying complex hyperbolic ideal triangle groups. These are representations
in PU(2,1) of hyperbolic ideal triangle groups, such that each standard generator
of the triangle group maps to a complex reflection, taking good care of the way in
which products of pairs of generators are mapped. The fixed point set of a complex
reflection is a complex slice (see Section 2.4.1).

Roughly speaking, the technique for constructing such groups begins with
the embedding of a Fuchsian subgroup T'y — PSL(2,R), and deforms the repre-
sentation inside Hom(I', PU(2,1)). Thus Iy preserves the real hyperbolic plane H?,
but in general the deformed groups will not preserve any totally geodesic 2-plane
(which are either complex lines or totally real 2-planes, intersected with the ball).

More precisely, Goldman and Parker look at the space of representations for
a given triangle group, and for this they consider a triple of points (u1,ue,us) in
0B2, the boundary of the complex ball B2. Let C1, Cs, C3 be the corresponding
complex geodesics they span. Let X be the free product of three groups of order
2, and let ¢ : ¥ — PU(2,1) be the homomorphism taking the generators of %
into the inversions (complex reflections) on Cq, Cy, C3. Conjugacy classes of such
homomorphisms correspond to PU(2, 1)-equivalence classes of triples (u1,uq,us),
and such objects are parametrised by their Cartan angular invariant ¢(C1, Cs, Cs),
—% < ¢ < 5. The problem they address is: When is the subgroup I' C PU(2, 1),
obtained in this way, discrete? They prove that if the embedding of T" is discrete,
then |¢(xo,z1,72)| < tan~1./125/3, and they conjectured that the condition
|p(z0, 71, 22)| < tan~!1/125/3 was also sufficient to have a discrete embedding.
This was referred to as the Goldman-Parker conjecture, and this was proved by
R. Schwartz in [197] (see also [199]).

In this same vein one has R. Schwartz’ article [198], where he discusses tri-
angle subgroups of PU(2,1) obtained also by complex reflections. Recall there is
a simple formula (2.4.1) for the general complex reflection: Let V. and V_ be as
above and choose a vector ¢ € V... For every nondegenerate vector u € C*! the
inversion on u is
2(u, c)

(e ©

and every complex reflection is conjugate to a map of this type. One may also

I.(u) = —u-+ (2.5.3)
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consider the Hermitian cross product (see [67, p. 45])
ul v = (uzve — U3, ULV — UVT , ULV — Uo7 ) (2.5.4)

which satisfies: (u,uXv) = (v,uXv) = 0.

The two equations 2.5.3 and 2.5.4 enable us to generate discrete groups de-
fined by complex reflections as follows: Take three vectors Vi, Vo, V3 € V_ and set
c;j = Vj_1 W V) (indices are taken modulo 3). For simplicity set I; = I.,. Then
the complex reflection I; leaves invariant the complex geodesic determined by the
points [V;_1] and [V}11]. The group I' := (11, I, I3) is a complex-reflection triangle
group determined by the triangle with vertices [V1], [Va], [V5], which is discrete if
the vertices are chosen appropriately, as mentioned above. These groups furnish
some of the simplest examples of complex hyperbolic Kleinian groups having a
rich deformation theory (see for instance [198], [197], [56]).

This construction gives rise to manifolds with infinite volume obtained as
quotient spaces M = HZ/T" , which are the interior of a compact manifold-with-
boundary, whose boundary M is a real hyperbolic 3-manifold, quotient of a do-
main Q C OHZ = §% by T (c.f. [198]).

Example 2.5.5 (Complex hyperbolic Kleinian groups with limit set a wild knot).
As mentioned above, a way of producing interesting complex hyperbolic Kleinian
groups is by taking a Fuchsian group I' C PSL(2,R) and considering a representa-
tion of it in PU(2,1) (or more generally in PU(n, 1)). A specially interesting case is
when I" is the fundamental group of a hyperbolic surface, say of finite area. There
has been a lot of progress in the study and classification of complex hyperbolic
Kleinian groups which are isomorphic to such a surface group, but this is yet a
mysterious subject which is being explored by several authors. The most natural
way for this is by considering the Teichmdiiller space T(I") of discrete, faithful,
type-preserving representations of I' in PU(2,1); type-preserving means that ev-
ery element in I' that can be represented by a loop enclosing a single puncture is
carried into a parabolic element in PU(2,1), i.e., an element having exactly one
fixed point on the boundary sphere of the ball in P2 that serves as a model for
HZ.

In [53] the authors prove that if I' is the fundamental group of a noncompact
surface of finite area, then the Teichmiiller space T'(I") is not connected. For this
they construct a geometrically finite quasi-Fuchsian group I' acting on Hé whose
limit set is a wild knot, and they show that this group can be also embedded in
PU(2,1) in such a way that the two embeddings are in different components of
T(T'). They also prove that in both cases the two representations have the same
Toledo invariant, thence this invariant does not distinguish different connected
components of T(I') when the surface has punctures, unlike the case where the
surface is compact.

Let us sketch the construction of Dutenhefner-Gusevskii (see their article for
more details). Consider the 3-dimensional Heisenberg group 91, which is diffeo-
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morphic to C x R. Notice that this group carries naturally the Heisenberg norm

1) = [ICI + ]

The corresponding metric on 91 is the Cygan metric

po((C,1), (¢ 1) = (¢ = ¢t =t + 23 = M-

We use horospherical coordinates {(¢,t)} for HZ, which allow us to identify 91
with the horospheres in H(zc as explained in Subsection 2.3.1; these are the sets of
points in ]HI% of a constant “height”.

Now consider a knot K and a finite collection S = {S,S;.},k =1...n, of
Heisenberg spheres (in the Cygan metric) placed along K, satisfying the following
condition: there is an enumeration 77;...;T5, of the spheres of this family such
that each Ty lies outside all the others, except that Ty and T}, are tangent, for
k=1,...,2n—1, and T5, and T} are tangent. Such a collection S of Heisenberg
spheres is called a Heisenberg string of beads, see Figure 2.1. Let gi be elements
from PU(2,1) such that:

(i) gx(Sk) =S,
(i) gx(Ext(Sk)) C Int(S},),
(ili) gr maps the points of tangency of Sy to the points of tangency of 5.

Let T" be the group generated by gi. Suppose now that I' is Kleinian and the
region D lying outside all the spheres of the family S is a fundamental domain for
I". Then one can show that, under these conditions, the limit set of the group I is
a wild knot.

The main difficulties in that construction are in finding a suitable knot, and
appropriate spheres and pairing transformations g, so that the region D one gets
is a special Ford fundamental domain, so that one can use Poincaré’s polyhedron
theorem (proved in [84]) for complex hyperbolic space, to ensure among other
things that the group is Kleinian.

In order to construct a knot and a family of spheres as above, having the
properties we need, they consider the granny knot K in H; this is the connected
sum of two right-handed trefoil knots (could also be left-handed). This has the
property that it can be placed in H so as to be symmetric with respect to the
reflection in the y-axis {v,(x +iy) € H| x = v = 0}, and also with respect
to reflection in the vertical axis {x = y = 0}. These reflections are restrictions of
elements in PU(2, 1). Then they further choose K to be represented by a polygonal
knot L, with the same symmetry properties and so that the edges of L are either
segments of “horizontal” lines or segments of “vertical chains”. Using this knot,
they can show that there is a family of spheres and transformations with the
required properties.
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Figure 2.1: A Heisenberg string of beads

2.6 The Chen-Greenberg limit set

Consider now a discrete subgroup G of PU(n,1). As before, we take as a model
for complex hyperbolic n-space Hg the ball B = B2" in P¢ consisting of points
with homogeneous coordinates satisfying

|21 + -+ [2nf? < Jznaa]?
whose boundary is a sphere S := OHZ = S>"~!, and we equip B with the Bergman
metric p to get H.

The following theorem can be found in [45]) and it is essentially a consequence
of Arzela-Ascoli’s theorem, since G is acting on H by isometries (see [185]).

Theorem 2.6.1. Let G be a subgroup of PU(n,1). The following four conditions
are equivalent:

(i) The subgroup G C PU(n,1) is discrete.
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(ii) G acts properly discontinuously on H.
(i) The region of discontinuity of G in HE is all of H.
(iv) The region of discontinuity of G in HE is nonempty.
It follows that the orbit of every = € H must accumulate in OH.

Definition 2.6.2. If G is a subgroup of PU(n, 1), the Chen-Greenberg limit set of
G, denoted by Acg(G), is the set of accumulation points of the G-orbit of any
point in HZ.

The following lemma is a slight generalisation of lemma 4.3.1 in [45]. This is
essentially the convergence property for complex hyperbolic Kleinian groups (see
page 15), and it implies that Ace(G) does not depend on the choice of the point
in HZ.

Lemma 2.6.3. Let p be a point in HE and let (g,) be a sequence of elements in
PU(n,1) such that g,(p) ——= ¢q € OHE. Then for all p' € HE we have that

m—r o0

gn(P') —== q. Moreover, if K C Hg is a compact set, then the sequence of

functions g, |k converges uniformly to the constant function with value q.

The expression B,(z,C) denotes the ball with centre at € H and radius
C > 0 with respect to the Bergman metric in Hg.

Proof. Assume the sequence (g, (p)) converges to a point ¢ € OHZ, and we assume
there exists p’ € Hg such that the sequence (g, (p’)) does not converge to g. Then
there is a subsequence of (g,(p’)) converging to a point ¢’ € H, ¢’ # q. So we
may suppose that g,(p) ——= ¢ and g,(p') —= ¢. Let us denote by [p, p’] and

m— o0 m— o0
[g,¢'] the geodesic segments (with respect to the Bergman metric) joining p with
p’ and ¢ with ¢, respectively. The distance from p to p’ in the Bergman metric is
equal to the length of [p,p], and to [g,(p), g.(p")], but this length goes to co as
n — oo, a contradiction. Therefore g, (p’) — q as n — oco.

Now we prove the convergence is uniform. If K is a compact subset of HE,
then there exists C' > 0 such that K C B,(0,C'), where 0 denotes the origin in
the ball model for H. The first part of this proof implies that g, (0) — g. Given
that g, is an isometry of Hf, we have that g,(B,(0,C)) = B,(g»(0),C) for each
n, and the result follows from the lemma below. O

Lemma 2.6.4. If (x,,) is a sequence of elements in H such that x, — q € OHE as
n — 0o, and C' > 0 is a fized positive number, then the Euclidean diameter of the
ball B,(xn,C) goes to zero as n — 0o.

Proof. We use the model of the ball B™ C C" for H. Let x € B". Every complex
geodesic through = has the form

Sy={z+Cy|CeC, |z+(yl<1},yeC" |y =1



2.6. The Chen-Greenberg limit set 75

The Euclidean distance of ¥, to the origin of B™ is equal to

r(y) == |x — (=, y)yl,

where the symbol (z,y)) means the classical Hermitian product of the vectors
z,y € C". Also, ¥, is a Euclidean disc of Euclidean radius

(L—r*)"? = @~ |2 + (= y)*)/* = R(y).
Moreover, the Bergman metric in ¥, has the form

4R(y)?dzdz
(R(y)* — [2[)*

The intersection B,(z,C) N %, is a hyperbolic disk of hyperbolic radius equal to
C in ¥, and its hyperbolic centre € ¥, has Euclidean distance |{{x,y))| from
the Euclidean centre of ¥, which is the point « — {(x,y))y. Then B,(z,C) N X, is
a Euclidean disc of Euclidean radius

R(y)* — (. y)I? .
R(y)? — tanh*(C/2)|(z, y) |

When z is fixed, the radius C,(y) is a continuous function of y € S?"~1. Let y,
be such that Ce(yar) > Ce(y) for all y € S~ 1. Let X1, X € B,(x,C), then there
exist y1,y2 € S~ ! such that X € Yy, N B,y(z,C), k = 1,2. If 0}, denotes the
Euclidean centre of the disc 3,, N B,(x,C), one has that

Ce(y) = R(y) tanh(C/2)

| X1 — Xo| < | X1 — 01| + | Xo — 02] £2C(y1) +2Ce(y2) < 4Ce(ym)-

Finally we see that, for each y € S**~!, C,.(y) — 0 as z — OHZ. O

It is clear from the definitions that the limit set Acg(G) is a closed, G-
invariant set, and it is empty if and only if G is finite (since every sequence in a
compact set contains convergent subsequences). Moreover the following proposi-
tion says that the action on Acg(G) is minimal (cf. [45]).

Proposition 2.6.5. Let G' be a nonelementary subgroup of PU(n,1). If X C OHP
is a G-invariant closed set containing more than one point, then Aca(G) C X.
Thence every orbit in Acg(G) is dense in Aca(G).

Proof. Let ¢ be a point in Acg(G). There exists a sequence (g,,) of elements of
G such that g,(p) — ¢ for all p € HE. Let z,y € X, z # y. We assume, taking
subsequences if necessary, that g,(z) — Z and g, (y) — §, where & # ¢, § # ¢. Let
p’ € HE be a point in the geodesic determined by « and y. Then g, (p’) is in the
geodesic determined by g,(x) and g,(y). Given that ¢ # & and ¢ # ¢, we have
thatqg = lim,, o g (p’) belongs to the geodesic determined by lim, o0 gn(z) = &
and lim,,— o0 gn(y) = 4, a contradiction. Thus, g,(x) — ¢ or g,(y) — ¢, so ¢ € X.
Therefore Acg(G) C X. O
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Theorem 2.6.6. Let G be a discrete group such that Aca(G) has more than two
points, then it has infinitely many points.

Proof. Assume that Acg(G) is finite with at least three points. Then

G= ﬂ Isot(z, G)
z€Aca(G)

is a normal subgroup of G with finite index. Then for each v € 6, it follows that
v(x) = x, for each € Acg(T"). Then, the classification of elements in PU(n, 1)

yields that each element in G is elliptic. Hence G is finite, which is a contradiction.
O

Definition 2.6.7. (cf. Definition 3.3.9) The group G is elementary if Ace(G) has
at most two points.

Notice that Proposition 2.6.5 implies that if G is nonelementary and Acg(G)
is not all of OHE, then Acq(G) is a nowhere dense perfect set. In other words,
Acc(G) has empty interior and every orbit in Acg(G) is dense in Acg(G).

The following corollary is an immediate consequence of Proposition 2.6.5:

Corollary 2.6.8. If G C PU(1,n) is a nonelementary discrete group, then A(G) is
the unique closed minimal G-invariant set, for the action of G in H"™.




Chapter 3

Complex Kleinian Groups

In this chapter we introduce some fundamental concepts in the theory of complex
Kleinian groups that we study in the sequel. We begin with an example in IP’(% that
illustrates the diversity of possibilities one has when defining the notion of “limit
set”. In this example we see that there are several nonequivalent such notions, each
having its own interest. We then define the Kulkarni limit set of discrete subgroups
of PSL(n + 1,C) and the regions of discontinuity and equicontinuity. Finally we
outline the various constructions and families of complex Kleinian groups that we
study in later chapters.

Notice that PSL(n + 1,C), the group of automorphisms of Pg, contains as
subgroups PU(n, 1) and Aff (C™) = GL (n,C) x C™, the latter being the group of
affine transformations, the former being that of holomorphic isometries of complex
hyperbolic space. Hence these are two natural sources of discrete subgroups of
PSL(n + 1,C) with a rich geometry. Yet this latter group is much larger than
the others, so there is more in it, and that is one of the topics we explore in this
monograph.

In this chapter, besides talking about the limit set, we also give an overview of
the various means we know for constructing discrete subgroups of PSL(n+1, C). Of
course this includes complex hyperbolic groups, discussed in the previous chapter,
and complex affine groups, which we now discuss briefly.

3.1 The limit set: an example

In Chapter 1 we defined the limit set of a Kleinian group in the classical way,
as the set of accumulation points of the orbits. This is indeed a good definition
in that setting in all possible ways: its complement € is the maximal region of
discontinuity for the action of the group on the sphere (see Definition 3.2.1 below),
and € is also the region of equicontinuity, i.e., the set of points where the group
forms a normal family, see Chapter 1.

A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 77
DOI 10.1007/978-3-0348-0481-3_3, © Springer Basel 2013
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It could be nice to have such a “universal” concept in the setting we envisage
in this book, that of groups of automorphisms of P¢. Alas this is not possible in
general and there is not a “correct” concept of limit set. This is illustrated by the
example below.

Indeed the question of giving “the definition” of limit set can be rather subtle,
as pointed out by R. Kulkarni in the general setting of discrete group actions
[132], and in [203] for the particular setting we envisage here. As we will see,
there can be several definitions of “limit set”, each having its own interest, its own
characteristics and leading to interesting results. Yet, one has that for complex
dimension 2, “generically” all limit sets we envisage in this work coincide (See
Chapter 6).

Let us start with an example from [160]. Let v € PSL(3,C) be the projec-
tivisation of the linear map 4 given by

(651 0 0
=0 a 0
0 0 Qs

where ajasas = 1 and |a;| < |asz| < |ag. We denote by T' the cyclic subgroup of
PSL(3,C) generated by 7; we choose the a; so that T is contained in PU(2,1).
This is a loxodromic element in the notation of [67] (see Chapter 2 above). Each
a; corresponds to an eigenvector, hence to a fixed point of v that we denote by e;.
The points {e1, e3} are contained in the sphere at infinity S2_, corresponding to the
null vectors [Vp]; the first of these is a repulsor while the third is an attractor. The
point ey is in [V ] and it is a saddle point. The projective lines (Te% and m
are both invariant lines, tangent to S . The orbits of points in the line m
accumulate in e; going backwards, and they accumulate in es going forwards.
Similar considerations apply to the line &5, 6.

The orbit of each point in P2 \ (&1,¢5 U &3, ¢e5) accumulates at the points
{e1,e3}, and it is not hard to see that ' forms a normal family at all points in
(HZ USE) \ {e1,e3}. In fact one has:

Proposition 3.1.1. If T = (v) is the cyclic group generated by v, then:

(i) T acts discontinuously on Qy = P%—(gl, 62U§3,€2) , Q= IP’?C—(&, esU{es})
and Q3 = P% — (gg7 ex U {61}).

(ii) Q4 and Qg are the mazimal open sets where I' acts (properly) discontinuously;
and Q1 /T and Qs/T are compact complex manifolds. (In fact they are Hopf
manifolds.)

(iil) Qg is the largest open set where T' forms a normal family.

Thence, unlike the conformal case, now different orbits accumulate at differ-
ent points, while the set of accumulation points of all orbits consists of the points
{e1, ea,e3}. However, it follows from the proposition above that I' is not acting
discontinuously on the complement of this set.
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The main problem resides in the fact that the invariant lines m , &3.¢%
are attractive sets for the iterations of v (in one case) or y~! (in the other case).

Notice that a similar example was studied in [223], showing that the quotient
space (PZ — {e1,ea,e3})/T is non-Hausdorff, hence the action cannot be discon-
tinuous.

Proof. (1) To prove this assertion it is enough to observe that o = Q1 N Qy, and
that the action of I' restricted to €1 or to {25 corresponds to the action of the
cyclic groups generated, respectively, by the contracting maps

(z,w) — (zalagl,wagagl),

(z,w) = (zag ay, waz ' ay).

(ii) Let ©Q be an open set where I" acts (properly) discontinuously, then we
claim that either él, e5 C P2 —Q, or else gg, e5 C P2 — Q. For this, suppose there
is z € C such that [z;1;0] € Q, then

[zway :way ay] ——=z [2:1:0],

for each w € C*, and

Y (zwaz :wag : ag]) =[zwalay” tw:l] ——== [0:w:1],
for all w € C*. Therefore ég, ez C IP’(% — Q. The analogous statement for the other
line follows similarly.
(iii) Follows easily from (i) and (ii). O

From the preceding example we see that even in simple cases, when we look at
actions on higher-dimensional projective spaces, there is no definition of the limit
set having all the properties one has in the conformal setting. Here one might take
as “limit set”:

e The points {ej,e2,e3} where all orbits accumulate. But the action is not
properly discontinuous on all of its complement. Yet, this definition is good
if we restrict the discussion to the “hyperbolic disc” H2 contained in PZ.
This corresponds to taking the Chen-Greenberg limit set of I', that we define
below, which is contained in the “visual sphere” at infinity.

e The two lines m) , m}, which are attractive sets for the iterations of ~
(in one case) or 7! (in the other case). This corresponds to Kulkarni’s limit
set of I', that we define below, and it has the nice property that the action on
its complement is discontinuous and also, in this case, equicontinuous. And
yet, the proposition above says that away from either one of these two lines
(and a point) the action of I' is properly discontinuous. So each of these is a
“maximal” region where the action is properly discontinuous.



80 Chapter 3. Complex Kleinian Groups

o We may be tempted to take as limit set the complement of the “largest region
where the action is properly discontinuous”, but there is no such region: there
are two of them, the complements of each of the two invariant lines, so which
one do we choose?

e Similarly we may want to define the limit set as the complement of “the
equicontinuity region”. In this particular example, that definition may seem
appropriate. The problem is that, by [116], the Hopf manifolds one gets as
quotients of 27 and 25 by the action of I' cannot be obtained as the quotient
of the region of equicontinuity of some subgroup of PSL(3,C). That is, these
manifolds can not be written in the form U/G where G is a discrete subgroup
of PSL(3, C) acting equicontinuously on an open set U of P4. Moreover, there
are examples where I' is the fundamental group of a certain Inoue surface
(those of type Solj in Remark 8.7.2, see Chapter 8), and the action of T" on
PPZ has no points of equicontinuity.

Thus one has different definitions with nice properties in different settings.
For example, we will see that for Schottky groups in higher odd-dimensional pro-
jective spaces, there is yet another definition of limit set which seems appropriate.

We will say more about limit sets in the rest of this chapter, and one of the
main problems we study are the relations amongst these different concepts of “a
limit set”.

3.2 Complex Kleinian groups: definition and examples

Even if there is not a “well-defined” concept of limit set for discrete subgroups
of PSL(n + 1,C), there are well-defined concepts of discontinuous and properly
discontinuous actions, as explained already in Chapter 1. We recall these:

Definition 3.2.1. Let I’ be a subgroup of PSL(n + 1, C) and let 2 be a I'-invariant
open subset of P¢. The action of I' is discontinuous on  if each point z € €2 has
a neighbourhood U, which intersects at most finitely many copies of its I'-orbit.
The action is properly discontinuous if for every compact set K C {2 we have that
K intersects at most a finite number of copies of its I'-orbit.

Notice that if a subgroup I' C PSL(n + 1,C) acts discontinuously on some
nonempty open subset {2 C P¢, then I' is necessarily discrete. However the converse
is not true in general, because the action of PSL(n + 1,C) on P is not isometric.
In fact there is an example in [207] of a discrete subgroup of PSL(3,C) acting on
PZ with dense orbits, and in [203] it is proved that the fundamental group of every
closed, hyperbolic manifold of dimension 5 acts on P so that every orbit is dense.

Definition 3.2.2. A discrete subgroup I' of PSL(n + 1,C) is complex Kleinian if
it acts properly discontinuously on some open subset of P¢. More generally, if
A C Pg is an invariant set for the action of a subgroup I' C PSL(n + 1, C), we say
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that the action on A is Kleinian if A contains a nonempty invariant open (relative
to A) subset on which the action is properly discontinuous.

Let us name some examples and sources of constructing complex Kleinian
groups. These are studied in the sequel.

Example 3.2.3. (i) Complex hyperbolic Kleinian groups. Every discrete sub-
group of PU(n, 1) is a discrete subgroup of PSL(n + 1, C) that acts properly
discontinuously on the open ball that serves as a model for the hyperbolic
n-space H. Hence it is a complex Kleinian group. The corresponding orbit
spaces Ht/T" are by definition complex hyperbolic orbifolds. These are the
groups we studied in Chapter 2, and these will appear also in Chapters 4, 7
and 8.

(ii) Schottky groups. Consider an arbitrary collection £ := {Ly,...,L;} of pro-
jective n-spaces in IP’?C"H, all of them pairwise disjoint. Given arbitrary neigh-
bourhoods Uy, ..., U, of the L;’s, pairwise disjoint, one can easily show that
there exist compact tubular neighbourhoods V; of the L; contained in U;, and
projective transformations T; of IP?C"H, i =1,...,r, interchanging the interior
with the exterior of each V;, leaving invariant its boundary E; = 9(V;). The
E;’s are mirrors that play the same role in IP’%"‘H that (n — 1)-spheres play
in S™ to define the classical Schottky groups. The group of automorphisms
of PZ"*! generated by the T;’s is complex Kleinian.

These groups were introduced in [201], [203] and they are our focus of
study in Chapter 9.

(iii) Subgroups of the affine group. As noted earlier, the affine group Aff (C") is
a subgroup of PSL(n 4 1,C), and every discrete subgroup of Aff (C™) with
a nonempty region of discontinuity gives rise to a projective group with a
nonempty region of discontinuity. Let us name some explicit examples that
we discuss in more detail in Section 3.4 below.

(a) Fundamental groups of Hopf Manifolds.

Fundamental groups of Complex Tori.

)

¢) The Suspension or Cone construction.
) Fundamental groups of Inoue surfaces.
)

Complex reflections groups.

The suspension is a construction that allows us to construct a discrete
subgroups of PSL(n+1, C) out from subgroups of PSL(n, C). The groups
obtained in this way are the prototype of the groups with a control group
that we study in Chapter 5. These are all affine groups.

(iv) Groups constructed via twistor theory. The so-called Calabi-Penrose fibra-
tion, which is the most basic twistor fibration, describes IP’% as a fibre bundle
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over the 4-sphere S* with fibre PL 2 S?. A basic fact of twistor theory is
that the group Conf, (S*), of orientation preserving conformal maps of S*,
has a canonical embedding in PSL(4,C). Thus one has a canonical action of
Conf (S*) on PZ, and this action carries “twistor lines” (the fibres of the
fibration P2 — S%) into twistor lines. In [202] it is proved that these maps
on the fibres are isometries with respect to the usual round metric on S? and
therefore given I' C Conf , (S*) discrete, the maximal region of discontinuity
for the induced action on P is just the lifting of the corresponding region of
discontinuity in S*.

In other words, every conformal Kleinian subgroup I' C Conf , (S*) is
canonically a complex Kleinian subgroup of PSL(4,C), and the whole dy-
namics of I' on the sphere can be read from its action on P, but in P one
can see facets of I' that cannot be seen in S*. Analogous statements hold in
higher dimensions.

These types of complex Kleinian groups were introduced in [201] and
studied in [202]; they are our focus of study in Chapter 10.

Notice that if I' € Conf (S*) is a lattice (i.e., the quotient Conf (S*)/I"
has finite volume), then Mostow’s rigidity theorem says that I' is rigid in
Conf; (S*), and therefore it is rigid in PSL(4, C) since the Lie algebra of this
group is the complexification of the Lie algebra of Conf (S*). Yet, for discrete
subgroups of Conf (S*) which are not lattices, there are deformations in
PSL(4,C) that do not come from Conf (S*), and their study can be rather
interesting.

The Join. This is a construction introduced in [201] that allows us to construct
a complex Kleinian group from two given complex Kleinian groups. Let I'; C
GL (n +1,C) be a discrete group acting on C"*! which induces a Kleinian
action on Pg; let I's C GL (m + 1,C) be a discrete group acting on C™*1,
which induces a Kleinian action on P'. Then I'y x I'y acts on C*t™m+2 and
induces a Kleinian action on IPE‘H”H. The discontinuity set is the projective
join of the corresponding discontinuity sets of the previous actions on Pg and
PZ. This construction can be iterated to any number of Kleinian actions.

It is clear that in this case P¢ and P{’ are both invariant subsets for the
action on P %1, This motivates the following definitions from [201], [202]:

Definition 3.2.4. Let I" be a discrete subgroup of PSL(n + 1,C), n > 1.

(a) The action of I' on P¢ is reducible if it is obtained either by suspending a
complex Kleinian action on ]P’E_l, or as the join of two Kleinian actions
on P and Pg?, n = ny + ng + 1. Otherwise we say that the action of
T is 4rreducible.

(b) The action of I on P¢ is (Teal or complex) algebraically-mizing if there
are no proper (real or complex, respectively) compact submanifolds of
PZ which are I'-invariant.
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It is clear that algebraically-mixing implies irreducible. In Chapter 10 we
give examples from [202] of Kleinian actions which are algebraically mixing.
As noticed in [202], the same arguments also prove that the fundamental
group of every compact 5-dimensional hyperbolic manifold acts on P2 with
dense orbits; thence the action is algebraically-mixing.

In dimension 2, the example in [207], of a discrete subgroup of PSL(3, C)
that acts on P% with dense orbits, has an empty region of discontinuity, so
the action is algebraically mixing.

3.3 Limit sets: definitions and some basic properties

There are several types of possible “limit sets” relevant for this work, namely:
a) the Chen-Greenberg limit set of complex hyperbolic groups;
b) the limit set of Kulkarni;

C

d

the complement of the region of equicontinuity;

complements of maximal regions of discontinuity; and

)
)
)
)

e) the limit set of complex Schottky groups.

There are other possible definitions of a limit set. For instance, in the classical
conformal case, the limit set can be regarded as the closure of the set of fixed points
of loxodromic elements. This is analogous to what happens for rational maps on
the Riemann sphere, where the Julia set is the closure of the repelling periodic
points. One has a notion of “loxodromic elements” in PSL(3,C)”, which in some
sense can be extended to higher dimensions. This may lead to another natural
notion of limit set, as the closure of the fixed points of loxodromic elements.

A natural question is: what are the relations amongst all these types of limit
sets? This is one of the questions we address in this work.

The Chen-Greenberg limit set of complex hyperbolic groups was already
defined in the previous chapter. We define below the Kulkarni limit set. The case
of Schottky groups is discussed in Chapter 9.

3.3.1 The Limit set of Kulkarni

Consider a locally compact Hausdorff space X with a countable base for its topol-
ogy. Let G be a group acting on X and let Q C X be a G-invariant subset. We recall
from Chapter 1 that the action on € is properly discontinuous if for every pair of
compact subsets C and D of , the cardinality of the set {y € G |v(C)N D # 0},
is finite.

In [132] there is a concept of limit set, motivated through an example that
inspired our example in Section 3.1. This definition of a limit set applies in a



84 Chapter 3. Complex Kleinian Groups

very general setting of discrete group actions, and it has the important property
of assuring that its complement is an open invariant set where the group acts
properly discontinuously. For this, recall that given a family {Ag} of subsets of
X, where § runs over some infinite indexing set B, a point x € X is a cluster
(or accumulation) point of {Ag} if every neighbourhood of z intersects Ag for
infinitely many 8 € B.

Consider a space X and a group G as above. Then Kulkarni looks at the
following three sets.

a) Let Lo(G) be the closure of the set of points in X with infinite isotropy group.

b) Let L1(G) be the closure of the set of cluster points of orbits of points in
X — Lo(G), i.e., the cluster points of the family {v(z)},eq, where z runs
over X — Lo(G).

c) Finally, let Ly(G) be the closure of the set of cluster points of {y(K)},cq,
where K runs over all the compact subsets of X — {Lo(G) U L1(G)}.

We have ([132]):

Definition 3.3.1. (i) Let X be as above and let G be a group of homeomorphisms
of X. The Kulkarni limit set of G in X is the set

AKul(G) = Lo(G) U Ll(G) U LQ(G)

(i1) The Kulkarni region of discontinuity of G is
QKul(G) cX =X- AKul(G)-

Notice that the set Agu(G) is closed in X and it is G-invariant (it can be
empty). The set Qxu(G) (which also can be empty) is open, G-invariant, and G
acts properly discontinuously on it.

It is not hard to show that when G is a Mobius (or conformal) group, the
Kulkarni limit set coincides with the classical limit set . In fact in that case there
are no points with infinite isotropy and the set Li(G) is the usual limit set A(G).
The only thing to prove is that the set Ly(G) does not add new points to the limit
set A(G), and this is a consequence of the fact that in the conformal case, the
action on the complement of the limit set is properly discontinuous.

In the example in Section 3.1 one has that the sets Lo(G) and L1 (G) are equal
and consist of the three points {e1, ez, e3}, while La(G) consists of the two lines
m , m. This example shows also that although Kulkarni’s limit set has the
property of assuring that the action on its complement is properly discontinuous,
this region is not always the largest such region.

In this work we are mostly interested in the case where the space X is a
complex projective space Pg, and this definition of a limit set will be essential in
several chapters. In Chapter 7 we will compare the limit sets of Chen-Greenberg
and that of Kulkarni in the case of discrete subgroups of PU(n, 1) acting on Pg.
The results in that chapter also show several other interesting facts, as for instance:
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(i) There is no monotony regarding limit sets in the sense that if T';,T'y are
Kleinian subgroups of some PSL(n,C), then I'y C I's does not imply
Aku(T1) C Aku(T2) (see Remark 9.6.4), as it happens for conformal Klein-
ian groups and also for subgroups of PU(2, 1), see Corollary 7.3.11.

(ii) There is no relation amongst Lo, L1 and Lg, in the sense that there are
cases where two of them coincide and the other does not, or in some exam-
ples one has a strict contention L; C L;, and in other examples this is the
other way round, L; C L;. We refer to Chapter 7 for details on these and
other properties of the Kulkarni limit set for Kleinian actions of subgroups
of PU(2n, 1).

The limit set also has the following properties that will be used in the sequel:

Proposition 3.3.2. Let G C PSL(n,C) be a discrete group, then G is finite if and
only if Axu(G) is empty.

Proof. Obviously Ak (G) is empty when G is finite, so we assume that G is not
finite. Then by Proposition 2.1.2 there is an element v with infinite order. Let ¥
be a lift of v and x be an eigenvalue of g; such an eigenvector exists since C is
complete as a field. Then [z] is a fixed point of v and therefore [x] € Lo(G). This
completes the proof. O

Proposition 3.3.3. LetT' C PSL(n+1,C) be a group acting properly discontinuously
on an open invariant set 8 C PE. Then Lo(I') U L1(T") C Pg — Q, and for every
compact set K C € one has that the set of cluster points of 'K is contained in
P\ Q.

Proof. The proof follows easily from the fact that I' acts discontinuously. g

Proposition 3.3.4. Let G C PSL(n+1,C) be a discrete, infinite group, n > 1. Then
the Kulkarni limit set of G always contains a projective subspace of dimension at
least 1.

Proof. For simplicity we assume n = 2; the general case is similar. By Proposition
2.1.2 there is an element v € I with infinite order. By the Jordan Normal Form
theorem, as in the example of Section 3.1, it is enough to consider the cases where
v € PSL(3,C) has a lift 4 whose Jordan’s normal form is either diagonal or one of
the following. In the diagonal case the conclusion follows from the A-lemma that
we prove in Lemma 7.3.6.

Case 1. For all m € N one has that:
1 m 7m("§71)
Fm=1 0 1 m . (3.3.4)
0 0 1
We claim that in this case él, e5 C P2 — Qku(G). Otherwise there exists z € C

such that [z;1;0] € Qxw(G). Let € € C, then [z; 1; 2lem) 2;1;0]. Thus

’m(mfl):| s |
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for m(e) large (an,(e) = [z;l; ;((ZTB)})WZW(G) C Qku(G). By Proposition 3.3.4

we conclude that

2¢ —(m+1) 2(em)]
m—-1 "m(m-—1)] m>=

Y™ (am) = {z + € [z — € 1;0] for each € € C.
By Proposition 3.3.3 we conclude that &6 C PZ — Qku(G), which is a contra-
diction.

Case 2. There is a A € C such that for all m € N one has that

AT omAml 0
,’?7” — O Am O
0 0 AT2m

If |A| = 1, then the line &7, €3 is contained in Lo(G) U L1 (G) because the dynamics
of the group restricted to this line is that of a rotation.

We assume now that |\| < 1, the case |A| > 1 being analogous. We claim that
m - IP’?C—Q or m} C ]P’%—Q. If &1, ¢b 04 ]P’(%—Q then there is z € C such that
[2;1;0] € Q. Observe that for each w € C* we have [wz; w;mA3" 1] ——= [2;1;0]

m—0o0
and
)\3m—1 A A
fym({z;l;n })z[wz —|—w;w;1] ——= [w;0;1],
w m m
for all w € C*. As in the previous case we deduce that él, es C P2 —Q. O

From the proof of the previous proposition and the example in Section 3.1
we see that we have a matrix as in Case 2 above, with |A| # 1, and we have two
invariant lines which meet at a point. One of these lines is attractive while the
other is repelling. Hence we conclude:

Corollary 3.3.5. (i) Lety € PSL(3,C) be the transformation induced by the ma-

triz:
A om0
M = 0 AT 0 ,
0 0 A—2m

with |\ # 1. Then & e3 U &l es € P2\ Eq((7)).

(ii) Let v € PSL(3,C) be the transformation induced by the diagonal matriz
7 = (Vij)ij=1.3, where |y11| < |y22| < |y33] and yi1722733 = 1. Then &1, €3 U
&.e5 C P2\ Eq((7).

Proposition 3.3.6. Let C be a closed G invariant set which satisfies that for every
compact set K C P —C the set of cluster points of GK lies in CN(Lo(G)UL1(G)),
then Axw(G) C C.
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Proof. If this is not the case, we deduce that there is a point in v € P¢ — C, a
sequence (k,, C P¢ — (Lo(G) U L1(G)) and a sequence (g,,) of different elements
in G, such that

ko, ke Pg — (Lo(G) U L1 (G)),

[
m—r o0

Thus, we can assume that (g, (kn)) C P¢ —C . Applying the hypothesis to the
compact set K = {gm (kn) : m € N} U {x} we get k € Lo(G) U L1(G), which is a
contradiction. Therefore A(G) C C. O

Remark 3.3.7. [Complements of maximal regions] We can see from the previous
examples (in Section 3.1 and in Subsection 3.2.3) that there are cases for which
neither of the two concepts of limit set defined above (Chen-Greenberg’s and
Kulkarni’s) is “appropriate”. For instance when considering Schottky groups, the
limit set Ag(T") is defined to be the set of accumulation points of the projective
subspaces {L;} used to define the Schottky group. The limit set for other complex
Schottky groups is defined similarly (see Chapter 9). We have not yet been able to
determine whether or not for Schottky groups this limit set coincides with Kulka-
rni’s limit set, nor if its complement coincides with the region of equicontinuity.

In the case of the fundamental group of a Hopf surface, it is easy to de-
termine its Kulkarni limit set, but it has the disadvantage that its complement
(the Kulkarni region of discontinuity) is not the largest region where the action
is discontinuous. In fact, there is not such a “largest” region, but there are two
“maximal” regions.

3.3.2 Elementary groups

We now introduce the notion of elementary complex Kleinian groups. Recall that
for a conformal Kleinian group I' C Iso(HEg), its limit set either has infinite cardi-
nality or else its cardinality is at most 2, and in that case we say that the group
is elementary.

In the case of complex Kleinian groups which are infinite, Proposition 3.3.4
says that the Kulkarni limit set always contains projective subspaces of positive
dimension, so it has infinite cardinality. So it makes no sense to count the number
of points in the limit set.

In fact, when n = 2 one can show that if the Kulkarni limit set has more
than three projective lines, then it contains infinitely many lines. In Chapter 4
there are examples of cyclic groups having one, two and three lines in its Kulkarni
limit set. Moreover, if n = 2 we have the following result from [14]:

Proposition 3.3.8. Let T' C PSL(3,C) be discrete. Assume it acts properly discon-
tinuously on an open invariant set Q C P¢ whose complement PE\ Q consists of a
finite union of complex projective subspaces. Then one of the following statements
is verified:
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(i) PZ\ Q is a complex line;
(ii) P2\ Q is the union of two complex lines;
(iii) P2\ Q is the union of 3 nonconcurrent lines;
(iv) PZ\ Q is the union of a point and a complex line not containing it.
The previous discussion motivates the following definition:

Definition 3.3.9. Let I' C PSL(n+ 1,C) be a discrete group. Then T is elementary
if its Kulkarni limit set is a finite union of complex projective subspaces.

3.4 On the subgroups of the affine group

As mentioned before, every discrete subgroup of the affine group Aff (C") is a
subgroup of PSL(n + 1,C). Let us look at some concrete examples:

3.4.1 Fundamental groups of Hopf manifolds

Let I'y = (g) be the cyclic group generated by an element g € GL (n,C) which is
a contraction. Then I'y acts properly discontinuously and freely on C™ — {0}. The
quotient H = C™ — {0} /T, is compact and it is a Hopf manifold.

3.4.2 Fundamental groups of complex tori

Let v1,...,v9, € C* —{0} be points which are R-linearly independent, and let g;
be the translation induced by v;. Then I' = (g1, ..., g2,) is a group isomorphic to
Z2"™ which acts properly discontinuously and freely on C". The quotient C"/T" is
homeomorphic to a torus T?" 22 T? x - -+ x T? with T? := S! x S'. Thinking of P&
as being C™ union a P2 ™" at oo, one can easily show that C" = Q,1(I') = Eq (I
is the largest open set where I' acts properly discontinuously, and it coincides with
the equicontinuity region.

3.4.3 The suspension or cone construction

This construction is studied in detail in Chapter 5. This allows us to construct
complex Kleinian subgroups of PSL(n + 1,C) from a complex Kleinian subgroup
of PSL(n,C), and these are all affine. As noted before, ]P’(?;l is the space of lines
in C" and P¢ can be thought of as being C™ union the hyperplane at infinity.
Let T’ be a subgroup of PSL(n,C) and consider the covering map [[ ][], :
SL(n,C) — PSL(n,C). Let I' C SL(n,C) be [[];1(I'), i.c., the inverse image

of T' in SL(n,C). Think of P{ as being C* UPZ ™" and let T' be the subgroup
of PSL(n + 1,C) that acts as T on C", so its action on ]P’g_l7 the hyperplane at

infinity, coincides with that of I'. We call T the full suspension group of T, following
[201].
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If we can actually lift T C PSL(n,C) to a subgroup I' C SL(n,C) that
intersects the kernel of [[]],, only at the identity, so that [ is isomorphic to T,
then we can define I to be the subgroup of PSL(n + 1,C) that acts as L onC"
and as I' on ]P’g_l, the hyperplane at infinity. We now call Ta (simple) suspension
group of T

As noted in [201], the obstruction to lifting a Kleinian subgroup I' of
PSL(n,C) to an isomorphic group in SL(n,C) is an element in H?(T',Z,,). If this
obstruction vanishes, then I' can be regarded as a Kleinian group on Pg via a
suspension as above. This happens, for instance, if H?(T',Z,) = 0.

For example, if T is the fundamental group of a complete (nonnecessarily
compact), hyperbolic 3-manifold, so that I' C PSL(2,C), then the obstruction
in question can be identified with the second Stiefel-Whitney class ws of the 3-
manifold, as pointed out by Thurston, see [127]. This class is always 0, because
every oriented 3-manifold is parallelisable. Hence I' can always be lifted isomorphi-
cally to SL(2, C). Thus the fundamental group I" of a hyperbolic 3-manifold acting
on H?3, whose action on the sphere at infinity is Kleinian, can be considered as a
complex Kleinian group I' acting on IP’% and leaving the line at infinity invariant.
In this case the Kulkarni limit set of T is the cone, with vertex at 0, over the limit
set of I' on P{; the equicontinuity region of I agrees with its discontinuity region
and it is the largest open set where I' acts properly discontinuously. By Ahlfors’
Finiteness Theorem [3], the quotient Q(T")/T is a Riemann surface of finite type.
Hence the quotient Q(T") /f is a complex line bundle over a Riemann surface of
finite type; Q(T) /f is homotopically equivalent to H?/T.

Remark 3.4.1. Recall that PSL(n,C) = SL(n,C)/Z,,. Then it can happen that a
subgroup I' C PSL(n, C) has a lifting to SL(n, C) that intersects the kernel of [[ ],
in a nontrivial subgroup, other than Z, . In this case we can consider suspensions
similarly as before.

It is worth noting that one has a canonical embedding SL(n,C) — SL(n +

k,C), foralln > 1,k > 0, given by A — (61 I 0 ) . Therefore, if I' C PSL(n,C)
kxk

is a group with a region of discontinuity in ]P’gi1 that can be suspended to a linear
group in SL(n,C), then T’ can be automatically suspended to a linear group in
SL(n + k,C).

Thus, via this construction, I' has a region of discontinuity in IP’ngk. Ifr
acts properly discontinuously on ©Q C qu’ then the corresponding region of
discontinuity QF of T" in ]P’EHC is a (k + 1)-dimensional complex bundle over P¢~'.
Hence, in particular, the fundamental group of every complete, connected, open,
3-dimensional hyperbolic manifold can be regarded in this way as a Kleinian group
on P, for all n > 0.

This construction of a “suspension” has been generalised in [41], leading
to the concept of a controllable Kleinian group, that we study in Chapter 5 be-
low. This means a Kleinian subgroup I' C PSL(n + 1,C) that leaves invariant
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a hyperplane Pg_l C P¢ and a point p away from ]P’g_l. One thus has a natu-
ral holomorphic projection map P¢ \ {p} — ngl and a group homomorphism
I' — PSL(n, C) that allows us to study the geometry and dynamics of T from its
image in PSL(n, C).

3.4.4 Example of elliptic affine surfaces

Let us describe an example which belongs to the important class of compact
complex surfaces known as elliptic affine surfaces; for a precise definition see [18].
This shows how this kind of surfaces appear naturally in our topic.

Let ¥ C PSL(2,C) be a Kleinian group and U a connected component of the
discontinuity region Q(X) such that U/Isot(U,X) is a compact manifold, where
Isot(U, X) is the isotropy of U, i.e., the subgroup of ¥ that leaves U invariant. Now
let G C C* be an infinite discrete group, and consider the suspension of Isot(U, X)
with respect to G. Let T" be a torsion free subgroup of Susp(Isot(U, %), G) with
finite index. Then the quotient (U x C*)/T is a compact manifold, called an elliptic
affine manifolds.

3.4.5 Fundamental groups of Inoue surfaces

The formal definition of Inoue surfaces can be seen in [18]. By a theorem of [231]
all Inoue surfaces can be described as follows. There are three types (or families)
of such surfaces, all of them being affine manifolds. Let us describe briefly each of
these.

i) The Sy, family.

Let M € SL(3,Z) have eigenvalues «, 3,3 with a a real number > 1 and
B # B. Choose a real eigenvector (ai,as,as) belonging to a and an eigenvector
(b1, b2, b3) belonging to 3. Now let G be the group of automorphisms of H* x C
generated by

Yo(w, z) = (aw, Bz),
vi(w,z) = (w+a;,z+b;)i=1,2,3,

where HT = H2 denotes the upper half plane in C equipped with the hyperbolic
metric. Then G, is a subgroup of a certain solvable group Solé (that we define
in page 175), and G acts properly discontinuously and freely on H* x C. The
quotient (HT x C)/G s is a compact surface.

ii) The S, family.

Let N € SL(2,7Z) have real eigenvalues a, a~! with corresponding real eigen-
vectors (a1, az), (b1,b2). Choose a nonzero integer r, a complex number ¢ and
complex numbers ¢, ¢o satisfying a certain integrability condition (that can be
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made precise). Consider the automorphisms of Ht x C generated by

Yo(w, 2) = (qw, a2 + 1),
vi(w,z) = (w+ a;, z + bjw—+¢;)i=1,2,
v3(w, 2) = (w, z + 71 (brag — baay)).

These generate a group G C SOl‘l1 and Gy acts properly discontinuously, freely
and with compact quotient on HT x C.

iii) The Sy family.

This family is defined by modifying the above construction as follows. Con-
sider N € GL(2,Z) with real eigenvalues o, —a~!, and do as above but now
setting yo(w, z) = (qw, —z).

In each of these cases the group G can be regarded as acting on PZ, and it
can be proved (see Chapter 8) that its Kulkarni region of discontinuity is given by
(C—R)xC. Also this set is the largest one where G s acts properly discontinuously.
However in the case Gy C Solg one has that Eq (Gpr) = 0.

3.4.6 A group induced by a hyperbolic toral automorphism

Let M be the matrix M = ( ?15 g >.This matrix has eigenvalues a4 = _5i2\/ﬁ,
and one can see that vy = (1, 7_11;)‘/5), v = (7_11;]@, 1) are eigenvectors

corresponding to a4 and a_ respectively. Now consider the open set

W = U HED x HEDY
i,j=0,1

where H*! are the upper and the lower half planes in C. Let '}, be the group of
automorphisms of: generated by:

Yo(w, z) = (ayw, a_z);

—-11++v21

y(w,z) = (w+1,z+ 10

);

Then it is easily seen that I'y; acts properly discontinuously on W = Qg (T'%) =
Eq (T'%{). Moreover, this set is the largest open set where I' acts properly discon-
tinuously.
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3.4.7 Crystallographic and complex affine reflection groups

A complex crystallographic group I is a discrete subgroup of Aff (C™) with com-
pact quotient. An element g # 1 of Aff (C") is called a reflection if it has finite
order and it leaves point-wise fixed a hyperplane H. A crystallographic group I is
called a reflection group if it is generated by finitely many reflections in Aff (C").
Crystallographic and complex affine reflection groups have been studied by
various authors. See for instance [225] where the authors give a complete classifica-
tion of 2-dimensional crystallographic reflection groups, or [178] where the author
gives a classification of the discrete groups generated by affine complex reflections.
(This classification is meant to be complete, though there is in [75] a reflection
group which is not in Popov’s list. In this and other articles, V. Goryunov gives
interesting relations of complex affine reflection groups and singularity theory.)



Chapter 4

Geometry and Dynamics of
Automorphisms of IP)(QC

In this chapter we study and describe the geometry, dynamics and algebraic clas-
sification of the elements in PSL(3, C), extending Goldman’s classification for the
elements in PU(2,1) € PSL(3,C). Just as in that case, and more generally for the
isometries of manifolds of negative curvature, the automorphisms of ]P’(Qc can also
be classified into the three types of elliptic, parabolic and loxodromic (or hyper-
bolic) elements, according to their geometry and dynamics. This classification can
be also done algebraically, in terms of their trace.

It turns out that elliptic and parabolic elements in PSL(3, C) are all conjugate
to elliptic and parabolic elements in PU(2,1). Also, the loxodromic elements in
PU(2,1) are loxodromic as elements in PSL(3,C), but in this latter group we get
new types of loxodromic elements that cannot exist in PU(2,1). In this chapter
we study and describe in detail each of these types of automorphims of PZ.

Notice that when we look at subgroups of PU(2,1) we have the stringent
condition of preserving the corresponding quadratic form, and therefore one has
an invariant ball. Then the elliptic elements are those having a fixed point in the
interior of the ball, parabolics have a fixed point in the boundary of the ball and
loxodromic elements have two fixed points in the boundary. Yet, when we think of
automorphisms of ]P’%, this type of classification makes no sense, since in general
there is not an invariant ball or sphere.

In ]P’% we must think globally. Each such an automorphism + has a lifting to
SL(3,C) with three eigenvalues (possibly not all distinct). Each eigenvector gives
rise to a fixed point of . All these fixed points, and their local properties, must
be taken into account for a classification of the elements in PSL(3, C).

The material in this chapter is essentially contained in [160]. The first section
gives a qualitative overview of the classification problem we address in this chapter.
This somehow serves as an introduction to the topic. In the following sections

A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 93
DOI 10.1007/978-3-0348-0481-3_4, © Springer Basel 2013
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we make precise the notions of elliptic, parabolic and loxodromic elements in
PSL(3,C), as well as the various subclasses of maps one has in each type.

We carefully describe the geometry and dynamics in each case. We determine
in each case the corresponding Kulkarni limit set, the equicontinuity region and
the maximal region of discontinuity. We also give an algebraic characterisation
of the various types of transformations in terms of the trace of their liftings to

SL(3,C).

4.1 A qualitative view of the classification problem

We consider an element g € PSL(3,C) and all its iterates g" := g o g"~!, for
all n € Z (with g1 := g, go := Id and g~" := (¢~ 1)"). In other words, we are
considering the cyclic group generated by g. The element g is represented by a
matrix ¢ in GL (3, C), unique up to multiplication by nonzero complex numbers.

Such a matrix g has three eigenvalues, say A1, Aa, A3, which may or may not
be equal, and if they are distinct, they may or may not have equal norms: These
facts make big differences in their geometry and dynamics, as we will see in the
sequel. These, together with the corresponding Jordan canonical form of g, yield
to the geometric and dynamical characterisations of the elements in PSL(3,C)
that we give in this chapter. Yet, in the case of PSL(3, C) we give also an algebraic
classification in terms of the trace, and this looks hard to do in higher dimensions.

Notice also that what really matters are the ratios amongst the \;, since
multiplication of a matrix by a scalar multiplies all its eigenvalues by that same
scalar. Recall also that each eigenvalue determines a one-dimensional space of
eigenvectors in C3, so its projectivisation fixes the corresponding point in IP’?C.
Distinct eigenvalues give rise to distinct fixed points in ]P’%. Also, every two points
in PZ determine a unique projective line; if the two points are fixed by g, then the
corresponding line is g-invariant.

Let us use this information to have a closer look at the dynamics of g by
considering a lifting § € SL(3,C) and looking at its Jordan canonical form. One
can check that this must be of one of the following three types:

A0 0
0 Ao O R where A3 = ()\1)\2)_1,
0 0 X3
A 10
0 XN O , where \3 = (\1)72,
0 0 A3
1 1 0
0 1 1
0 0 1

Let us see what happens in each case. In the first case, the images of e, ez, e3 are
fixed by the corresponding map in ]P’%; for simplicity we denote the corresponding
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images by the same letters (to avoid having too many brackets [e;]). One also

has at least three invariant projective lines in IP%: L1 := e1,e3, Lo : &3,e5 and
,Cg = gl» €s3.

Up to re-numbering the eigenvalues there are three essentially different pos-
sibilities (though a closer look at them shows that there are actually certain sub-
cases):

(1) Pl < [Ao] < [As]-
(ii) |A1] = |A2] < |Ag| (could be |A1| < [A2] = |As], but this is similar).
(i) [Ar] = [A2] = [As] =1

Case (i) was essentially discussed in Chapter 3. The point e; is repelling, ey is
a saddle and ez is an attractor. Notice that the restriction of g to each of the
three lines £; is a loxodromic transformation in the group of automorphisms of
this line, that we can identify with PSL(2,C): it has two fixed points in the line,
one is repelling and the other is attracting.

Each point in £; determines a unique projective line passing through that
point and es, and the union of all these lines fills up the whole space ]P’?C. In other
words, the points in £; parametrise the pencil {L,}e,0f projective lines in P%
passing through es. Since the line £, is g-invariant, and e3 is a fixed point of g, it
follows that each element in this pencil is carried by g into another element of the
pencil. Furthermore, we can say that this is happening in a “loxodromic” way in
the following sense: if we start with a point x in one of these lines, then the g-orbit
of x will travel from line to line, converging towards ez under the iterates of g, and
getting closer and closer to the line £; under the iterates of g~!, thus converging
to a fixed point in this line. This kind of transformations will correspond to the
so-called subclass of strongly-loxodromic elements.

Notice that in this case, since es is an attracting fix point, we can choose a
small enough “round ball” U containing ez such that g(U) C U. This is relevant
because it is this property which characterises loxodromic elements (see Definition
4.2.14).

Now consider the case

A1l = [Aa] < [As].

We can assume |A1| = 1. As before, the three points e; are fixed points, the three
lines are g-invariant and g carries elements in the pencil {£,}, into elements of
this same pencil in a “loxodromic” way, as in the previous case, since the eigenvalue
A3 has larger norm. The difference with the previous case is that the restriction of
g to the invariant line £, is now elliptic, not loxodromic. Hence the orbits of points
in L4, other than the two fixed points e;, e, move rotating along circles. All other
points approach ez when travelling forwards, doing “spirals”, and they approach
the line £; when moving backwards. These transformations are therefore called
screws, and we will see that they are also loxodromic as elements in PSL(3, C).
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When |A1| = |A2] = |A3] = 1 the situation is quite different. Now the restric-
tion of g to each of the three lines £y, L5 and L3 is an elliptic transformation,
and g carries the elements of the pencil into elements of the pencil in an “elliptic
way”, that we will make precise. Notice one has in this case that

T(l)(r) ={[z1:22: 23] € Pé : |,22|2 + \zg|2 = r\z1|2}, >0,

is a family of 3-spheres, each of these being invariant under the action of g.
Let us envisage now the second case considered above, that is matrices of the
form

M 10
0 M 0 |,
0 0 X

with A3 = (\;)~2. Notice that the top Jordan block determines a projective line
L1 on which the transformation is parabolic. As a Mdbius transformation in £4
this map is
zr—>z+i . (4.1.0)
A1

So the map in £ is parabolic. Now observe that the points e; and e3 are the only
fixed points of g. As before, we have the invariant pencil {£,}.,. Notice there are
two cases: [A\1] = 1 or |\1] # 1. In the first case, g carries each element in the pencil
into another element in the pencil in an “elliptic way”. One can show too that in
this case there is a family of 3-spheres in ]P’% which are invariant by g and they all
meet at the point e3. These type of maps belong to the class of parabolic elements
in PSL(3, C), and they belong to the sub-class of ellipto-parabolic transformations.

If we now take |A1] # 1, then the dynamics in £, is as before, but away from
this invariant line the dynamics is dominated by the eigenvalue A3. If we assume
|A1] > 1, then all points in P2 \ £; escape towards e; when moving forwards,
and they accumulate in the line £; when moving backwards. If [A;] < 1 the
dynamics just reverses and the backwards orbits accumulate at es. These maps
are loxodromic elements, of the type called loxo-parabolic.

Finally consider the case

1 1 0

0 1 1

0 0 1
Now one has that all eigenvalues are equal to 1. There is only one fixed point,
e1, and an invariant line, £ := §1, €3, in which the transformation is parabolic.
Moreover, one has in this case the following family of g-invariant 3-spheres, which
are all tangent to the line £; at the point e,

1
T, = {[z1: 22 : 23] | |22]® +7|23|* — (Zizz + 21%3) — 5(7223 + 2973) =0}, r € R.

These maps are all parabolic, of the type called unipotent.
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4.2 Classification of the elements in PSL(3,C)

In this section we study and classify the elements in PSL(3,C) by means of their
geometry and dynamics, following the ideas sketched in the previous section. As
indicated above, these will be of three types: elliptic, parabolic and loxodromic, and
this classification can be naturally refined into several subclasses. Elliptic elements
can be, up to conjugation, of two types: regular elliptic or complex reflections.
There are also two types of parabolic elements: unipotent and ellipto-parabolic.
The loxodromic elements are of four types: loxo-parabolic, homotheties, screws and
strongly-loxodromic. The two types of elliptic elements, as well as the two types
of parabolic elements, appear in Goldman’s classification of elements in PU(2,1).

Regarding loxodromic we find that those coming from PU(2, 1) are all strong-
ly loxodromic, and in fact only some types of the strongly loxodromic elements
are conjugate to elements in PU(2,1). So we have that there are several new
types of transformations in PSL(3,C) that do not exist in PU(2,1). These are
the loxo-parabolics, screws, homotheties and a “large” set of strongly-loxodromic
transformations (see Theorem 4.3.3). Notice that PU(2, 1) has dimension 8 while
PSL(3,C) has dimension 15, so it is natural to expect having new types of trans-
formations in the latter group that do not appear in the former.

We first define and study the elliptic elements, then the parabolics and finally
the loxodromic elements.

4.2.1 Elliptic Transformations in PSL(3,C)

Recall that up to conjugation, an elliptic element g € PU(2, 1) can be represented
by a matrix of the form
. (A0

where A € U(2) and X € S*. Actually U(2) = SU(2) x St acts on C? preserving the
usual Hermitian product. So its action on C? has a fixed point at 0 and preserves
the foliation given by all 3-spheres centred at 0. The action of § on IP’(% essentially
corresponds to extending the action of A to P2 = C2? U P, where P} is regarded
as the line at infinity; this is an invariant line for the action of U(2) on [P’(%. Notice
that a neighbourhood of P{ in PZ looks like the total space of the tautological
(or universal) bundle over P{; the above 3-spheres can each be regarded as the
boundary of a tubular neighbourhood of IP’(%:, and each of these corresponds to the
usual Hopf bundle S* — S? = PL.
More generally:

Definition 4.2.1. The 3-spheres in P2 are defined as the images of the set
T ={[z1:22: 23] €PL: |21|> + |20]* — |23]> = 0}

under the action of PSL(3,C).



98 Chapter 4. Geometry and Dynamics of Automorphisms of P%

Notice that if in the above discussion we take the origin of C? as being the
point ez and the line at infinity IP}C as being the line él, e5, then the above family
of spheres actually is a foliation of P2\ (&1, €5 U {e3}), given by:

T(r)={[z1:22: 23) € P? : |z1)* + |2|* = r|23)%}, r >0,
where &1, ¢} denotes the complex line {[z : 2z : 23] € P2 | 23 = 0} and e3 = [0 :
0:1].

Each automorphism h € PSL(3,C) carries the above foliation into another

family of 3-spheres given by h(T'(r)), r > 0. These are the leaves of a foliation of
P2\ (h(&1725) U {Ales)})-
Definition 4.2.2. A transformation § € PSL(3,C) is called elliptic if it preserves
each one of the leaves of a foliation as above. In other words, § € PSL(3,C) is
elliptic if and only if there exists h € PSL(3,C) such that h=1gh(T(r)) = T(r) for
every r > 0.

Proposition 4.2.3. The element § € PSL(3,C) is elliptic if and only if it is conju-
gate to an elliptic element of PU(2,1).

Proof. Assume § € PSL(3,C) is elliptic, then there is h € PSL(3,C) such that
h=1gh preserves every 3-sphere T'(r), r > 0. It follows that f := h~'gh € PU(2,1)
and [0: 0 : 1] is a fixed point of f. Therefore f is elliptic in PU(2,1). The converse
follows from the fact that every elliptic element in PU(2,1) has a conjugate in
PU(2,1) which is induced by a matrix of the form

A0
0 A )’
where A € U(2) and X € U(1). O
The next corollary follows easily from the proposition above and the fact that

every element in U(2) is diagonalizable and its eigenvalues are unitary complex
numbers.

Corollary 4.2.4. An element § € PSL(3,C) is elliptic if and only if § has a lift
g € SL(3,C) such that g is diagonalizable and every eigenvalue is a unitary complex
number.

Hence every elliptic element has a canonical Jordan form of the type

M 000
0 X O
0 0 As

with the )\z satisfying |)\1| = |>\2| = |)\3‘ = |)\1)\2>\3‘ =1.

By definition an elliptic element in PSL(3,C) preserves a foliation by “con-
centric” spheres. The proposition below says that such a transformation actually
preserves three foliations by “concentric” 3-spheres, and each such sphere is itself
foliated by invariant tori (with two circles as singular set of the foliation).
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Proposition 4.2.5. If § € PSL(3,C) is an elliptic transformation, then there are
three families of invariant 3-spheres. Furthermore, each one of these 3-spheres has
a g-invariant foliation whose nonsingular leaves are torus, and it has two singular
leaves, each one being a circle.

In fact the foliation by tori one has on each sphere is the usual one: we
decompose the sphere as the union of two (unknotted) solid tori S! x D?, glued
along their boundary, and each torus is foliated by concentric tori. The singular
fibres are the cores of the two tori.

Proof. Let f be an elliptic transformation, then there exists h e PSL(3,C) such
that § = hgh~! has a diagonal matrix with unitary eigenvalues as a lift to SL(3, C).
Then the three families of 3-spheres are given by:

TO(r) ={[z1: 22 : 23] € P2+ |20)? + |23 = r|21]?}, 7>0;
7@ (r) = {[1
T(3)(r) ={[z1:20: 23] € Pé : |zl|2 + |22\2 = r|23|2}, r > 0.

=
=

tzo i 23] € PR |m P+ |zs)? = rl2e)?), T >0

Notice that each of these 3-spheres is g-invariant. Therefore the intersection of
members of these three families is also g-invariant. So, we will describe the possible
intersections amongst these 3-spheres. By symmetry, it is enough to consider the
intersections of T() (1) with spheres of each family T (1), 71 > 0; T (ry), ro >
0.

We identify the sphere T(3) (1) with S* = {(z1,22) € C? : |21 + |2|? = 1}.
It is not difficult to see that the intersection with a 3-sphere of the family 7)) (1)
is empty whenever 0 < r; < 1; the intersection is the circle zo = 0 when r; = 1,

2

and it is the torus |z1| = when r; > 1.

1+7ry
The intersection of T()(1) with a sphere of the family T (ry) is: empty if
0 < rg < 1; it is the circle z; = 0 if 75 = 1; and it is the torus |zo| = ﬁ if

ro > 1.
Every torus of the family |z1]| = ,/ﬁ, r1 > 1, can be seen as one of the

family |z2] = 4/ ﬁ, r9 > 1, and vice versa. Therefore they define the same family.
Moreover, this family of tori together with the two circles z; = 0, z9 = 0 are the
leaves of a foliation of S, where the two circles are singular leaves.

Finally, the possible intersections for three 3-spheres, one of each family, are
either the empty set or a torus as above. O

We now look at the Kulkarni limit set Ay = LoU L1 U Ls of the cyclic group
generated by an elliptic transformation (we refer to Chapter 3 for the definition
of this limit set).

Lemma 4.2.6. Let 5 € R — Q, and consider an action on the 3-sphere

SB(T’) ={(z1,22) € Cc?:. |z1|2 + \zz|2 =r}, r>0,
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given by ¥ : (21, 22) = (€221, e*™P2y), where o is a real number. Then every
point in S*(r) is an accumulation point of some orbit. In other words, the Kulkarni
set L1(v) is all of S3(r).

Proof. We prove the case when r = 1; the general case is analogous. We have a
foliation of S* whose leaves are the tori {(z1, 22) : |21] = ¢}, 0 < ¢ < 1, the circles
z1 = 0 and 29 = 0 are singular leaves; and each leaf is invariant under the action.
Now we restrict our attention to one single torus.

Case 1. § =7 € Q. The curves t — (e2mteiy) 2Bz, t € [0,1], are simple
and closed for every (21, 22) € T. Moreover, the orbit of any point in this curve is
dense in the curve, because 3 ¢ Q. Therefore L;(v)) = S?.

Case 2. § =7 ¢ Q. The curves t + (€™ 21, *™Pi2,), ¢ € [0,1], are simple,
but not closed and the image of each such curve is dense in the corresponding
torus 7. As in Case 1, the orbit of any point in this curve is dense in it, therefore
Li(y) = S3. O
Proposition 4.2.7. Let § € PSL(3,C) be an elliptic transformation, and let Eq ({g))

be its equicontinuity region. Then the Kulkarni sets Lo, L1, Lo are as follows:

(i) If g has finite order, then
PZ\ Eq ((9) = Lo(9) = L1(9) = L2(9) = A(§) = 2.
(i1) If g has infinite order, then Lo(§) = {x : x is fized point of §} and we have

Eq((9)) = L1(9) = P2, L2(y) = 2.

Proof. Statement (i) is clear, let us prove (ii). It is easy to check that Lo(g) = {z :
x is fixed point of g}, since this set consists of the points with infinite isotropy.
We can assume that § has a lift § to GL (3, C) of the form

e27\'7,'& 0 0
0 627\'1',3 0 ,
0 0 1

where 8 € R — Q. Then § acts on the family of 3-spheres,
T(r) ={[e1: 22 : 23] € P& : |aa* + |22]* = r[2s]?},

leaving invariant each member. The family T'(r), » > 0, can be considered as
the family of 3-spheres in C? with centre at the origin and positive radius. Then
Lemma 4.2.6 implies that L;(g) = PZ. By definition we have that Ly(g) = @. To
conclude the proof, let (§'™) C (§) be a sequence of distinct elements. Since the
set of unitary complex numbers is compact, we can assume that the sequences
(e2miodm) - (e27iBlm) are convergent, with limit points & and /3 respectively. Thus

e2mialn 0 0 a 0o
g = 0 e¥bflm 0| —= =0 B 0
0 0 1 001
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That is g ——= [y] € PSL(3, C) uniformly on P, which shows that Eq ((§)) =

m—0o0

P2. 0

4.2.2 Parabolic Transformations in PSL(3, C)

Recall that by definition a parabolic element § € PU(2,1) has a fixed point p
on §* = OHZ C PZ. It is well-known (and it follows also from our proof below
of Proposition 4.2.12) that the parabolic transformation I' leaves invariant each
horosphere at p in H% C ]P%. In real hyperbolic geometry, taking p to be infinity
in the upper-half space model, we get that a parabolic element is essentially a
translation. In the complex hyperbolic case this is not that simple, and yet, the
transformation still preserves the horospheres.

Definition 4.2.8. The transformation § € PSL(3,C) is called parabolic if there
exists a family F of g-invariant 3-spheres and Zy € IP% such that:

(i) For every pair of different elements T, T> € F it follows that Ty NTy = {Z}.
(ii) The set |JF is a closed round ball.

Here by a round ball we mean the image by an element in PSL(3, C) of the ball
consisting of points whose homogeneous coordinates satisfy |z1|? + |22]? < |23|%.

Proposition 4.2.9. If the element § € PSL(3,C) is parabolic, then § is conjugate
to a parabolic element of PU(2,1).

Proof. After conjugating with a projective transformation if necessary, we have
that g € PU(2,1). Since T N T» = {Z;}, for every pair of distinct elements
Ty, T, € F, we conclude that Z¢ is a fixed point of § and Zy € OHE. Thus § is
either loxodromic or parabolic. Let us assume that § is loxodromic, thus there is a
pont g # Zy such that ¢ is fixed by §. Then £ = m is invariant under § and the
restriction of g to £ is a loxodromic transformation. On the other hand, trivially
we get that F = {T'N¢: T € F} is a family of g-invariant circles tangent at
Zy € IP’?C. Therefore g € F , which is a contradiction. O

We now proceed to developing some tools we need for proving Proposition
4.2.12, which is the converse of Proposition 4.2.9.

As before, given X,Y € PZ%, we denote by W the projective line in P2
determined by X and Y.

Recall (see p. 16, equation 1.13, in [67]) that given X,Y € PZ, the Fubini-
Study metric d(X,Y’) between X and Y satisfies the equation

cos?(d(X,Y)) = L.

where z,y € C* — {(0,0,0)} are lifts of X and Y, respectively, and ((-,-)) is the
usual Hermitian product in C3.
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Proposition 4.2.10. Let g € PSL(3,C).
(i) Assume § has a lift

then Lo(g) = &17€3, L1(9) = L2(9) = {e1} and Eq ((g)) = Qxu((3)-
(ii) Assume g has a lift

o O =
O = =

then § has one single fized point, which is e1; Lo(9) = L1(g) = {e1}, and
Ly(9) = &r,eh, with g acting as a classical parabolic transformation on this
line. Moreover Eq ({(g)) = Qxu ((3))-

(i) If g has a lift

1
0
0

H O ==
u > o O

where A = e2™® £ 1, then § has two fized points e, es, and

&1 if x is rational,

Lo(9) {e1,es} if x is irrational,

. e if © is rational,
n@-{ {2 ¥

I
—N

1,e5 if x is irrational,
L2(9) ={ei}.
Moreover Eq ((§ >) = Qxwu((g)).
Proof. For (i), assume ¢ has a lift to SL(3,C) of the form

1 1 0
01 0
0 0 1
Then it is clear one has Lo(§) = Ly = {[21 : 22 : 23] € P?| 22 = 0}.

Let Z = [21 : 29 : 23] be a point in PZ — Ly(g). The equations

B |21 + nzo)?
|21 + nza|? 4 |22]? + |23[%

2
9 105n |21 — nz|
d Z =
cos ( (g ( ),61)) |Zl—n22|2+‘Z2|2+|23|27

cos®(d("(Z), e1))

imply that Li(§) = {e1}.
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For every € > 0, we define K¢ ) as the subset of PZ given by 7T(I~{ %), where
7S5 — PZ is the canonical projection and K9 = {(21, 22,23) € S® : |z] > €}.
We will prove that the sequence of functions A, = =g ‘ K2 converges uniformly to

the constant function with value e;. We take a point k = [21 : 25 : 23] € Ke( ), then

2
|21 + nza| <1

2 An
cos“(d k),e1)) =
(U5 e0) = o LT P S
Moreover, there exists N € N such that ne — 1 > 0 for all n > N. It follows that

(ne —1)? |21 + nzol?
(ne—1)24+ 141~ |21+ n2al? + |22]% + |23]%’

for all n > N. This proves our claim about uniform convergence.
Let K be a compact subset of ]P% — Ly, then there exists ¢ > 0 such that

Kc k¥, So, for every neighbourhood U of ey, there is a number N € N such that
§"(K) C U for all n > N, therefore e; is the unique cluster point of the family of
compact sets {§"(K)}nen. An analogous proof shows that e; is the unique cluster
point of the family {§~"(K)}nen. Therefore La(g) = {e1}. To conclude the proof
observe that every sequence of distinct elements of (g), has a subsequence which
converges uniformly over compact sets of P% — &1,¢5 to the constant ey, and every

point in él, e3 is fixed by g.
For (ii), we assume § has a lift to SL(3,C) of the form

1 1 0

01 1

0 0 1
In this case we take e; = [1:0: 0], so it is clear that we have Ly = {e1}. We take
Z =21 22 : z3) € P2, then

|21 + nzs + Ln_l)z |2

cos*(d(§"(Z), e1)) =

|21 + nzo + "(n L) 2’3\2 + |22 + nzs|? + |z3]? ,
21 —Nnzo + L"H) 2
o (A5 (2), 1)) = | o il ,
|21 — nza + 23 |2+|22 nzz|? + |z3)?

so §"(Z) and g~ (Z) converge to e; as n — oo. Therefore L1(g) = {e1}.

For (iii) we first need:

Lemma 4.2.11. One has g~ ——= e uniformly on compact subsets ofIP%\él, 3.

n— oo

Proof. Let K be a subset of IP’?C\&, €5, then there exists € > 0 such that K C Ke(g),
where KE(B) is the image, under the canonical projection 7 : S° — }P’(%, of the set
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{(21,22,23) €S : |23] > €}. There exists N € N such that %e —(n+1) >0,
whenever n > N. It follows that

n(n—1) 9

mnle— (n41

n(n—l)( r -t ) < cos?(d(§"(Z),e1)) <1, whenevern > N .
(FFZe—(n+1)2+ (1+n)+1

Therefore §"(-) — e; uniformly on K. An analogous argument is used when the
exponents are negative. U

Proposition 3.3.6 and Lemma 4.2.11 imply that Ly(j) C &1, e5. Conversely,
the sequence {[2 : ==L : 1] n € N} converges to the point [z : —=1: 0] # ey,
and the sequence g"([z—;1 c-nobo Ay =2 14 L L] converges to the point

2n ' n
n

[21 : 1 :0]. Then ey, e5 C La(g). To get Qxu({(g >) = Eq({g)), it is enough to
apply Lemma 4.2.11 and the fact that ¢ leaves invariant the line &1, ¢b where it
acts as a parabolic transformation.

Now we prove (iii). We can assume that § has a lift to GL (3, C) of the form

S O =
O = =
> O O

where 1 # \ = €™, In this case we take, e; = [L : 0 : 0] and e3 = [0 : 0 : 1].
Clearly

Lo(§) = &eh if x is rational,
o\g {e1,e3} if = is not rational.

If Z =[z1: 22 23], then §"(Z) = [21 + nza : 22 : \'z3] and §7"(Z) = [21 — nza :
29 : A" z3). Tt follows that §"(Z) — e, and §~"(Z) — e; whenever Z € P2 —&7, 5.
If x is rational, then L1(§) = {e1}. If = is not rational, then § acts as an elliptic
transformation on &7, e4 which has infinite order, so Li(9) = &1, €.

A similar argument to the one used in i) shows that §* ——= €1 uniformly

on compact subsets of P2\ &, e3. Therefore one has La(§) = {e1} and Qkw((§)) C
Eq ((g)). Hence the claim Qku((§)) = Eq((g)) follows from Corollary 3.3.5. O

Proposition 4.2.12. If § € PSL(3,C) is a transformation conjugate to a parabolic
element of PU(2,1), then § is parabolic according to Definition 4.2.8.

Proof. Tt suffices to specify the families T;., r € R, when ¢ is induced by one of the
following matrices:

110 110 ¢1 0
o010, lo11],loc¢ o |, =1
00 1 00 1 00 ¢2

In the first case,

T, ={[z1: 22 23] | 7"|zg|2 + |23\2 +i(Z1z2 — 2122) =0}, reR;
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in the second case,
T, = {[z1: 20 : 23] | |22 + 7|23]> — (F123 + 2153) — %(7223 + 2073) =0}, reR;
finally, in the third case,

T = {[o1: 22 23] | rloal? + |28 +i((Zize — (2%2) = 0}, r€R.
Proposition 4.2.10 and an easy computation prove that each family 7). satisfies

the conditions in Definition 4.2.8. O

Definition 4.2.13. The parabolic transformation § € PSL(3,C) is called rational
(respectively irrational) if it has a lift such that the quotient of two different
eigenvalues is equal to e*™® with z rational (respectively irrational). In either
case, the transformation is

(i) unipotent, if it has a lift to SL(3,C) such that every eigenvalue is equal to 1;
(ii) ellipto-parabolic if it is not unipotent.

We remark that the element § € PSL(3, C) is parabolic if and only if g has a
lift g € SL(3,C), nondiagonalizable, such that every eigenvalue has module 1. It
follows that a unipotent parabolic element has a Jordan normal form of the type

110 110
o101, [o0o11
00 1 00 1

In the case of an ellipto-parabolic element, the normal form is:

c1 0
0 ¢ 0 |, Kl=1,¢#1
00 (2

4.2.3 Loxodromic Transformations in PSL(3, C)

Recall that a loxodromic element ¢ in PU(2,1) by definition has two fixed points
in p,q € OHZ. One of these points is repelling, the other attracting. These two
points determine a complex geodesic in HZ , which is the intersection of HZ with
the projective line in P% passing trough p,q. The restriction of § to this line is
loxodromic as an element in PSL(2, C). Notice that the 3-sphere 8]1-]1(2C splits IP(QC in
two connected components: one is the ball H%, the other is IE”?C \ H?C, diffeomorphic
to the total space of the Hopf bundle over P{. Given a loxodromic element §
in PU(2,1) one can always choose a small enough 3-sphere with centre at the
attracting point such that Q(W UX) C X, where X is the connected components
of P% — W containing the attracting point. We will see below that this property
characterises the loxodromic elements.
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Definition 4.2.14. The element g € PSL(3,C) is called lozodromic if there is a
3-sphere W in ]P’(QC7 such that g(W UX;) C X;, for some i = 1,2, where X; and X,
are the connected components of ]P’?C —-W.

We will show that, unlike the parabolic and the elliptic transformations
which are all conjugate to elements in PU(2,1), there are loxodromic elements
in PSL(3,C) which are not conjugate to elements in PU(2,1) (see Proposition
4.2.23 below). In fact we give necesary and sufficient conditions to decide whether
or not a loxodromic element is conjugate to an element in PU(2, 1), see Theorem
4.3.3.

Proposition 4.2.15. If § € PSL(3,C) is loxodromic, then § has infinite order and
the set Lo(§) U L1(g) is not connected.

Proof. That § has infinite order is obvious since there is an invariant ball in which it
is a contraction. In fact, let W be a 3-sphere as in Definition 4.2.14 and X;, i = 1, 2,
the corresponding connected component of ]P’% —W. Assume that Q(WUXl) C Xy,
then g"(W) C X for every n € N. This implies that §"(w) # w for every w € W
and every n € N. It follows that § has infinite order.

We see that W N (Lo(§) UL1(§)) = @, because there exists a neighbourhood
of W on which (g) acts discontinuously. The hypothesis GgW UXy) C Xy, the
equality W N (Lo(§)UL1(§)) = @ and the fact that W UX; is compact 1mply that
X1 N (Lo(§) U L1(§)) # @. An analogous reasoning, using the inclusion §~' (W U
X3) C Xy, proves that Xo N (Lo(g) U L1(§)) # ©. Hence Lo(g) U L1(g) is not
connected. g

Example 4.2.16. The transformation § € PSL(3,C) induced by a diagonal matrix
with entries A1, A2, A3, where |\;| < |A3] for ¢« = 1,2, is a loxodromic transfor-
mation. In particular, the loxodromic transformations in PU(2,1) are loxodromic
transformations when considered as elements of PSL(3, C).

Proof. We take W = {[21 : 22 : 23] € PZ : |21|* + |22|? — |23]? = 0} = OHZ, then
the ball Xy = {[v] € P2 : |z1]? + |22/> — |23]* < 0} is one of the components of
P2\ W.If Z = [21: 2 : 23] € WNXy, and [A] = max{|A,], [Aa|}, then:

Az + haze? AP (2] + [22%) < IAPJzs]? < [Aazs]?.
Therefore, §(Z) = [M121 : Aaza : A323] € X;. O

Example 4.2.17. The transformation § € PSL(3,C), induced by a matrix of the
form

Ao 10
g= 0 )‘1 0 )
0 0 X

where |A1| # |Az|, is a loxodromic transformation.
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Proof. We can assume, conjugating and inverting if needed, that § is induced by
a matrix of the form

, Al >land0<e<1—|Al

O O =
S =0
> O O

We work with homogeneous coordinates. If Z = [z1 : 25 : 1] € HZ U OHZ, then
211+ |22 < 1, and ¢ = |z1 +czo i 291 Al us, g € 1 and only 1
2 2<1 d g(Z Al. Thus, g(Z H%'f d only if
|21 + cz2|? + |22]? — |A|? < 0. Finally,
|21+ ezl + |22l — (AP = 2] + 2eR(2173) + |21 + |22]* — A
<+ 2c+1— |\
< (A=D1 +2(]A| =) +1— AP
=0.
Therefore g is loxodromic. O

Definition 4.2.18. Every transformation in PSL(3,C) conjugate to a transforma-
tion as in Example 4.2.17 is called a lozo-parabolic transformation.

Proposition 4.2.19. If § is a lozo-parabolic transformation, with fixed points eq,e3,
then Lo(j) = {e1,es} = L1(3) and Ly(§) = &1, 5 U &1, es, where &1, ¢4 is a j-
invariant line, and § acts as a classical parabolic transformation on m. More-
over, one has Eq((3)) = Qxu({g))

Proof. We can assume that ¢ has a lift to GL (3, C) of the form

11
0 1
0 0

> O O

where |[A| > 1. In this case, ey = [1: 0: 0], e =[0:1:0], e3 =1[0:0: 1]; and
clearly Lo(§) = {e1, es}. We see that §"(Z) — e3 as n — oo, whenever Z ¢ &1, e5;
and §"(Z) — e; as n — —oo, whenever Z € P2\ {e3}. When we restrict the action
to &1, €5, the orbit of every point accumulates at e;. Therefore Li(g) = {e1,es3}.

One has that §"(-) — e3 and g~ "(-) = e; as n — oo, uniformly on compact
subsets of P2\ (&1, e3 U &1, e3). Hence P2\ (&1, e5 U ép,e5) € Eq((9)).

We now have to show that PZ \ (Km U &1, e5) D Eq((g)), but this is an
immediate consequence of Corollary 3.3.5.

Now observe that Proposition 3.3.6 implies that Ly(§) C é1,e3 U &1, €3, as
stated.

Next we see that the sequence {[n : A" : nzs]}nen goes to es & Lo(§) U L1(g)
as n — 00, and §"([n: A" :nzg)) = [l + 55 : + : 23] goes to [1:0: 23] as n — oco.

Therefore, &1, ¢4 C L(g). Finally, [1+ 55 +1 12 1 1] = [1:0: 1] ¢ Lo(§) UL (3)
asn —ooand g ([1+ 5= +2:2:1) =[\"+n: A% :n] = [1:2:0]as

n — oo. Therefore, &1, €5 C Ly(g). O
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Proposition 4.2.20. The element g € PSL(3,C) is lozodromic if and only if it has
a lift g € SL(3,C) with at least two eigenvalues of different module.

Proof. Assume § has a lift g € SL(3,C) with at least two eigenvalues of different
module, then there are two cases according to whether ¢ is diagonalizable or not.

If g is diagonalizable, then Example 4.2.16 shows g is loxodromic. If g is not
diagonalizable, then Example 4.2.17 shows § is loxodromic.

Conversely, we assume § has a lift g € SL(3,C) whose eigenvalues have the
same module. We have two possibilities: If ¢ is diagonalizable then § is elliptic
and Proposition 4.2.7 implies Ly(g) U L1(§) = @ or PZ. Then Proposition 4.2.15
implies ¢ is not loxodromic. If ¢ is not diagonalizable, then g is parabolic and
Propositions 4.2.10 and 4.2.15 imply ¢ is not loxodromic. U

Definition 4.2.21. The element § € PSL(3,C) is called a complex homothety if it
is conjugate to an element induced by a diagonal matrix
A1
g= )‘1 )
A2
where |/\1| 7é |>\2|
Definition 4.2.22. The element § € PSL(3,C) is called a rational screw (respec-
tively irrational screw) if it is not a complex homothety and it is conjugate to an
element induced by a diagonal matrix
A1
g= )‘2 )
A3
where [A\1] = |X2| # |A3], A1/ X2 = €*™@ with x € Q (respectively z € R — Q).
We remark that the complex homotheties and the screws are loxodromic

transformations.
Proposition 4.2.23. (i) If § is a complex homothety whose fized point set consists
of a line R and a point Z; ¢ R, then Lo(§) = L1(§) = L2(g) = RU{Zs}.
(ii) If g is a screw with fized points ey, es, €3, then

Lo(d) = { s esU{esy if g is rational,

{e1,e2,e3} if ¢ 1s irrational.
In both cases we have L1(§) = é1,e3U{es} = L2(g) and § acts as a classical
elliptic transformation on the invariant line & es.

Proof. (i) We can assume § has a lift g € SL(3,C) of the form

A1 0 0

0 M 0 |,
0 0 X
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where [A1] < |A2|. Then Ry = {[z1 : 20 : 23] € P2 |23 =0}, Zy = [0:0: 1]
follows that Lo(§) = Ry U{Zs}. If Z = [21 : 22 : 23] & Lo(g), then §"(Z) — Z; as
n — oo, and §~"(Z) = [z1 : 22 : 0] € Ry as n — oo. Therefore, L1(§) = L =
Ry U{Zs}.

We now prove that Lo(§) = Ry U {Zs}. Let K be a compact subset of
P2\ (RfU{Zs}). There exists € > 0 such that K C K where KV is the image,
under the canonical projection 7 : S5 — P2, of the set {(z1, 22, 23) € S° | |23] > €}.

The inequality ‘/\1‘2_‘_}??};16'12'2"62 < cos?(d(g™(k), Zs)) <1, forallk € K,
(3)

implies that §"(-) = Z; as n — oo uniformly on K¢
point of the family of compact sets {§"(K)}nen-
Let p : P2 — {Z;} — Ry, be the function defined by p([z1 : 22 : 23]) = [21 :
0]. Given that K C PZ — (R; U{Z;}), there exists § > 0 such that K C Cs,
where Cj is the compact subset 7({(21, 22, 23) € S® | |21]* + |22]* > 6}).

The inequality M% < cos?(d(g7™(Z),p(2))) <1, for all Z € Cs,

implies that §~"|c, — plc, uniformly as n — oo. Hence P2 \ (R;y U {Z;}) =
Eq({g)). On the other hand the cluster points of the family of compact sets
{§7™(K)}nen are contained in Ry. Therefore Ly(g) C Ry U{Zs} and it is easy
to check that Ry U {Zf} C L2(g). We conclude that Ry U {Z;} = L2(g). This
completes the proof of (i).

. Thus Z; is the only cluster

Let us now prove (ii). We can assume that § has a lift to SL(3,C) of the
form,

M 0 0
0 X 0 |,
0 0 A

where [A1] = |A2] > |A3]. In this case,e; =[1:0:0],e2=[0:1:0],e3=1[0:0:1].
Clearly
Lo(§) = { &1, 65 U{esy if § is rational,

{e1,e2,e3} if g is irrational.
To complete the proof of statement (ii) we need the following lemma.

Lemma 4.2.24. Let § be a screw with fized points e1,ea,e3. If Z = [z1 : 29 : 23] €
P2\ {e1,e2,e3}, then:

a) Let d(,) denote the distance with respect to the Fubini-Study metric. Then
the sequence d(g"('),él,eg) converges to 0 uniformly on compact subsets of
PZ\ {e3} as n — occ.

b) The sequence G~ "™(-) converges to ez uniformly on compact subsets of P% —
1,2 as n — O0.

Proof. Let K C P2\ {e3} be a compact set and Z = [21 : 29 : 23] € K. There
exists § > 0 such that K C Cs, where

Cs = 7'('({(2’1,22,2’3) € SS : |Zl|2 + |22|2 > 5}),
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and 7:S° — ]P’(% is the canonical projection. We have that
d(gn(z)7§1a€2) < d(gn(z)’ P‘Tllzl : )‘SZQ : O])

Thus

[21® + |22 < cos(d(§"(2), 67e8)) < 1
12+ a2 + |22z IR =

Hence

@y < @) EE) <1

which proves a).

In order to prove b), let K C P(Qc\gh e3 be a compact subset and Z € K. There

exists € > 0 such that K ¢ K, where k¥ = 7({(21,22,23) € S5 : |23] > €}).
We have that

A3 " 2]

2 n
cos“(d Z),e3)) = )
( (g ( ) 3)) |>\1_nzl|2 n |>\2—nz2|2 + |)\3_n2:3|2

SO

|Ag|~2"€? < cos?(d(§™(Z),e3)) <1,
2+ D2 a7 = .

which proves b). O

We now observe that Lemma 4.2.24 implies that Li(§) C é1,e5 U {es} and
e3 € L1(§). When § is a rational screw there exists k& € N such that A\¥ = \§,
then §"%(Z) — [z1 : 22 : 0] as n — 00, hence &1, €5 U {es} = Li(§). If § is an
irational screw, then ¢ is elliptic of infinite order. Hence in both cases we

1,€2
have Ll(g) = gl, es U {63}.

Notice that Lemma 4.2.24 implies that Ly(§) C é1,e3 U {es}, and it is easy

to prove that &, ¢5 U {es} C La(9). O

Corollary 4.2.25. Let g € PSL(3,C) be a screw or a homothety. Then Eq ((g)) =
él, ey U {63}.

Definition 4.2.26. The transformation ¢ is called strongly lozodromic if there exist
two 3-spheres in PZ, say T and T(®, such that (7™ U By) C By, g~ (T® U
Bs) C By, and B; N By = &, where B;, i = 1,2, is the connected component of
P2\ T which is diffeomorphic to an open ball in C2.

Proposition 4.2.27. The transformation § € PSL(3, C) is strongly loxodromic if and
only if there exists a lift g € SL(3,C) whose eigenvalues have pairwise different
modules.
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Proof. Assume that g € SL(3,C) is a lift of § whose eigenvalues have pairwise
different modules. We can assume further that g has the form

Al
g = A2 )
A3

with |)\1| < ‘)\2| < |)\3|

We take the 3-spheres T(1) = {[z1 : 29 : 23] € PZ : |21]2 + |22? = |23]?}, and
TP = {[21 : 29 : 23] € PZ : |2 + \Z3|2 |z1|?}, then §(T™ U B;) € B, and
g~ (T® U By) C By, where B; is the connected component of P4 \ 7)) which is
diffeomorphic to an open ball.

Conversely, we assume § is strongly loxodromic. Since § is loxodromic, there
exists a lift g € SL(3,C) with at least two eigenvalues of different module.

We claim g must be diagonalizable. Suppose this does not happen, i.e., g
is not diagonalizable, then § is loxo-parabolic. Thus § has two fixed points, two
invariant complex lines, and § acts as a parabolic transformation on one of these
lines. We take T y T3 such that

Q(T(l) UB;) C B, (1)
GHTP UB,) C By, (2)

where B;, i = 1,2, is the connected component of IE”?C — T which is diffeomorphic
to an open ball. Brouwer’s fixed point theorem together with equations (1) and
(2), imply that each set B;, i = 1,2, contains precisely one fixed point of . The
g-invariant line on which § acts as a parabolic transformation intersects one of the
sets B;, i = 1,2, in a disc. This disc is mapped by § or ¢~! to its interior, but
this can only happen when g is loxodromic on that line, which is a contradiction.
Therefore g is diagonalizable.

If g is diagonalizable with two eigenvalues having the same module, then g
has an invariant complex line on which § acts as an elliptic transformation. A
reasoning similar to that above proves that § is loxodromic and elliptic on the
same line, a contradiction. Therefore g cannot have two eigenvalues with the same
module. g

Proposition 4.2.28. Let g € PSL(3,C) be a strongly loxodromic transformation

with fized points ey, eqs,es. Then Lo(§) = {e1,ea,e3} = Ll( ), where es is an

attmctmg point in P2 \m and 61 s a repelling point in ]P’(C \m Furthermore
— e} Uénel = B2\ Eq((3).

Proof. We can assume that § has a lift h € SL(3,C) of the form
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where 0 < |A1] < |A2| < |A3]. In this case e = [1 : 0 : 0], e2 = [0 : 1 : 0],
es = [0 : 0 : 1]. The fixed points of g™ are ej,eq,e3 for every n € Z, then
Lo(g) = {61, €9, 63}.

One has that §"(-) — e3 as n — oo, uniformly on compact subsets of PZ \
m); and §~"(-) — e; as n — oo, uniformly on compact subsets of P%\m). Now
applying Corollary 3.3.5 we deduce that Eq((g)) = PZ\ (é1,e5 U &, €5). On the
other hand observe that when we restrict g to the line &1, e5 we obtain a loxodromic
transformation such that e, is an attracting point and e; is a repelling point. When
we restrict g to the line m we obtain a loxodromic transformation such that es
is an attracting point and es is a repelling point. Therefore L1 () = {e1, e2, e3}.

Proposition 3.3.6 implies Lo(g) C mum. To prove that m@m C
L2(g) we take the compact set

K= {[Zl 129 2’3] | |22|2 + ‘23|2 = ‘21|2} C P(% \ {61,62,63}.
If[0: 2 : 23] € &5, €5 \ {es}, we take the sequence
ko = (522 + N5 23%) 2 Az s Mz € K, neN,

and we see that

AN (1.1 )‘7112 2 2
g(k):[)\—n |23|%) : 22 : 23] = [0: 22 : 23]
2

)\n
2, |22
(=l + |55

as n — 0o. Then the point [0 : 25 : 23] is a cluster point of the family of compact
sets ¢"(K). This implies that [0 : 29 : 23] € La(§), and clearly e3 € La(§). Then
&.¢5 C Lo(§). An analogous reasoning applied to ¢—' implies &es C Ly(9).
Therefore Ly(g) = m U m. O

4.3 The classification theorems

We summarise in the classification theorems below, the information obtained in
the previous section. We prove as well the algebraic classification of the elements
in PSL(3, C) according to their trace.

Theorem 4.3.1. (i) FEvery element in PSL(3,C) \ {Id} is of one and only one of
the classes we have defined: elliptic, parabolic or loxodromic. Moreover:

(i1) An elliptic transformation belongs to one and only one of the following
classes: regular (it has a lift whose eigenvalues are pairwise different) or
conjugate to a complex reflection (it has a lift such that two eigenvalues are
repeated).

(iii) A parabolic transformation belongs to one and only one of the following
classes: unipotent (it has a lift whose eigenvalues are equal to one), or ellipto-
parabolic (it is not unipotent).
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(iv) A lozodromic element belongs to one and only one of the following four
classes: loxo-parabolic, homothety, screw or strongly loxodromic.

Proof. Let § be an element in PSL(3,C) \ {Id}, and g € SL(3,C) a lift with
eigenvalues \;, i = 1,2,3. We have the following cases:

1) g has repeated eigenvalues.

a) |\ =1,i=1,2,3.
e § is conjugate to a complex reflection if and only if ¢ is diagonal-
izable (Corollary 4.2.4).

e ¢ is parabolic unipotent or ellipto-parabolic if and only if g is not
diagonalizable. In this case, whether ¢ is parabolic unipotent or
ellipto-parabolic depends on whether \; € C3 for all i = 1,2, 3, or
not. As before, C3 = {1,w,w?} is the set of cubic roots of unity.

b) If |\;] # 1 for some ¢ = 1,2, 3, then ¢ is loxodromic (Proposition 4.2.20),
and:
e ¢ is a complex homothety if and only if ¢ is diagonalizable.

e ¢ is loxo-parabolic if and only if g is not diagonalizable.
2) ¢ has no repeated eigenvalues.

a) ¢ is elliptic if and only if the eigenvalues have the same module (equal
to 1) (Corollary 4.2.4).

b) ¢ is a screw if and only if there are precisely two eigenvalues having the
same module.

c) ¢ 1is strongly loxodromic if and only if |\;| # || when ¢ # j (Proposition
4.2.27). 0

To state the classification theorem according to trace (Theorem 4.3.3) we have
to introduce new terminology: a regular lozodromic transformation is a loxodromic
transformation which has a lift such that all its eigenvalues are pairwise different.
Notice that every regular loxodromic transformation is strongly loxodromic or a
screw, and conversely.

Having these remarks in mind, it is easy to see that all the classes of elements
cited in Theorem 4.3.3 form a partition of PSL(3, C). We remark that every elliptic,
parabolic or loxodromic element in PU(2,1) is in one of the corresponding classes
in PSL(3,C).

Lemma 4.3.2. For each element g € SL(3,C) we denote by 7(g) its trace and by
g its conjugate, i.e., the matriz whose entries are the complex conjugate of the
entries in g. Let g € SL(3,C). Then the set of eigenvalues of g is invariant under
inversion on the unit circle if and only if T(¢g~ ') = 7(g).
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Proof. Let A\;, i = 1,2,3 be the eigenvalues of g. If the set {A1, A2, A3} is invariant
under inversion on the unitary circle, then 7(¢~!) = 7(g). To prove the converse
it suffices to show that g and (¢g)~! have the same characteristic polynomial. The
characteristic polynomial of ¢ is x,(t) = t3 — 2t? + yt — 1, where z = 7(g) and
y = 7(g7"), but the hypothesis implies that 7(g) = 7(g~1) and 7(¢7!) = 7(g) =
7((g~')~"). Therefore x, = XG=T O

The following theorem extends in a natural way the theorem of classification
of elements of SU(2, 1) according to trace (Theorem 2.4.9).

Theorem 4.3.3. Let F(xz,y) be the complex polynomial
F(x,y) = 2%y* — 4(2® + ) + 18zy — 27,

and g € SL(3,C). Assume that § is the transformation of PSL(3,C) induced by g.
Then the transformation § is:

(i) Regular elliptic if and only if T(g) = 7(9~") and F((g),7(g)) < 0.

(i) Complex hyperbolic and lozodromic if and only if 7(9) = 7(g7') and
F(r(g),7(g)) > 0.

(iii) Ellipto-parabolic if and only if (g) = (g7 1), F(7(g9),7(9)) =0, 7(g9) ¢ 3Cs,
and g is not elliptic.

(iv) Conjugate to a complex reflection if and only if § is elliptic, T(g) ¢ 3Cs,
7(9) =7(g7") and F(7(g),7(g)) = 0.

(v) Unipotent parabolic transformation if and only if T(g) € 3Cs, 7(g7 ') = 7(g)
and g is not the identity element.

(vi) Regular lozodromic but not complex hyperbolic if and only if 7(g) # (g~ ")
and F((g),7(97")) # 0.

(vii) A complex homothety if and only if g is diagonalizable, T(g) # 7(g~1) and
F(r(g9),7(g7")) = 0.

(viii) Lozo-parabolic if and only if 7(g) # (9~ "Y), F(7(g),7(g~")) =0, and 7(g) is
not diagonalizable.

Proof The characteristic polynomial of g has the form x,(t) = t3 — 7(g)t* +
(g1t — 1, so g has repeated eigenvalues if and only if the discriminant of Xgs
i.e., the complex number f(7(g),7(g~")), is equal to 0. However F' = — f, therefore
g has repeated eigenvalues if and only if F(7(g),7(g7 1)) = 0.

(i) Assume g is regular elliptic, then g is conjugate to a regular elliptic element
in PU(2,1). Therefore every eigenvalue of g has module 1, 7(g~!) = 7(g) and,
by Theorem 2.4.9, F(7(g),7(g)) < 0. Conversely, given that 7(g~%) = 7(g),
the set of eigenvalues of g is invariant under inversion on the unitary circle.
Given that F(7(g),7(g)) < 0, Corollary 2.4.13 implies that the eigenvalues

of g are pairwise different and have module 1. Therefore g is regular elliptic.
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Assume § is complex hyperbolic and loxodromic, then it is conjugate to a

loxodromic element in PU(2,1). Therefore 7(¢~!) = 7(g) and, by Theorem

2.4.9, F(1(g),7(g)) > 0.

Conversely, given that 7(¢g71) = 7(g) and F(7(g),7(g)) > 0, then the
set of eigenvalues of g is invariant under inversion on the unitary circle and,
by Corollary 2.4.13, only one of them has module 1. It follows that g is
conjugate to a transformation of the form

retfo
_ —2i6)
A= e~ <o . ,
1gibo
T

where, 0 < r < 1. Let u € R be such that r = e~ . It is possible to find a
matrix B such that BAB™! has the form

cosh(u)eo 0 sinh(u)ei?
0 e 20 0
sinh(u)ei? 0 cosh(u)et%

We conclude that ¢ is complex hyperbolic.

Assume g is ellipto-parabolic, then every eigenvalue of g has module 1, so
7(g71) = 7(g). Moreover, F(7(g),7(g)) = 0, because g has a repeated eigen-
value. Clearly g is not elliptic. Finally, 7(g) ¢ 3C5 (otherwise § would be

unipotent).

Conversely, if 7(g71) = 7(g), then the set of eigenvalues of g is invariant
under inversion on the unitary circle. On the other hand, F(7(g),7(g)) =0
implies g has repeated eigenvalues, so every eigenvalue has module 1. We
have that 7(g) ¢ 3Cs, it follows that ¢ has precisely two different eigenvalues.
By hypothesis, ¢ is not elliptic, then ¢ is not diagonalizable, therefore ¢ is

ellipto-parabolic.

Assume g is conjugate to a complex reflection, then it is elliptic and g has an

eigenvalue of multiplicity 2. It follows that 7(¢g=1) = 7(g), F((g),7(g9)) =0
and 7(g) ¢ 3Cs.

Conversely, 7(¢7') = 7(g) implies that the set of eigenvalues of g is
invariant under inversion on the unitary circle. The equation F(7(g),7(g)) =
0 implies that g has repeated eigenvalues, and it follows that every eigenvalue
of g has module 1. Given that 7(g) ¢ 3Cs5, then one of the eigenvalues of g
has multiplicity 2. By hypothesis g is elliptic, therefore § is conjugate to a
complex reflection.

If § is parabolic unipotent, then clearly 7(g) € 3C3 and 7(g71) = 7(g).

Conversely, if 7(g) € 3C3 and 7(¢~!) = 7(g), then the characteristic
polynomial of g has the form ¢> — 3wt? + 3w?t — 1, where w? = 1. Then every
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eigenvalue of g is equal to w and given that g is not the identity we conclude
that g is parabolic unipotent.

Assume g is regular loxodromic but not complex hyperbolic, then the eigen-
values of g have not the same module. If 7(g~*) = 7(g), then g would be
complex hyperbolic. It follows that 7(g~1) # 7(g). Now, F(7(g),7(g)) # 0
because ¢ is regular.

Conversely, if F(7(g),7(g)) # 0, then § is regular. Now the eigenvalues
of g have not the same module (otherwise every eigenvalue has module 1 and
therefore 7(g~1) = 7(g) ). It follows that § is loxodromic. Finally, § is not
complex hyperbolic because 7(g7 ') # 7(g).

Assume § is a complex homothety, then ¢ is diagonalizable, it has an eigen-
value with multiplicity equal to 2, and the eigenvalues do not have the same
module. Then 7(g7!) # 7(g) (otherwise the set of eigenvalues is invariant
under the inversion on the unitary circle, and in this case every eigenvalue
has module 1), and clearly F(7(g),7(g)) = 0.

Conversely, if F(7(g),7(g)) = 0, then g has a repeated eigenvalue. The
hypothesis 7(g7!) # 7(g) implies that the eigenvalues have not the same
module. Finally, g is diagonalizable, therefore § is a complex homothety.

Assume § is loxo-parabolic, then ¢ has an eigenvalue with multiplicity 2, and
the eigenvalues of g do not have the same module. Therefore F(7(g),7(g)) =

0, 7(g7 1) # 7(g) and g is not diagonalizable.

Conversely, assume g is not diagonalizable and 7(g~') # T( ), then
has one eigenvalue of module not equal to 1 (otherwise, 7(¢7%) = 7(g )
Therefore g is loxo-parabolic.

D\_/

The following table summarises the descriptions of the limit set in the sense

of Kulkarni, the maximal regions of discontinuity and equicontinuity regions for
cyclic groups, in terms of the normal Jordan form of the generator:
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Normal Form
of %

Condition over
the A\’s

Transfor-
mation Type

Sub-type

Qrui(< v >)

Eq (< v >)

Maximal Regions
of Discontinuity

None

Parabolic

Unipotent

P2\ &1 e3

QRul(< v >)

Qru(< v >)

A10 0
0 A0
00 (ArAg)~?

N AT _\T —
AP =AT =2 =1
for some n

Elliptic

Regular if
Azl £
Complex Reflection

i A Ay =1

Qe (< v >)

Qa1 (< v >)

[A1]=|A2|=1 and
ywp?am::

Elliptic

Regular if
Apagt# L
Complex Reflection
. -1 _

if ApAgy T =1.

Qa1 (< v >)

A3l #
and |

N>

—

LN
[

A2l,

>

Loxodromic

Complex Homothety
if Ayt =1
Rational screw if
MA;l #1isa
root of unity

Irrational screw,
in other case

P2\ (57763 U {e3z})

QRul(< v >)

Qrul(< v >)

A1 <[A2] <[As]

Loxodromic

Strongly
Loxodromic

P2\ (57,e3 U & e3)

QRul(< v >)

am:ﬁdc?ty
PZ\ (&37e3 U {e1})

A1l =1

Parabolic

Rational
Ellipto-Parabolic,
if A # 1 is a root
of unity

Irational
Ellipto-Parabolic,
in other case

P2\ &1 e

Qru (< v >)

Qi (< v >)

A1l #1

Loxodromic

Loxo-parabolic

P2\ (1 e3 U &L ed)

QKu(< v >)

P2\ (¢7,€3 U {ez}),
v2 - &5t
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From the previous discussion we also obtain information about the set of
invariant lines for each cyclic group. This information is given in the table below
and it will be used later in the text:

Corollary 4.3.4 (See [41]). Let v € PSL3(C) — {Id} and 4 be a lift of v. Consider
the normal Jordan form of 7. Then the set of v-invariant lines is given by:

Normal Form

Condition over the X’s

Invariant Lines

X1 O 0

0 Xy O

0 0 A3
=1

A1 # Ag # A3 # Xy

Al = A # A3

{&17e3. &1 3. &3 e3)

{E1,€3} U {The set of projective lines through e3}

A1 0 A #£1 {&7e3, & e3)
0 A1 O
0 0 A2
1 A =1 { The set of projective lines through eq }
11 o0
0o 1 1 {&1e3)
0 0 1

Remark 4.3.5. It is natural to search for a classification of the elements in PSL(n+
1, C) generalizing the results described in this chapter for the case n = 2. There are
several articles in this direction by K. Gongopadhyay, J. R. Parker and others, clas-
sifying the transformations which are isometries of either complex or quaternionic
hyperbolic spaces. See for instance [170], [43], [73] and [74], where the authors give
algebraic characterizations of the isometries in complex and quaternionic projec-
tive spaces. Notice too that all these transformations are isometries of spaces which
are Gromov-hyperbolic, so their study actually fits within that general framework
(see for instance [32]).

A classification of the elements in PSL(n 4+ 1,C) in general has been done
recently in [39], generalizing the results explained in this chapter. This is in terms
of the dynamics and the eigenvalues of the corresponding transformations. They
describe in each case the corresponding Kulkarni limit set, as well as the regions
of discontinuity, of equicontinuity, and the maximal region where the action is
properly discontinuous. It remains to give an algebraic characterization of the
elements in PSL(n+ 1, C), extending to this setting the known results for complex
and quaternionic hyperbolic isometries.



Chapter 5

Kleinian Groups with a Control
Group

Nowadays the literature and the knowledge about subgroups of PSL(2,C) is vast.
Thence, when going up into higher dimensions, a natural step is to consider
Kleinian subgroups of PSL(3,C) whose geometry and dynamics are “governed”
by a subgroup of PSL(2,C). That is the subject we address in this chapter. The
corresponding subgroup in PSL(2,C) is the control group. These groups play a
significant role in the classification theorems we give in Chapter 8. The simplest
of these are the groups constructed by suspension, already mentioned in Chapter
3. That construction extracts discrete subgroups of PSL(n 4+ 1,C) from discrete
subgroups of PSL(n, C). More generally, if a subgroup I' C PSL(n + 1,C) acts on
P with a fixed point p, then a choice of a projective hyperplane £ C Pg \ {p}
defines canonically a holomorphic fibre bundle 7, o : PE \ {p} — £, that gives rise
to a group homomorphism

II:=1I, . : PSL(n+1,C) — PSL(n,C),

which is independent of the choice of £ up to conjugation in PSL(n + 1, C). Then
II(T") ¢ PSL(n,C) is the control group of I'. Under appropriate conditions, the
control group indeed dictates much of the dynamics and the geometry of the I'-
action on Pg. If, for instance, I' is the suspension of a Kleinian subgroup ¥ C
PSL(n,C), then X itself is the control group. In the general setting of discrete
subgroups of PSL(3,C) with a control group in PSL(2, C), one can have that the
control group II(T") is nondiscrete, even if I' C PSL(n + 1, C) is discrete.

Hence we begin this chapter, which is based on [41], by studying nondiscrete
subgroups of PSL(2, C). We look at their limit set in the sense of [76], which turns
out to be the complement of the equicontinuity region in the Riemann sphere (no-
tice that for nondiscrete groups the region of discontinuity is empty by definition).
Then we classify the nondiscrete groups whose region of equicontinuity misses at

A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 119
DOI 10.1007/978-3-0348-0481-3_5, © Springer Basel 2013
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most two points in the Riemann sphere: the elementary groups, as in the discrete
case. This is used in the sequel.

Next, we study the suspension constructions as given in [201] and generalised
in [160], [41]. Using the corresponding control group we determine the Kulkarni
limit set of the suspension group, and we show that this coincides with the com-
plement of the equicontinuity region. We then look at subgroups I' € PSL(3,C)
having a control group in PSL(2,C). We show that under a certain hypothesis,
the equicontinuity region in P§ of the control group determines the equicontinuity
region Eq (I') in PZ, as well as its Kulkarni limit set and the corresponding region
of discontinuity. These results are used in the following chapter.

5.1 PSL(2,C) revisited: nondiscrete subgroups

We recall (see Definition 1.2.20) that given a subgroup ¥ C PSL(2, C), its equicon-
tinuity region Eq (X) in IE”}C is the set of points having an open neighbourhood where
Y forms a normal family. In Theorem 1.2.21 we proved that for discrete subgroups
of PSL(2, C), the equicontinuity and discontinuity regions coincide. For nondiscrete
subgroups of PSL(2,C) the concept of “discontinuity” is not interesting, since the
discontinuity region is always empty, by definition. Now it is equicontinuity that
plays a significant role.

We consider the usual identification of PSL(2,C) with the isometries group
of the hyperbolic 3-space HZ, and the corresponding identification of P{ with the
Riemann sphere regarded as the sphere at infinity S, := OHZ (see Chapter 1).

Throughout this chapter ¥ denotes a possibly nondiscrete subgroup of
PSL(2,C).

Definition 5.1.1. The limit set of ¥ in the sense of Greenberg (see [76]), denoted
by Ag,(¥), is the intersection with S% of the set of accumulation points of the
orbits of points in H3.

Of course this is the usual limit set when the group is discrete.

Definition 5.1.2. The (nondiscrete) group ¥ is elementary if its equicontinuity set
omits at most 2 points in P}C.

5.1.1 Main theorems for nondiscrete subgroups of PSL(2,C)

We prove in the sequel that as in the case of discrete groups, if 3 is elementary,
then its limit set contains at most two points. Moreover, we will prove the two
theorems below.

Theorem 5.1.3. Let ¥ C PSL(2,C) be a nondiscrete group. Then:

(i) The limit set Agr(X) equals PL \ Eq(X), the complement of the region of
equicontinuity in Pg.
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(ii) If ¥ is nonelementary, then the limit set Ag,(X) is independent of the choice
of orbit used to define it.

(i) If ¥ is nonelementary and Eq (X) is nonempty, then up to conjugation by an
element of Mob(C), one has that Ag,(X) is a real projective line: Ag,.(X) =
R U {o0}.

In the following theorem, we let Epa (C) be the group generated by all the
elliptic and parabolic elements which leave invariant C (see Example 5.2.4 below),
and let Dih o, the infinite dihedral group (see Example 5.2.3).

Theorem 5.1.4. Let ¥ C PSL(2,C) be a nondiscrete elementary group. Then:
(i) Its limit set consists of at most two points.

(ii) Its limit set contains exactly two points if and only if ¥ is conjugate to a
subgroup X, of Mob(C*) such that X, contains a loxodromic element.

(i) Its limit set contains exactly one point if and only if ¥ is conjugale to a
subgroup X, of Epa (C) such that X, contains a parabolic element.

(iv) Its limit set is empty if and only if ¥ is either conjugate to a subgroup X, of
Dih o or S0(3).

Theorem 5.1.4 will follow from Theorems 5.3.7 and 5.1.3.

The main tools for proving these theorems are the following two results due
to Greenberg (see Theorem 1 and Proposition 12 in [76]), that we state without a
proof.

Theorem 5.1.5. Let G be a connected Lie subgroup of PSL(2,C). Then one of the
following assertions applies:

(i) The elements of G have a common fived point in H?, and G is conjugate to
a Lie subgroup of O(3).
(i) The elements of G have a common fized point in P{.
(iii) There exists a hyperbolic geodesic line £ C H? such that ¢ is G-invariant.
(iv) There exists a hyperbolic plane L C H?® such that L is G-invariant.
(v) G=PSL(2,C).

Theorem 5.1.6. Let ¥ C PSL(2,C) be a subgroup with card(Ag, (X)) > 2. Then
Acr(X) is the closure of the lozodromic fized points.

The following proposition is used in the sequel.
Proposition 5.1.7. Let ¥ be a subgroup of PSL(2,C), then:
(i) If v € & is not elliptic, then Fix(y) C P&\ Eq ().

(ii) The set Eq(X) is open and X-invariant.
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(iii) If X is the topological closure of 3. in PSL(2,C), then Eq (%) = Eq ().

Proof. Statement (i) is immediate from Theorem 1.2.21. Statement (ii) is obvious.

For statement (iii) observe that we have trivially Eq(X) C Eq(X). Now take
(Ym) C X, let U C Eq(X) be an open set whose closure is compact and is fully
contained in Eq (X), and 7,, € ¥ such that

doo(Tm |U7 Ym |U)) <27

where do, denotes the metric of the uniform convergence. o
By definition of Eq(X) there is a continuous function 7 : U — P{ and a
subsequence of (7,,), still denoted by (7,,), such that

dm(Tm|ﬁ,T|ﬁ)) < 27m™m,
Now the assertion follows from the following inequality:

doo(’7'|ﬁa ’Ym‘ﬁ) S doo(T|ﬁ, Tm‘ﬁ) + doo(Tm|U7 ’ym|U) S 21—m' O

5.2 Some basic examples

We now give some examples that play a significant role in the sequel because we
will show that up to conjugation, every nondiscrete subgroup of PSL(2,C) with
nonempty region of equicontinuity is a subgroup of one of the groups in Examples
5.2.1 to 5.2.5.

Example 5.2.1. Denote by R the subset RUoo of C = CUoo PL. Notice that this
is a copy of Pk. Let Méb(@) be the subgroup of PSL(2,C) generated by the ele-
ments in PSL(2,R) and a new generator z — —z, i.e., Méb(R) = (PSL(2,R), —z).
Then Ag,(Mob(R)) = R and Eq (Mob(R)) = PL\R = C\R.

The following are examples of elementary groups.

Example 5.2.2. Set Rot o, = {T(z) = az : a € S'} = S!, the group of rotations,
and Dih o = (Rot «, 1/%), the infinite dihedral group. Then the limit set Ag, is
empty in both cases, and we have Eq (Rot o) = Eq (Dih o) = P& \ Agr(Dih o) =
PL.

Example 5.2.3. Consider now the group of all M6bius transformations that leave
invariant C* and denote it by Mob(C*). That is,

Moh(C*) = {T(2) = az, az" ' :a € C*}.
Then Ag,(M6b(C*)) consists of the points {0, 00} and we have:

Eq (M6b(C*)) = Pg \ Ag,(Mob(C*)) = C*.
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Example 5.2.4. The following is an example where the limit set consists of a single
point. Consider the group generated by the set of all elliptic or parabolic elements
in the affine group and denote it by Epa (C). That is

Epa(C)={y(2) =az+0b:|a|=1and b € C}.
Then Ag,(M&b(C*)) = oo and Eq (Epa (C)) = P&\ Ag,(M&b(C*)) = C.

Example 5.2.5. Consider now the group G defined by

G = {( ‘; —c > € PSL(2,C) : a|2+|c|21}.

a

In other words, G is the projectivisation of the group SU(2), which is isomorphic
to the sphere S? (regarded as a Lie group). Hence G is isomorphic to the group of
rotations SO(3), so as a manifold it is diffeomorphic to P3. In this case the limit
set is empty, since no orbit of a point in the ball converges to the sphere at infinity,
and one has Eq (SO(3)) = P¢.

5.3 Elementary groups

In this section we classify the elementary groups: those whose equicontinuity region
misses at most two points in IP’}C.

5.3.1 Groups whose equicontinuity region is the whole sphere

We consider now nondiscrete subgroups of PSL(2,C) whose equicontinuity set is
the whole Riemann sphere. For this we recall the following well-known result that
essentially goes back to A. Cayley in the 19th Century (see for instance [144]).

Theorem 5.3.1. The finite groups of PSL(2,C) are the cyclic, dihedral, tetrahedral,
octahedral and icosahedral groups, up to conjugation.

So if we start with a group whose equicontinuty region is the whole Riemann
sphere, by Proposition 5.1.7 we deduce that X is either finite or a purely elliptic
nondiscrete group. Thus our first problem is finding conditions under which the
composition of a pair of elliptic transformations is elliptic. A way to search for the
solution of this problem is by looking at the fixed points (see [144, p. 11, 12 and
19)):

Lemma 5.3.2. Let f,g € PSL(2,C) be two nontrivial elements, then:

(i) They commute if and only if either they have exactly the same fized point set,
or else each element is elliptic of order 2, and each of them interchanges the
fized points of the other.
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(ii) Assume f has ezactly two fized points. If f, g share exactly one fized point,
then fgf~'g™' is parabolic. If f is loxodromic, then there is a sequence
(gm)men contained in the group (f,g) generated by f,g, of distinct parabolic

elements such that g, ——= 1d uniformly on PL.

Hence the initial problem becomes that of finding conditions so that two
elliptic transformations whose fixed points sets are pairwise disjoint generate a
purely elliptic group. Such a condition, as we see below, is given in terms of the
cross-ratios of the fixed points sets of the elliptic transformations. First we need
the following two technical lemmas from [41]:

a b

Lemma 5.3.3. Let vy = ( e d ) € PSL(2,C) be an elliptic element with Fix(y) =

{1,p} C D. Then:

(i) a=d if and only if p € R.

(ii) If p € R, then |a| =1 if and only if p = 0.
(iii) If p € R, then |a| < 1 if and only if p < 0.

Lemma 5.3.4. Let v1,7v2 € PSL(2,C) be elliptic elements with infinite order, whose
fized points Fix(vy1) = {21, 22}, Fix(y2) = {w1,wa}, are such that their cross-ratio
satisfies [z1; zo;wi;we] € C\ (R- U {0}). Then (y1,7y2) contains a loxodromic
element.

One can also ask if the previous lemma holds when at least one of the elements
appearing in the hypothesis has finite order, however for our purposes it is enough
to consider this case since we always have two distinct elements of infinite order.

We refer to [41] for the proof of these lemmas. Let us now introduce another
interesting family of groups that we use in the sequel.

Definition 5.3.5. For each real number p < 0, the Chinese Rings group at p is
defined as

Cr (p) = (Rot co, Tp_lRot 0oTp) s

where Rot o, is the group of rotations in Example 5.2.2, and 7,(z) is the Mobius
transformation

Z—Dp
(2) = 1

In other words, this group is generated by Rot o, & SO(2) and its conjugate
T, 'Rot o 7,. Hence the generators are all elliptic. Notice also that the fixed points
of the first group are {0,000} while those of the second group are 1 and p, which
is negative. Hence these four points are contained in a real projective line and
they are intercalated. We will see that this property is shared by every pair of
noncommuting elements in the corresponding Chinese Rings group. Notice also
that 7, is an involution, so it coincides with 7,° L

The Chinese Rings groups have the following properties (see [41] for the
proof):
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Proposition 5.3.6. (i) For each v € Cr (p), there is A = €™ such that

pX—Az<+1KA7X)

—1 p—1
V(z) = E—TPs. (5.3.6)
%z + p;\:f\

(ii) For each z € PL, its Cr (—1)-orbit is all of PE.

(iii) One has Cr(—1) = SO(3).

(iv) For each p < 0 there are z, € C and v, € Cr(p) such that (Rot o0,7p) =
Cr(p) and Fix(yp) = {zp, —2p}.

(v) For each p < 0 one has that Cr(p) is conjugate to SO(3).

Now we have:

Theorem 5.3.7. Let X be an infinite subgroup of PSL(2,C) whose equicontinuity
region is the whole sphere. Then ¥ is conjugate to a subgroup of either Dih o, or

SO(3).

Proof. Assume that Cr(p) is not conjugate to a subgroup of Dih . Then we claim
that ¥ contains an elliptic element ; with infinite order. If this is not the case we
have by Proposition 5.1.7 that 3 is a purely elliptic group, where each element has
finite order. Now, by Selberg’s lemma and the classification of the finite groups of
PSL(2,C), Theorem 5.3.1, we deduce that the collection

B = {(A)| A is a nonempty finite subset of X},

is an infinite set where each element is either a cyclic or a dihedral group. From
this and (i) of Lemma 5.3.2 we deduce that ¥ is conjugate to a subgroup of Dih .,
which is a contradiction.

Now, by Lemma 5.3.4 and statement (i) in Lemma 5.3.2, we deduce that if
Fix(y) = Fix(y1) for each element v € ¥ with o(y1) = oo, then vy(Fix(y1)) =
Fix(y1) for each v € ¥ with o(y) < co. Hence X is conjugate to a subgroup of
Dih . Thus we may assume there is an element ~» with infinite order and such
that Fix(y1) # Fix(v2). Then by Proposition 5.1.7 and Lemmas 5.3.3 and 5.3.4,
we can assume that Fix(v2) = {0,000} and Fix(y2) = {1, p} where p < 0. Thence
{(v1,72) = Cr (p). Therefore by property (v) of Example 5.2.5 we can assume that
p = —1. Finally, if 3 € X is another element, by Proposition 5.1.7, the proof of
property (ii) of Cr, the property (iii) of Example 5.2.5 and statement (ii) of Lemma
5.3.2, we deduce that there is 2z € C such that Fix(y3) = {z,Z'}. Hence the proof
of property (ii) of Example 5.2.5 says that v3 € Cr. Thence ¥ is conjugate to a
subgroup of Cr. O

From the proof of Theorem 5.3.7 one gets:

Corollary 5.3.8. Let ¥ C PSL(2,C) be an infinite closed group. Then ¥ is purely
elliptic if and only if Eq(X) = P¢.
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5.3.2 Classification of elementary groups

To finish this section we give the classification of the elementary nondiscrete groups
in PSL(2, C). Recall that elementary means that its limit set consists of at most
two points, or equivalently that its equicontinuity region misses at most two points.
The proof of Theorem 5.3.9 follows easily from Proposition 5.1.7 and Corollary
5.3.8.

Theorem 5.3.9. Let ¥ C PSL(2,C) be an elementary nondiscrete subgroup. Then
up to conjugation by a projective transformation one has:

(i) The set Eq(X) is P if and only if ¥ is purely elliptic (contained in Dih
or SO(3)).

(ii) The set Eq(X) is C if and only if ¥ is conjugate to a subgroup 3. of Epa (C)
such that X, contains a parabolic element, where Epa (C) is as in Example
5.2.4.

(iii) The set Eq(X) is C* if and only if ¥ is conjugate to a subgroup ¥, of Mob(C*)
such that ¥, contains a lozodromic element.

Proof. The proof of (i) follows from Theorem 5.3.7. Let us show (ii). If Ag,(X)
has exactly one point, then after conjugating with a Mobius transformation we
can assume that Ag,(X) = {oo}. Since loxodromic elements contribute with two
points to the limit set we conclude that X has only parabolic or elliptic elements,
each one leaving oo fixed. By the definition of Epa (C) this concludes the proof.
Let us show (iii). If Ag,(X) has exactly two points, then after conjugating
with a Mobius transformation we can assume that it has exactly one fixed point
p and any other point has infinity orbit whose closure is p. Then X has only
loxodromic and parabolic points where A, is the fixed set of each loxodromic ele-
ment, and elliptic elements act as permutation group of {0, co}. By the definition
of Mob(C*) this concludes the proof. O

5.4 Consequences of the classification theorem

In this section we deduce several corollaries of the previous discussion, and we
prove Theorem 5.1.3.

Corollary 5.4.1. Let 3 C PSL(2,C) be nondiscrete and assume H is an infinite
normal subgroup of ¥ such that card(Ag-(H)) = 0,2. Then X is either elementary
or conjugate to a subgroup of Cr.

Proof. By the proof of Theorem 5.3.7 we deduce that there is an H-invariant set
P with card(P) = 2 and with the following property: If R is another finite H-
invariant set, then R C P. Since H is a normal subgroup it follows that Hg(P) =
g(P) for all g € ¥, which implies P = ¢(P). This implies that ¥ is conjugate
to a subgroup of either M6b(C*) or Dih o, and the result follows from Theorem
5.3.9. O
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We remark that the statement above is false if card(Ag,-(H)) = 1. In fact
consider for instance the case when ¥ C PSL(2,R) is the isotropy group of co and
‘H is the subset of X of parabolic elements. Then # is normal in 3 and ¥ is neither
elementary nor a subgroup of Cr.

Now we have:

Proposition 5.4.2. Let v1,v2 € PSL(2,C) be parabolic elements with distinct fized
points, i.e., Fix(y1) NFix(y2) = 0. Then (y1,72) contains a loxodromic element.

Proof. Without loss of generality we can assume that 0 is the fixed point of I'; and
oo is that of I's. Then these maps are of the form: 71 (2) = z 4+« and 12(2) = 2

— Bz+1
for some «, € C*. Consider the composition y5*v;. Its trace satisfies
Tr*(v5'm) = (maf +2)*,
so it tends to oo as m — 0o. Then 5'7; is loxodromic for m large. O

Corollary 5.4.3. Let ¥ C PSL(2,C) be a nonelementary subgroup. Then ¥ contains
a lozodromic element.

Proof. Assume that ¥ does not contain loxodromic elements. Then by Corollary
5.3.8 and Proposition 5.1.7 we deduce that X contains a parabolic element ~.
Assume that oo is the unique fixed point of . Then by Proposition 5.4.2 we
conclude that Yoo = oco. Hence every element in ¥ has the form az + b with
la] = 1. Hence ¥ C Epa(C), which is a contradiction with Theorem 5.3.9, by

(ii). O

Using Corollary 5.4.3 and standard arguments, see [144], we can show the
following corollaries. The first of these proves statement (ii) and part of statement
(i) in Theorem 5.1.3.

Corollary 5.4.4. Let ¥ C PSL(2,C) be a nonelementary group. Then PE \ Eq (%)
is the closure of the set of fixed points of loxodromic elements.

Corollary 5.4.5. Let ¥ C PSLE C) be a nonelementary subgroup and define
Ex(X) = {z € PL\ Eq(X) : ¥z # P{ \ Eq(X)}. Then card(Ez(X)) = 0,1.
Moreover, ¥ is nondiscrete if Ex (%) # 0.

Corollary 5.4.6. Let ¥ C PSL(2,C) be a subgroup and C # Exz(¥) a closed -
invariant set. Then Agq(2) C C.

As a corollary we obtain the proof of the rest of statement (i) in Theorem
5.1.3: The limit set is the complement of the region of equicontinuity. More pre-
cisely, if ¥ C PSL(2,C) is nonelementary, then

Eq (2) =P\ Acr(2).

To prove the second statement in Theorem 5.1.3 we need the lemmas below.
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Lemma 5.4.7. Let ¥ C PSL(2,C) be a purely parabolic closed Lie group with
dimg (X) = 1 and such that co is a fized point of every element in X. Let v1,72 be
loxodromic elements in PSL(2,C) such that v1(00) = v2(00) = 0o and Fix(yz2) is
not in the orbit X(Fix(y1)). Then

Yo = {7 € (%,71,72) : Tr?(v) = 4}
is a Lie group with dimg (%) = 2.

Proof. Assume on the contrary that dimg(3p) < 1. Since ¥ C ¥y we have that
dimg (). Since 7;(c0) = oo , for i = 1,2, we can assume that the ~; are given by:

([t 0 ) _(a b
"= 0 t71 ;Y2 = 0 a*l .

Then 19X, ' = {z +t>r:r € R}, n¥y; ' = {2 + a®r : r € R}. This implies that
a?,t? € R. On the other hand, observe that for all n € Z we have

nem {1 ab(l—t*)
T2 Y2 = 0 1 .

Hence {z+abr : r € R} C (X, 71, 72) and therefore ab € R, which is a contradiction
since ab(1 — a?)~! € Fix(y2). O

Lemma 5.4.8. Let ¥ C PSL(2,C) be a connected Lie group, g € ¥ a lozodromic
element and U be a neighbourhood of g in ¥ such that hgh~'g~! = 1d for each
h e U. Then hgh'g~' =1d for each h € X.

Proof. Let 7 € ¥ be such that 7g7~1g~! = Id. Observe that 7¢~'U = W is an
open neighbourhood of 7 and for each x € W there is u € U such that x = 7¢g~u.
Therefore kgr~1g~! = 7¢g7lugu=tgr~tg~! = Id. That is, the set Comm(g) =
{h € ¥ : hgh~tg~! = 1d} is open. Now let (h,)nen C Comm(g) be a sequence
and hg € ¥ such that h, ——> ho. Then Id = h,gh;'g™" —— hoghy'g™".

n—oo

Therefore Comm(g) is closed, concluding the proof. O
Now we have:

Proof of Theorem 5.1.3. Since PSL(2,C) is a Lie group we deduce that ¥ is a Lie
group (see [229]). Thus, if H is the connected component of the identity in 3, we
conclude that # is a connected and normal subgroup of 3. By Theorem 5.1.5, the
property (ii) of the group Cr, and Corollary 5.4.4, we have one of the following
cases:

Case 1. There is exactly one point p € P{ such that Hp = p. Since H is normal this
implies ¥p = p. And by Lemma 5.4.7 we conclude that there is a purely elliptic
Lie group K C H with dimg(K) = 1. Let 79 € ¥ be a loxodromic element. Then
by Lemma 5.4.7 we deduce that for each v € ¥ one has that Fix(y) C K(Fix(vyo)).
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Moreover by Corollary 5.4.6 we conclude that K(Fix(vy)) = Agr(2). The result
now follows because K(Fix(yo)) is a circle in Pg.

Case 2. card(Ag,-(#H)) > 2 and there is a circle C such that HC = C. In this case
we can assume that C = R. Thus for each loxodromic element g € H one has
Fix(g) C R. Let g € H be a loxodromic element such that Fix(g) € R and let
p1, p2 be the fixed points of g. Then there exist a neighbourhood W c Rdim=(#) of
0 and real analytic maps a,b,c,d : W — C such that the map ¢ : W — H defined
by:

’ a(w)z + b(w)

c(w) +d(w)

is a local chart for H at g, i.e., a diffeomorphism over its image, such that ¢(0) = g.
Set F(w,z) = ¢(w)(z) — z, s0 0, F(0,p;) = ¢’(p;) — 1 # 0. Then by the implicit
function theorem there is a neighbourhood Wj of 0, and continuous functions
gi : W — C such that F(w, g;(w)) = 0; one has {g1(w), g2(w)} = Fix(¢(w)). Thus
by Lemma 5.4.8 we can assume that g; is nonconstant and ¢(7;) contains only
loxodromic elements. Hence g1 (W) C Ag-(X) C R. That is, Ag-(X) contains an

¢(w)(2) =

~

open interval, which implies that Ag-(X) = R. O

We finish this section with an easy consequence of Theorem 5.1.3. This result
says that if a sequence of Mobius transformations converges uniformly on compact
sets of Eq () to a certain endomorphism g, then g is either constant or an element
in PSL(2, C) and the convergence is uniform on all of P¢.

Corollary 5.4.9. Let ¥ C PSL(2,C) be a subgroup such that Eq(X) # 0. If
(gn)nen C X and g, ——= g uniformly on compact sets of Eq(X), where g :

n—oo
Eq(T) — P{, then g is either a constant function ¢ € Agr(X) or g € PSL(2,C)
with g, ——== g uniformly on P¢.

5.5 Controllable and control groups: definitions

5.5.1 Suspensions

We recall the suspension construction introduced in Chapter 3; this appears also
in Chapter 9 for constructing kissing-Schottky groups in PZ.

Consider the covering map [[ ], : SL(n, C) — PSL(n, C), let T" be a subgroup
of PSL(n,C) and let T'  SL(n,C) be [| Jl71(I"). Think of P{ as being C™ U Pz~
and let T' be the subgroup of PSL(n + 1,C) that acts as T on C™, so its action
on Pg_l, the hyperplane at infinity, coincides with that of I'. We call [ the full
suspension group of T'.

If we can actually lift T C PSL(n,C) to a subgroup I' C SL(n,C) that
intersects the kernel of [[]],, only at the identity, so that T is isomorphic to T,

then we can define I' to be the subgroup of PSL(n + 1,C) that acts as L on C"
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and as ' on ]P’g_l, the hyperplane at infinity. We now call Ta (simple) suspension
group of T

From now on we restrict the discussion to subgroups of PSL(2,C), though
parts of what we say actually extend to higher dimensions. Notice that given
g € PSL(2,0C), its liftings to SL(2,C) are +g, so the corresponding elements in
PSL(3,C) induced by the suspension construction are

(69) (")

Each of these two elements gives a simple suspension of the cyclic group generated
by g. In this case the covering SL(2,C) — PSL(2,C) is two-to-one and the full
suspension group can be also called a double suspension.

Now, given I' C PSL(2,C) a discrete group with a nonempty discontinuity
region, notice that there is an inclusion ¢ : SL(2,C) — SL(3, C) given by

,,(h)=<g ?)

Then the full suspension can be regarded as
F={uxy):y€T}.

Also in the case where I" can be lifted to a group I'c SL(2, C) which is isomorphic
to I', the corresponding simple suspension is given by

I ={+y):vel}.

Observe that in all cases the line m) C IP’(QC is f—invariant, where eq, e
represent here the points in P2 that correspond to the points (1,0, 0) and (0,1,0)
in C3. The actions of the full and the simple suspensions on this line coincide with
the action of I' on P{.

Now consider the following generalisation of the suspension construction.
Let T' € PSL(2,C) be a Kleinian group and G C C* a discrete subgroup. The
suspension of I' extended by the group G, denoted by Susp(T',G), is the group
generated by the full suspension Tc PSL(3,C) and all the elements in PSL(3,C)
represented by diagonal matrices having in its diagonal the vector (g, g, g~ 2), for
each g € G. That is:

g 0 0
Susp(T, G) = <{L(h) che [N}, 0 g O 1geqG > .
0 0 g2

Observe that if G is trivial or G = {£1} = Zs, then Susp(T', Z3) coincides with
the double suspension of T'.

The following example gives a taste of the groups one gets through the pre-
ceding definition.
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Example 5.5.1. Consider the following M6bius transformations:

_ (s+t)z—2st
O = e M

(st t)z+2
2tz 4 (s+1t)]

where 0 < s <t < 1, see see [158]. Then we can check that b maps the outside of
the circle Cg into the inside of Cj, and a maps the outside of C'4 into the inside
of C,. That is I's; = (a,b) is a Schottky group whose limit set is a Cantor set
contained in the real line.

Let G = {2™ :€ Z}, then the suspension of T" extended by the group G is the
group generated by

£ R0 L a2 0 2.0 0
A=| 72 =+ 0 |, B=| & =+ o |, c=[0 2 0
0 0 1 0 0 1 0 0 27!

That is Susp(I', G) = ([[4]]s, [[B]ls, [[C]]3), where [[]] is the projection SL(3,C) —
PSL(3,C). Observe that since every point in the line &1,¢% has infinite isotropy
group, we have that Susp(I',G) is not topologically conjugate to either a full
or a simple suspension. In fact the same argument can be used to show that a
suspension extended by an infinite group can never be topologically conjugate to
either a full or a simple suspension group. Moreover, this argument, combined
with Theorem 7.3.1 yields that a suspension extended by an infinite group can not
be topologically conjugate to a complex hyperbolic group.

5.6 Controllable groups

We see that in all suspension constructions we have a fixed point and an action
of the group on an invariant line. As we will see, this allows us to describe (or
“control”) the geometry and dynamics of the suspension group in terms of a lower-
dimensional model. This motivates the following definition:

Definition 5.6.1. Let I’ C PSL(3,C) be a (discrete or not) subgroup. We say T is
a controllable group if there is a line ¢ and a point p ¢ ¢ that are invariant under
the action of I". The group I'|; = G is called the control group and K = {h € T":
h(z) = z for all z € ¢} is the kernel of I'. We call the line ¢ the horizon (a name
suggested to us by A. Verjovsky).

One can easily check:

Proposition 5.6.2. Let I' be a suspension of a group ¥ (full, simple or extended),
then:

(i) The control group of T is X..

(ii) If T is a simple suspension, then Ker(I') is trivial.
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(iil) If T is a full suspension, then Ker(I') = Zs.
(iv) If T is a suspension extended by a group G, then

g 0 0 -1 0 0
Ker(F):< 0 g O rgeGp, | 0O -1 0 >
0 0 g2 0 0 1
Now let us construct an example of a controllable group whose control group
does not contain subgroups of finite index conjugate to a subgroup of a suspension
(simple, full or extended by a group). This implies that the class of controllable
groups is larger than the class of suspension groups. First we need the following
definition.

Definition-Proposition 5.6.3. Let v = [[§]]s € PSL(3,C), with ¥ = (v45)i,j=1,3, be
an element with a fixed point at es, i.e., y(e3) = e3. Let us set

P(v) = 7is.

If ' ¢ PSL(3,C) is a group, p € P2 is fixed by I' and 7 € PSL(3,C) verifies
7(p) = e3, then ¥, : T' — C defined by ¥,(y) = ¢(ry71) is a group morphism.

Proof. Let v = [[7]]3 be as above, ¥ = (7;;)i,j=1,3- Then 1(7) is the eigenvalue of
4 corresponding to es, to the cubic exponent. It follows that ¥(+) does not depend
on the choice of the lift 4.

Now let 7 = [[7]]s € PSL(3,C), with 7 = (7;;)i j=1,3, be another element
which leaves invariant e3. Then 7(§(e3)) = T33y33e3. Hence W is a group morphism.
To finish the proof it is enough to recall that eigenvalues are invariant under
conjugation. O

Remark 5.6.4. If T" is a suspension (full or simple), then ¥, (T") is trivial and if T’
is a suspension extended by a group G, then ¥, (I') = {¢° : g € G}. That is, the
image of ¥, is a discrete subgroup of C*.

Example 5.6.5. Let I'; ) 5; be the group generated by the transformations

s+t 2st s+t 2
)\s—tas )\zs—t:Lfﬁ 0 5—1527? E—tjr? 0
S S S
Axst = | dey= Aeit O s Besi= | e ei= O ,
0 0 (\e)~2 0 0 g2

where A = 2™ with § € R — Q. Observe that I'c x5+ leaves invariant ez and
{ = m7 hence I'; ) s+ is a controllable group. Moreover, the control group of
o xseis Ty, where I'y 4 is taken as in Example 5.5.1, and Ker (T x s,¢) is trivial.
Furthermore, since W, (A 5 :Best) = A2, we conclude that I'. is not conjugate
in PSL(3,C) to a subgroup of a suspension, neither full nor simple nor extended
by a group.
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5.7 Groups with control

We now introduce a third class of groups, which essentially includes the previ-
ous two classes: the suspensions and the controllable groups. We call these semi-
controllable groups.

Consider I' C PSL(3,C) a (discrete or not) subgroup which acts on P2 with
a point p which is fixed by all of I. Choose an arbitrary line ¢ in PZ \ {p}, and
notice that we have a canonical projection

m=mpe: PE\{p} — ¢,

given by m(x) = w N £. It is clear that this map is holomorphic and it allows us
to define a group homomorphism,

Il =1I,, : I —s Bihol(¢) = PSL(2,C),

by I(g)(z) = w(g(x)). If we choose another line, say ¢, one gets similarly a
projection ' = m, ¢ : P2\ {p} — ¢, and a group homomorphism II" = II, »» : I' —
PSL(2,C). Tt is an exercise to see that IT and II' are equivalent in the sense that
there is a biholomorphism h : ¢ — ¢ inducing an automorphism H of PSL(2,C)
such that H oIl = II'. As before, the line £ is called the horizon.

This leads to the following definition:

Definition 5.7.1. Let I' € PSL(3,C) be a discrete group. We say that I' is weakly
semi-controllable if it acts with a fixed point in ]P’(ZC. In this case a choice of a
horizon ¢ determines a control group II(T") C PSL(2, C), which is well-defined and
independent of ¢ up to an automorphism of PSL(2, C).

It is clear that all suspension and all controllable groups are weakly semi-
controllable, but this latter class is larger, as illustrated by the examples below.
These are weakly semi-controllable but not controllable.

Example 5.7.2 (The fundamental groups of Inoue surfaces). These were introduced
in Chapter 3, page 90. We know that there are three families of such surfaces: The
S, S]J{[ and S} families, all of these generating complex affine groups I' that act
properly discontinuously on H x C with compact quotient (H x C)/T.

These are all weakly semi-controllable groups, but one can prove (using the
results in Chapter 8), that they are not even topologically conjugate to controllable
groups.

Generally speaking, the control group II(T') of a weakly semi-controllable
group allows us to get some information about the group I itself. Yet, the condition
for being weakly semi-controllable (just having a fixed point) is too mild and one
can not expect to gain too much information from this. The previous example
leads to the following definition.
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Definition 5.7.3. Let I' C PSL(3,C) be a discrete group. We say that T is semi-
controllable if there is an open set 2 in IP% which is the largest open set on which
I acts discontinuously, such that P2 \ © contains at least two lines and any three
lines in P% \ © are concurrent.

It is clear that every semi-controllable group has a fixed point and therefore
it is weakly semi-controllable.
We refer to [41] for the proof of the following proposition:

Proposition 5.7.4. Every nonelementary controllable group is semi-controllable.

Notice this includes the suspensions of nonelementary Kleinian subgroups of

PSL(2, C).

These concepts, and the results we prove in the rest of this chapter, will be
used later in Chapter 8.

5.8 On the limit set

5.8.1 The limit set for suspensions extended by a group

We want to describe the Kulkarni limit set for the suspension groups. Recall that
an element v € PSL(2,C) is parabolic if it has only one fixed point in P{, and in
that case it is conjugate to a translation of C with a fixed point at co.

We refer to [41] for the proof of the following theorem.

Theorem 5.8.1. Let ¥ C PSL(2,C) be a nonelementary Kleinian group with limit
set A(X) C m) ~ IP}C. Let G be a multiplicative subgroup of C* and let ' be the
suspension of 3 extended by G. Let C be the complex cone with base A(X) and
vertex e3 = [0:0: 1]. Then:

(i)
Ax(T) = C if G is finite,
Kul 1 Cu gl, e if G is infinite.
(ii) The set Qxu(T') is the largest open set where T' acts discontinuously.
(iii) The Kulkarni region of discontinuity Qxu(I') := PA\ Axu(T) coincides with

the region of equicontinuity,

QKul(F) = Eq (F) .

5.8.2 A discontinuity region for some weakly semi-controllable
groups

We now look at the largest class of weakly semi-controllable groups. The following
result enables us to provide a region of discontinuity under certain conditions. Alas
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we are unable to give necessary conditions to insure that this open set coincides
with the Kulkarni region of discontinuity, neither can we decide whether or not
this region is maximal.

Theorem 5.8.2. Let I' C PSL(3,C) be discrete and weakly semi-controllable, with
p € IE”?C a T-invariant point and ¢ a complex line not containing p. Define 11 =
I, : T' — Bihol(¥) = PSL(2,C) as above. Consider the control group II, ¢(T")
(which is independent of the choice of the line £ up to conjugation in PSL(2, C)).

(i) If Ker(Il) is finite and II(T") is discrete, then I' acts properly discontinuously

" o=( U &p)-{

zeQ(II(T))
where QII(T)) C £ 2 PL denotes the discontinuity set of II(T').

(ii) If T' is controllable with an invariant line, II(I") is nondiscrete, then I' acts
properly discontinuously on

o= |J Eb-ruiph.

z€Eq (TI(T))

Proof. For (i), assume that I" does not act discontinuously on €2, so there is K C
0 a compact set such that K(I') = {g € T : g(K) N K # 0} is infinite. Let
(gn) C K(T') be a sequence of distinct elements. Since Ker(II) is finite, there is a
subsequence of (g,,), still denoted by (g ), such that TI(g;) # I(g,,), whenever
I < m. Therefore {II(hy,) : n € N} C {g € II(T") : g(xr(K)) N7w(K) # @}. This is a
contradiction since II(T") acts discontinuously on Q(II(T")).

Let us prove (ii). Take p = e3, | = gl,eg and assume that the action is not
properly discontinuous. Then there are k = [z; h;w], ¢ € Qr, (kn)neny C Qr and

(gn = (gz(jn)) 7 j=1)nen C I', a sequence of distinct elements such that k, =5 k

and g, (k,) ——== ¢. By Corollary 5.4.9 we can assume that there is a holomorphic
map

f+Eq(I(I)) — Eq (IL(T)),
such that TI(g,) ——= f uniformly on compact sets of Eq (II(T")). Moreover, ei-

ther f € Blhol(ﬁ) is a constant function ¢ € Ag,(II(T")). Since 7(gn(kn))
converges to 7(q) € Eq (H(F)) as — 00, we conclude that f is not constant. Thus

flz;w; 0] = [g112 + grow; g212 + gaow; 0] , with g11922 — g12g21 = 1.

Since 915 = g3 = 957 = g5’ = 0, gl

that ggl) g:,()g — gi;. Thus we can assume that there is g € C* such that

n—00
gég) —= g € C* (otherwise we may assume gég) ——= Oor gég)

@) (gﬁl)gég — 952)9(7)) = 1 we can assume

_— :
n— oo 00;
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this implies g, (k) ——= [9112 + a12h; g212 + g22h; 0] or gn(kn) —= [0;0;1],

n—oo n—oo

which is a contradiction). Thence,

9%711) 952) 0 911\/F g12/971 0
In = gérll) gég) 0 n—o0o 921\/gf1 922/ g_1 0 € PSL(37 C)

0o 0 g% 0 0 g

This is a contradiction since I' is discrete. O

Remark 5.8.3. (See [14].) Let I' be a semi-controllable group. Let 2 be its maximal
region of discontinuity and set A := P2 \ Q. Then the set A is -invariant and
contains infinitely many lines, all of them concurrent to a certain point, say p,
which is therefore a fixed point of T".



Chapter 6

The Limit Set in Dimension 2

As we know already, there is no unique notion of “the limit set” for complex
Kleinian groups in higher dimensions. There are instead several natural such no-
tions, each with its own properties and characteristics, providing each a different
kind of information about the geometry and dynamics of the group. The Kulkarni
limit set has the property of “quasi-minimality”, which is interesting for under-
standing the minimal invariant sets; and the action on its complement is properly
discontinuous, which is useful for studying geometric properties of the group. Yet,
this may not be the largest region where the action is properly discontinuous.
There is also the region of equicontinuity, which provides a set where we can use
the powerful tools of analysis to study the group action.

In this chapter we study, in the two-dimensional case, conditions under which
all these notions coincide, as they do for one-dimensional Kleinian groups (see
Theorem 6.3.6). This is interesting also from the viewpoint of having a Sullivan
dictionary between Kleinian groups and iteration theory in several complex vari-
ables. In fact we recall that there is an important theorem due to J. E. Fornaess
and N. Sibony (see [60]), stating that in the space of all rational maps of degree
d in P¢, for n > 2, those whose Fatou set is Kobayashi hyperbolic form an open
dense set with the Zariski topology. Similarly, in this chapter we see that under
certain “generic” conditions, the region of equicontinuity of a complex Kleinian
group in ]P’(QC coincides with the Kulkarni region of discontinuity, and it is the largest
open invariant set where the group acts properly discontinuously. And this region
is Kobayashi hyperbolic.

Hence the results in this chapter, which are based on work by W. Barrera,
A. Cano and J. P. Navarrete, contribute to getting a better understanding of the
concept of “the limit set” in higher dimensions, and set down the first steps of a
theory that points towards an analogy for Kleinian groups of the aforementioned
theorem of Fornzess-Sibony.

A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 137
DOI 10.1007/978-3-0348-0481-3_6, © Springer Basel 2013
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6.1 Montel’s theorem in higher dimensions

The first studies on iteration theory of holomorphic functions, due to Siegel, Cre-
mer, Fatou, Bochner and others (see for instance[130]) were all of a local charac-
ter, mostly focusing on the behaviour near the fixed points. A key step for getting
global results was Montel’s theorem, which provides a simple criterium granting
that a given family of holomorphic maps on an open set in the Riemann sphere is
a normal family.

Montel’s theorem is a very powerful and useful tool for holomorphic dynam-
ics in one complex variable, with significant applications for both, the theory of
classical Kleinian groups (see for instance [146]), and for the iteration theory of
rational maps, and also of more general endomorphisms of the Riemann sphere.

Theorem 6.1.1 (Montel). Let 2 C P{. be a domain and F be a family of holomor-
phic functions defined on Q with values in PL. If User f() omits at least three

points in ]P’}C, then F is a normal family.

There is a generalization of Montel’s theorem to higher dimensions due to H.
Cartan, see [135], [126], which has had significant applications to holomorphic dy-
namics in several complex variables (see for instance [60]). Notice that in Montel’s
theorem, points in the Riemann sphere can be regarded as being codimension 1
projective subspaces in Pl; this is the viewpoint that generalizes to higher dimen-
sions.

Recall that P¢ can be identified with its dual (Pg)* := Gr(n,n+1), which is
the Grassmanian of n-planes in C"*!. In other words, a set of hyperplanes in P
can be also regarded as being points in (P)*. We may thus define:

Definition 6.1.2. Let H be a (possibly infinite) set of hyperplanes in Pg. We say
that these hyperplanes are in general position if for each subset H in H with at
most k elements, k < n +1, one has that the dimension of the projective subspace
in (PR)* generated by H is k — 1.

Now we can state Cartan’s generalization of Montel’s theorem:

Theorem 6.1.3 (H. Cartan). Let Q@ C P% be a domain and F be a family of
holomorphic functions defined in Q0 with values in Pg. If sz f(Q) omits at
least 2n + 1 hyperplanes in general position in P¢, then F is a normal family.

It is worth saying that this theorem can be also stated in terms of algebraic
curves in the projective space (see [60]).

Of course, if n = 1, we are back in Montel’s theorem, granting that a family
that omits at least three points is a normal family. In this chapter we focus on
dimension 2 and in this case Cartan’s theorem says that if a family of holomorphic
functions omits five projective lines in general position, then the family is normal.
This can be improved as follows:
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Theorem 6.1.4 (Barrera-Cano-Navarrete). Let 7 C PSL(3,C) and Q C P2 be a
domain. If Ufe]-‘ f(Q) omits at least three lines in general position in P%, then F
is a normal family in Q.

This result is essential for the classification theorems of two-dimensional com-
plex Kleinian groups whose limit set has few lines, shown by W. Barrera, A. Cano
and J. P. Navarrete (see the bibliography at the end). We refer to [14] for the proof
of this theorem, which is based on the theory of pseudo-projective transformations
introduced in [40] and explained in Chapter 7 of this monograph.

6.2 Lines and the limit set

We know from Chapter 1 that for classical Kleinian groups acting on the Riemann
sphere, the equicontinuity region is also the maximal open subset in the Riemann
sphere where the action is properly discontinuous. We also know that in this
setting, if the limit set has finite cardinality, then it consists of at most two points.
We now study the equivalent statements in the case of complex Kleinian groups
in IP’?C.

Recall from Proposition 3.3.4, see page 85, that for complex Kleinian groups
acting on higher-dimensional projective spaces, the Kulkarni limit set must con-
tain at least one projective line. Recall too, that there are examples of Kleinian
subgroups of PSL(3, C) such that their Kulkarni region of discontinuity is neither
the maximal region where the action is properly discontinuous, nor coincides with
the region of equicontinuity. Yet one has:

Theorem 6.2.1. Let I be an infinite discrete subgroup of PSL(3,C) and let 2 C P2
be either its equicontinuity region, its Kulkarni region of discontinuity or a mazimal
region where the group acts properly discontinuously. Then:

i) The number of lines contained in P2\ § is either 1, 2, 3 or infinite.
C

(ii) The number of lines contained in P\ Q lying in general position is either 1,
2, 3, 4 or infinite.

There are examples showing that this result is best possible, in the sense
that there are groups where the number of lines contained in ]P’% \ Q is exactly 1,
examples where this number is 2 and examples where this is 3. And similarly for
the number of lines in general position. In fact it is also interesting to study and
classify the complex Kleinian groups whose limit set has few lines. This is being
done in a series of articles by Barrera, Cano and Navarrete (see references in the
bibliography).

This theorem actually is a key step for showing that “generically”, there is
a well defined notion of the limit set, where “generically” means that, within the
space of all complex Kleinian groups with d generators, we consider those whose
Kulkarni limit set has at least three lines in general position. These turn out to
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form an open and dense subset with respect to a certain appropriate topology
(compare with Remark 6.3.7).

6.3 The limit set is a union of complex projective lines

Let us define the following sets, which are used in the sequel:
Definition 6.3.1. Let I' be a discrete subgroup of PSL(3,C).

(i) The set C(T') is the union of the Kulkarni limit sets of all elements in T'. That
is, for each v € T, let Aku(y) be the limit set of the corresponding cyclic
group generated by v, then C(I') := |, cp Axw (7).

(ii) The set E(I'") consists of all the projective lines I for which there exists an
element v € I' such that I C Ak (7).

(iii) The set E(T') is the subset of PZ defined by E(T') = Ujcg ) l-
It is clear that E(I") C C(T) and it is not hard to show that E(I") = Uleﬁ l.

The following lemma is used for showing that when the limit set has enough
lines, the Kulkarni region of discontinuity coincides with the region of equiconti-
nuity.

Lemma 6.3.2. Assume that the Kulkarni limit set Axn(T') has at least three pro-
jective lines in general position. Then Axun(y) C Agw (L) for every v € T', and
therefore C(T') C Agw(T).

Proof. Let «y be an element in I', then there are three cases depending on whether ~
is elliptic, parabolic or loxodromic. Assume first that the element is either parabolic
or elliptic. If the Kulkarni limit set is empty, then there is nothing to prove, so we
assume Agy (') # (0. Then the Kulkarni limit set satisfies that:

(i) Either it is the whole space Pg; or
(ii) it consists of either a single line; or
(ili) it consists of a line and a point.
(iv) it consists of two lines

In the first case, one can show, see [39], that v has a diagonalizable lift 5 €
SL(n+1,C) such that each of its proper values is a unitary complex number and
at least one has infinite order, therefore A(I') = Pg . For the cases (ii) and (iii)
we have that using the same arguments as in [161], we find that the limit set of
each element in I' necessarily shares a line with the limit set of I" itself. In the last
case, 7 is loxodromic, we have several cases, but as we will see below, the only
interesting one is when « has a lift 4 whose normal Jordan form is

A0 0

0 A2 0 |, |M|<|Al<|As].
0 0 A3
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Let us assume that 4 is such a matrix. It follows that Axu(y) = 6(1,—€>2 U e<2,—e>3,
and the Lambda-lemma 7.3.6 implies that

€1, 62 C Agu(I) or es,e3 C Agu(T).

Let us assume, without loss of generality, that m C Ak (T), then there exists
I C Axw(T) such that ! does not pass through the point [1 : 0 : 0], because
Ak (T) contains at least three projective lines in general position. We note that
the sequence of projective lines 4" (1) goes to the projective line &5, ¢} as n — oo,
therefore %} C Ak (T). O

The theorem below says that when the group has neither fixed points nor
fixed lines, then there is a well-defined region of discontinuity.

Theorem 6.3.3. Let I' C PSL(3,C) be a group with four lines in general position
in Axw(T). Then:

(i) The set C(I') is the whole limit set: C(I') = Agw(T), and its complement
Qrul (L) is the equicontinuity region Eq(T).

(ii) The limit set Axu(T) is a union of projective lines.

(iil) If the group acts without fized points or lines, then the equicontinuity set of
I is the largest open set where the groups act properly discontinuously.

Proof. To prove statement (i) notice that P2 \ C(T') is contained in Eq(T), by
the theorem of Montel-Cartan. Similarly, Theorem 6.1.4 implies that we have
Eq(I) = Qku(T). The proof then follows from the quasi-minimality lemma for
the Kulkarni limit set, Proposition 3.3.6.

For statement (ii) we notice that a point in C(I") can be approximated by
points belonging each to the limit set of some element in the group. We know, see
[161], that such limit sets consist of either one line, two lines, or a line and a point,
and in the latter case the corresponding isolated points are all attractors.

If the point in C(I') can be approximated by points belonging each to a
projective line in the limit set of some element in the group, then the limit of
these lines is a union of lines and we have proved statement (ii). Otherwise the
point in C(T") can be approximated by points which are each an attractor for some
element in the group. Then, by hypothesis we have enough lines in C(I") in general
position as close to the given point in C(I'). Thus we arrive at statement (ii).

The proof of (iii) is by inspection on the number of lines in the Kulkarni
limit set. If Ak (L) only has one line, this line must be invariant, which is not
possible by hypothesis. If Akyi(I") has exactly two lines in general position, then
the intersection point p of these lines is a fixed point of I', which, again, is not
possible by hypothesis. Hence the group must have at least three lines in Agy(T).
We will see in Chapter 8 that every such group necessarily is co-compact and
its equicontinuity set Fq(T") is the largest open set where the action is properly
discontinuous. g
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Lemma 6.3.4. If I' C PSL(3,C) is a discrete group and E(T') contains at least
four projective lines in general position, then E(T) C (P%)* is a perfect set. Hence,
C(T) is an uncountable union of complex projective lines.

Proof. The proof of this lemma uses Lemma 6.3.5 below. Notice that it suffices to
prove that each projective line in £(T") is an accumulation line of projective lines
lying in £(T'). Furthermore, it is sufficient to prove that each projective line in £(T")
is an accumulation line of projective lines lying in £(T). Let I; be a projective line
in £(T'), then there exists v € I" such that I; C Aky (7). By Lemma 6.3.5 and given
that £(I") contains at least four projective lines in general position, we have that
there exists a projective line [ in £(T") such that some of the sequences of distinct
projective lines in E(T'), (Y (1))nen or (77"(1))nen g0 to I as n — oo. O

Lemma 6.3.5. Let v € PSL(3,C) be any element. Let us assume that 1y is a
projective line contained in Axu (%), then for every projective line | different from
l1 (except, maybe, for a family of projective lines in a pencil of projective lines),
some of the sequences of distinct projective lines, (Y*(1))nen or (Y "(1))nen goes
to ly, as n — oo.

Now we arrive to the main theorem in this Chapter:

Theorem 6.3.6. Let I' C PSL(3,C) be an infinite discrete subgroup without fized
points nor invariant projective lines. Then one has:

a) Eq(I") = Qku(T), is the mazimal open set on which ' acts properly and
discontinuously. Moreover, if E(T') contains more than three projective lines,
then every connected component of Quu(T") is complete Kobayashi hyperbolic
(compare with [16]).

b) The set

Agu(T') = U l= U l= U Axu(I)

le&(I) leE(T) yel

18 path-connected.

c) If E(T) contains more than three projective lines, then E(I') C (P%)* is a
perfect set, and it is the minimal closed T'-invariant subset of (P%)*.

Proof. a) Clearly the set Ak (I') NC(T') contains at least three projective lines in
general position, then Eq(I") = Qgu(T).

If U C PZ is a I-invariant open set on which I" acts properly and discontinu-
ously, then there exists a projective line [ contained in ]P’% \ U. Given that I" does
not have invariant projective lines nor fixed points, then ]P’?C \ U contains at least
three projective lines in general position. Hence U C Fq(T") = Qg (T'). Therefore
Qxu(T) is the maximal open set on which T' acts properly and discontinuously.
The proof that every connected component of Qi1 (T") is complete Kobayashi hy-
perbolic is obtained by imitating the proof of Lemma 2.3 in [16], and of the main
theorem in [16].
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(b) The equality Axu(I") = C(I") follows easily. Convexity follows from the
facts that two distinct projective lines always intersect and a projective line is
path-connected. -

(c) Lemma 6.3.4 implies that (T') is a perfect set. Now, if D C (P%)* is
a nonempty, closed I'-invariant subset, then there is a projective line | € D and
the set {7y(1) |y € I'} contains at least three projective lines in general position.
It cannot happen that {y(I)|v € T'} contains only three projective lines because
in such case Ak (I') would consist of only three projective lines, a contradiction.
Therefore, there are more than three projective lines in the set {v(l)|y € T},
so we obtain that {y()|~v € T'} contains four projective lines in general position.
Therefore, D contains four projective lines in general position. Let v be an element
in T', applying Lemma 6.3.5 we deduce that every projective line contained in
Aku () is contained in D, hence E(I") C D. O

Remark 6.3.7. The above discussion shows that for Kleinian groups in P% with
“enough” lines in their Kulkarni limit set, the various concepts of a limit set
discussed in this monograph coincide. It is natural to ask what can be said about
groups with “few” lines in their limit set. The simplest cases of such groups are
the cyclic groups, studied in Chapter 4, and we already know that for those groups
the different notions of the limit set may not coincide. In [15] the authors study
groups with exactly four lines in their limit set, and in [42] the authors give the
complete classification of the groups with few lines in their limit set. It is proved
that although the different notions of the limit set may not coincide, in all cases but
an exceptional one, there is always a maximal region where the action is properly
discontinuous, and there is a “simple” description of its complement. In that article
the authors show too that except for some exceptional cases, complex Kleinian
groups in dimension 2 always contain loxodromic elements. This has important
consequences, as for instance the fact that the groups with “many lines” in their
limit set, are Zariski dense. This relies on a certain “duality technique” introduced
in [17], where the authors use Pappus’ theorem in a similar way to [196], to show
the existence of groups in PSL(3,C) with many lines in their limit set, which are
not conjugate to groups in PU(2,1).

There is yet another interesting notion of a limit set which has not been
discussed in this monograph: The closure of the set of fixed lines of loxodromic
elements. This is the analogue of considering, for hyperbolic groups, the closure
of the fixed points of loxodromic elements. It looks likely that using the results of
[42] one can study this set and show that, just as in dimension 1, its complement
is an open set where the action is properly discontinuous. Moreover, in dimension
2 we should also have that generically, this set coincides with the Kulkarni region
of discontinuity.



Chapter 7

On the Dynamics of Discrete
Subgroups of PU(n, 1)

If G is a discrete subgroup of PU(n, 1) C PSL(n+1, C), then it acts on the complex
projective space P¢ preserving the unit ball

{[20:22:...:,2”}€P£|\zl|2+...+|zn‘2<|ZO‘2}’

which can be equipped with the Bergman metric and provides a model for the
complex hyperbolic space Hg, with PU(n,1) as its group of holomorphic isome-
tries.

In this chapter we look at the action of G’ globally, on all of P¢. We compare
the limit set Acg(G) of G in the sense of Chen-Greenberg, which is a subset of
OHE, with Kulkarni’s limit set of Ax,1(G) and with the complement of the region
of equicontinuity Eq (G). This allows us to get information about the dynamics of
G on all of P¢ from its behaviour on the ball HE.

We consider first the case n = 2, following [161]. We prove that the equicon-
tinuity region and the Kulkarni region of discontinuity coincide, and their com-
plement, the Kulkarni limit set, is the union of all the complex projective lines in
PZ which are tangent to OHZ at points in Ace(G). And if G is nonelementary
(i.e., Acg(G) has more than two points), then Eq (G) is the largest open set on
which G acts properly discontinuously. This proof uses geometric arguments from
complex hyperbolic geometry.

We then look at the case n > 2 following [40]. This approach is analytic
and it relies on the use of a class of maps called pseudo-projective transforma-
tions, introduced in [40], which provide a completion of the noncompact Lie group
PSL(n + 1,C). These are reminiscent of the quasi-projective transformations in-
troduced by Furstenberg in [61] and studied in [1].

We prove in Section 7.5 that the complement of the region of equicontinu-
ity Eq(G) is the union of all complex projective hyperplanes tangent to OHF at

A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 145
DOI 10.1007/978-3-0348-0481-3_7, © Springer Basel 2013
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points in Acg(G), and G acts discontinuously on Eq (G). Furthermore, the set of
accumulation points of the G-orbit of every compact set K C Eq (G) is contained
in Acg(G). However we have not yet been able to decide whether or not Eq (G)
is the complement of Ax,1(G) in higher dimensions.

We also have some geometric applications of our results, the main one being
that if G C PU(n, 1) is discrete and such that Acg(G) does not lie in any k-chain,
then each connected component of Eq(G) is a complete Kobayashi hyperbolic
manifold, and therefore a holomorphy domain.

The methods we use in higher dimensions work also for n = 2, and in this
case one can say more due to dimensional reasons. This leads to an alternative
proof of the theorem in [161] that we mentioned above. This is done in Section
7.7.

7.1 Discrete subgroups of PU(n, 1) revisited

As before, we denote by [ ], : C"*1\ {0} — P2 the natural projection map. Recall
that a nonempty set H C P{ is said to be a projective subspace of dimension &
(i.e., dime(H) = k) if there is a C-linear subspace H of dimension k + 1 such that
[I;' ]n = H. Hyperplanes are the projective subspaces of dimension n — 1. Given
distinct points p,q € P, there is a unique projective line passing through p and
¢ that we denote by P, . This line is the image under [ ],, of a two-dimensional
linear subspace of C"*1. Observe that if n = 2 and /1, {5 are different complex
lines, then one has that ¢; N {5 contains exactly one point.
We recall too that the group of projective automorphisms of P is

PSL(n +1,C) := GL(n+1,C)/(C*)" ™ 2 SL(n+1,C)/Zp4 1,

where (C*)"*! is regarded as the group of diagonal matrices with a single nonzero
eigenvalue, and Z,,,1 is regarded as the roots of unity in C*. As before, we denote
by [[ |]n+1 the quotient map SL(n + 1,C) — PSL(n + 1,C).

As in Chapter 3, in what follows C™! is a copy of C"*! equipped with a
Hermitian form of signature (n, 1) that we assume is given by

n

(u,v) = E UiV — Up4+1Un+1
Jj=1

where u = (ug, u1,...,u,) and v = (vg,v1,...,v,). We let V_, Vj and V; be as
before, the sets of negative, null and positive vectors, respectively. The image [V_]
is a complex n-ball that serves as a model for complex hyperbolic space Hg. Its
boundary OHE is the sphere at infinity.

We recall too, from Chapter 2, that an element in PU(n, 1) is classified as:

o clliptic, if it has a fixed point in Hg;
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o parabolic, if it has a unique fixed point in OHE; and

o lozodromic, if it fixes a unique pair of points in OHE.

As before, we set Eg = H UOHZ, and recall that if G is a discrete subgroup
of PU(n,1), then its region of discontinuity in the hyperbolic space is the set
Q = Q(G) of all points in ﬁg which have a neighbourhood that intersects only
finitely many copies of its G-orbit. The Chen-Greenberg limit set of G, denoted
by Acc(G) or simply Acg, is the set of accumulation points in ﬁg of orbits of
points in H¢. We know from Chapter 2 that for nonelementary groups, this set is
independent of the choice of orbit.

On the other hand, if we look at the action of G on all of P¢, then its Kulkarni
limit set is Axu(G) = Lo(G) U L1(G) U L2(G), where: Lo(G) is the closure of the
set of points in P¢ with infinite isotropy; the set L;(G) is the closure of the set of
cluster points of orbits of points in P¢ \ Lo(G); the set Ly(G) is the closure of the
set of cluster points of {G(K)}geq, where K runs over all the compact subsets of
P2\ {Lo(G) U L1(G)}. Its complement Qg yi(G) := Pg \ Axw(G) is the Kulkarni
region of discontinuity.

We remark again that the domain of discontinuity as defined by Kulkarni
is not necessarily the maximal domain of discontinuity. However, we know by
Theorem 2.6.1 that Lo(G)NHE = ) = L, (G)NHE whenever G is discrete. Moreover
we have:

Proposition 7.1.1. If G C PU(n,1) is a discrete subgroup, then Ly(G) NH? = (),
and therefore HE C Qkul(G).

Proof. Let x be a point in H and suppose that there exists a compact set K C
P\ (Lo(G) U L1(G)), such that z is a cluster point of the family of compact
sets {g(K)}gec. Then, there exists a sequence g, of distinct elements of G and
a sequence k,, of elements in K such that k, — k € K and g,(k,) — = € Hg.
Furthermore, we can suppose that (k,) C H¢ and then k € ]I-TE. If k£ is a point in
HZ, then there exists a subsequence of (g,(k)) which converges to ¢ € Hf; this
implies that ¢ € OHE, because Li(G) NHE = 0.

Now, using the Bergman metric, the length of the geodesic segment connect-
ing k, to k is equal to the length of the geodesic segment connecting g, (k,) to
gn(k). As n — oo this length tends to the length of the geodesic segment connect-
ing = to ¢, which is equal to infinity. This contradicts k, — k, so k € OHg.

By [45, Lemma 4.3.1] or Lemma 7.4.4 below, we can suppose, taking a sub-
sequence if needed, that g, ! converges uniformly in compact subsets of HE to a
constant function with value p € OHE. In particular, taking the compact subset
of HE given by {gn(k,)} U {z} we have that k, = g,,'(gn(kn)) — p, which means
that k = p € L1(G), a contradiction. Hence Lo(G) NHE = 0. O
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7.2 Some properties of the limit set

In this section we review some properties of the Chen-Greenberg limit set Ao (G)
for subgroups of PU(2, 1) that we use in the sequel. Most of these statements hold
also in higher dimensions and they were essentially discussed in the last section
of Chapter 2. We include them here for completeness and to have these stated in
exactly the way we use them.

Recall from Chapter 2 that if 21, 25 € H2 are two distinct points, then the
bisector €{z1, 20} is defined as the set {z € HZ|p(z1,2) = p(22,2)}, where p
is the Bergman metric. The complex geodesic ¥ C HZ spanned by 27 and 29
is the complex spine of €{z1,29}. By definition, the spine of €{z1, 22} equals
o=€{z1,22} NE = {z € X|p(#1, 2) = p(22, 2)}; this is the orthogonal bisector of
the geodesic segment joining z; and 22 in ¥ (see [67]).

The slice decomposition of the bisector &{z1, z2} says that

¢{z1, 22} = I3 (o),

where Iy, : HZ — ¥ is the orthogonal projection onto ¥ (see [63], [154]). This
implies that the half-space {z € HZ|p(z, 21) > p(z, z2)} is equal to the set Hgl{z €
Y| p(z,21) > p(z, z2)}. We use this equality to prove the following lemma, which is
reminiscent of the convergence property for complex hyperbolic groups explained
in Chapter 2 (see page 74).

Lemma 7.2.1. Let (z,,) be a sequence of elements of HZ such that z,, — q € OHZ.
In order to simplify notation we identify HZ with the unit ball of C*, and O with
the origin of C2. Then:

(i) If S, denotes the closed half-space {z € HZ|p(z,0) > p(z,2,)}, and S, C
OHZ denotes its ideal boundary, then the Buclidean diameter of S, UdS,, goes
to 0 as n — oo.

(i) If (zn) is a sequence such that z, € S, U S, for alln € N, then z, — q.

Proof. We prove (i) first. We can assume that x,, = (r,,0), 0 < r, < 1 for all n,
because the elements of U(2) are isometries for the Bergman metric. It follows that
the complex spine, ¥, of ¢{0,z,} is equal to the disc H} x {0} for each n, and
the orthogonal projection Iy, : HZ — %, is given by Ilx, (21, 22) = (21, 0). By the
comments above concerning the slice decomposition we have that S, = Hgi {z €
HE x {0} | p(2,0) > p(z,7,)}). We notice that the set {z € H{ x {0}]p(z,0) >
p(z,2,)} is contained in the set {(z1,0) € H{ x {0} |Re(z1) > m,} for each n,
where m, is the intersection point of the real axis in ]HI(%: x {0} and the spine, oy,
of €{0,,}. Then S,, C 5" ({(21,0) € HE x {0} |Re(z1) > my}) = {(21,20) €
H2 | Re(z1) > my,}, therefore

Sn, U8, C {(21,2) € HZ|Re(21) > my,},
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and the Euclidean diameter of the set {(z1,22) € HZ | Re(z1) > m,} goes to zero
when n — oo, because m,, — 1 when n — co. This proves (i). The proof of (ii)
follows easily from (i). O

Proposition 7.2.2. If (g,) is a sequence of distinct elements of a discrete subgroup
G of PU(2,1), then there exists a subsequence, still denoted by (gr), and elements

x,y € Acc(Q), such that g,(z) — x uniformly on compact subsets of ﬁ?c \ {y}.

Proof. Discarding a finite number of terms if necessary, we assume that g, (0) # 0
for all n. There exists a subsequence, still denoted by g, such that g,(0) — x €
Acc(G) and g, 1(0) = y € Acg(G). Let

Sy, = {z € HZ | p(2,0) > p(2, g, ' (0))}

and
S,1 = {z € H| p(2,0) > p(, 9.(0))}.

The result now follows from statement (ii) in Proposition 7.2.1, together with the
fact that the Euclidean diameters of the sets Sy, U 05y, , S -1 U0S -1 tend to

zero as n — 0o, and the maps g, carry ﬁé \ (Sg, UOSy,) into S -+ UIS —1. O

Our proof of Proposition 7.2.2 is inspired by the proof in [141] of the anal-
ogous result in real hyperbolic geometry. The sets Sy, U 0S5, play a role similar
to that of the isometric circle. In fact, in [67] the boundary of 8S,, in OHZ is
the isometric sphere of g, with respect to 0 € HZ. Some mild changes in these
arguments yield the following result, which is essentially contained in [103].

Corollary 7.2.3. Let G be as above. If (g,,) is a sequence of distinct elements of G,
then there exists a subsequence (gn) and points x,y € Aca(G) such that g, (z) — x

uniformly on compact subsets of HZ \ {y}, and 9, 1 (2) = y uniformly on compact
subsets of HZ \ {x}.

Lemma 7.2.4. If G is nonelementary, then there exist x,y € Aca(G), x # y, and a
sequence (gy) of distinct elements of G such that g, (2) — x uniformly on compact

subsets of]HT(%\ {y}, and g;1(2) — y uniformly on compact subsets ofHT%\ {z}.

Proof. Let x be a point of Acg(G) not fixed by every element of G, see [102].
By Corollary 7.2.3, there is a sequence g,, of distinct elements of G and a point
" € Ace(G), such that g,(z) — 2 uniformly on compact subsets of HZ \ {z}
and g, '(z) — 2’ uniformly on compact subsets of HZ \ {z}. If z # 2’ we are
done. If = 2/, then there exists g € G such that y = g(2’) # x. The elements
2,y € Ace(G) and the sequence (g,g~!) satisfy the conditions of the lemma. [

Proposition 7.2.5. Let G be a discrete subgroup of PU(2,1) such that Aca(G)
contains at least two distinct points, then there exists a lozodromic element in G.
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Proof. First assume Ao (G) has precisely two points, then we may consider G as
a classical Fuchsian group, because the complex geodesic determined by the points
in Acg(G) is G-invariant. Moreover, Ao (G) agrees with the classical limit set,
so GG has a loxodromic element.

If G is nonelementary, then we apply Lemma 7.2.4 and use its notation.
Choose two disjoint open 3-balls D,,, D, C 9HZ, such that z € D,, y € D,. There
exists n such that g,,(0HZ \ D,) C D,. The Brouwer fixed point theorem implies
that g, has a fixed point in D, and a similar reasoning implies that g,;! has a
fixed point in D,,. Now it is easy to see that g, is a loxodromic element. O

7.3 Comparing the limit sets Ak (G) and Acg(G)

In this section we prove the following theorem from [161]:
Theorem 7.3.1. Let G be a discrete subgroup of PU(2,1), then:

a) The limit set Acg satisfies

Ace = Lo(G) NOHE = L1(G) NOHZ = Ly(G) NOHZ = Aku(G) N OHZ.

b) The limit set Axu(G) is the union of all complex projective lines 1, tangent
to 8H(% at points in Aog;

Au(G) = | L.

z€Aca

Furthermore, if G is nonelementary, then the orbit of each line l,, z € Acg,
is dense in Axw(G) (though the G-action on Axw(G) is not minimal).

The proof we now give uses methods from complex hyperbolic geometry. We
remark that this proof also shows that the Kulkarni region of discontinuity of G in
PZ coincides with its region of equicontinuity, i.e., Qxu(G) = Eq(G). In Section
7.7 we give an alternative proof of Theorem 7.3.1 using analytic methods, and we
prove also the claim that Qk.(G) = Eq(G).

We first need several lemmas.

—2
Lemma 7.3.2. Let (w,) C P2\ Hg be a sequence such that w, — w. Denote by
3, the complex geodesic which is polar to wy,. Assume (vy,) is a sequence of points
such that each v, is in X, for alln € N, and v, — v.

a) If w € OHZ, then w = v.
b) Ifw e Pé\ﬁé, then v € XUOX, where X denotes the complex geodesic which

s polar to w. In particular, if v € 6H%, then w € l,, where [, is the only
complez line which is tangent to OHZ at v.
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Proof. Let (-,-) denote the Hermitian product in C? given by

((z1, 22, 23), (Yy1,Y2,Y3)) = T101 + T2¥2 — L373.

Let w,, (respectively 9,) be a lift of w,, (respectively v,) to S® C C3. Take subse-
quences such that v,, — v and w,, — w. The elements v and w are lifts of v and w,
respectively, to S%; and the equations (#,,,) = 0, n € N, imply that (7, @) = 0.

In order to prove a) we assume w € 8H%, then the complex line in }P’(%,
induced by the two-dimensional complex space {w}+, is the only complex line

which is tangent to OHZ at w. Given that ¢ € {w}+ and v € ﬁé, we have that
v =w.

For b) we assume w € P2 \ﬁé, then the equation (0, w) = 0 implies that v €
3 U 0%, where ¥ denotes the complex geodesic which is polar to w. In particular,
when v € 9%, the equation (0, w) = 0 implies w € I,,. O

Lemma 7.3.3. If G is a discrete subgroup of PU(2,1), then Ac(G) = Lo(G)NOHE.

Proof. If Lo(G) N OHZ = ), then Proposition 2.1.2 implies that G is finite, so
Acc(G) =0.

If Lo(G)N 811-]1% consists of a single point, then this point is fixed by the whole
group G, and Proposition 7.2.2 implies that it belongs to Acg(G). If Acg(G) has
more than one point, then there exists a loxodromic element in G, whose fixed
points are in Ly(G), a contradiction to our assumption. Therefore Acg(G) =
Lo(G) N OHE.

Finally, we assume |Lo(G) N OHZ| > 2. Since Lo(G) N OHZ is a G-invariant
closed set, Proposition 2.6.5 implies that Acg(G) C Lo(G) N OHZ. The converse
inclusion is easily obtained from Proposition 7.2.2. O

Lemma 7.3.4. If G is a discrete subgroup of PU(2,1), then Acc(G) = L1(G)NOHE.

Proof. 1f G is finite, then both sets in the equality are empty. Assume G is infinite
and notice that the definition of Ace(G) and the fact that Lo(G) NHZ = () show
that Acg(G) C Ll(G) N 8]1—]1%

Let us show the converse, i.e., that L1 (G) N 0HZ C Ace(G). Assume that
z € OHZ, suppose that there exist a sequence g,, of distinct elements of G and one
point ¢ € P2\ Lo(G), such that g,,(¢) — z. We consider the following three cases:

1. We suppose ¢ € H2 \ Lo(G), then by definition z € Acg(G).

2. If ¢ € OHZ \ Lo(G), then Lemma 7.3.3 implies that ¢ € OHZ \ Acg(G). By
Proposition 7.2.2, we have that z € Acg(G).

3. Finally we assume ¢ € P2\ (H2UL((G)). Let ¥ denote the complex geodesic
which is polar to ¢, then the complex geodesic g, (X) is polar to g,({). We
take a point = € X, and a subsequence of g,, still denoted by g, such that
gn(2) = ¢ € Ao (G). Lemma 7.3.2 a) implies that z = ¢ € Acg(G). O

Lemma 7.3.5. If G is a discrete subgroup of PU(2,1), then Acc(G) = Lo(G)NOHE.
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Proof. We assume G is infinite, because when G is finite the equality is trivial.
The definition of Ace(G) and the fact that (Lo(G) U Li(G)) NHZ = 0 show that
Acg(G) C LQ(G) n 6]1—]1(%

Let us show the converse, i.e., that Ly(G) NOHZ C Ac(G). Let K C P2\
(Lo(G) U L1(G)) be a compact set. If z € JHZ is a cluster point of the orbit of K,
then there exists a sequence (k,,) C K, such that k, — k € K, and a sequence of
distinct elements (g,) C G such that g, (k,) — z. We consider four cases:

L If k € H2\ (Lo(G) U L1(@)), then we can assume that k, € HZ for all
n. By Proposition 7.2.2, there exists a subsequence, g,, and elements x,y €
Acc(G) such that g,,(-) = « uniformly on compact subsets of HZ \ {y}. Then
Z2= € Acg(G).

2. We assume k € OHZ \ (Lo(G) U L1(G)) and there exists a subsequence of

ky, still denoted by k,,, such that k,, € H% for each n. By Lemmas 7.3.3 and
7.3.4 we have that k € OH2 \ Ace(G), and Proposition 7.2.2 implies that
z € Aca (G)

3. We assume k € OHZ \ (Lo(G) U L1(G)) = OHZ \ Ac(G) and there exists
a subsequence of k,, still denoted by k,, such that k, € Pé \ H(% for all
n. We denote by 3, the complex geodesic which is polar to k,, and let x,,
be an element of ¥,,. We can assume, taking a subsequence, if needed, that
T, = T € ]H[%. Lemma 7.3.2 a) implies that = k. By Proposition 7.2.2 we
can suppose, taking subsequences if needed, that g,(z,) = ¢ € Aca(G).

The complex geodesic g,(X%,) is polar to g,(k,), and we know that
gn(kn) — z, thus Lemma 7.3.2 a) implies that z = ¢ € Acg(G).

4. Finally, if k € P2\ (H2 U Lo(G) U L1(G)), then we can assume, discarding a
finite number of terms, that k, € P2 \ H2 for all n. Let %, (respectively X)
be the complex geodesic which is polar to k,, (respectively k), and z,, a point
in ¥,,. We assume, taking a subsequence, if needed, that =, — x € X U 9X.
Also, we can choose the sequence in such a way that z € ¥ C HZ. Once
more, we apply Proposition 7.2.2 to find subsequences of g, and z, such
that g,(z,) — ¢ € Ace(G). Finally, the complex geodesic g,,(%,) is polar
to gn(kn), and we know that g,(k,) — z, then Lemma 7.3.2 a) implies that
zZ=4qc Acg(G). O

It follows immediately from Lemmas 7.3.3, 7.3.4 and 7.3.5 that Acq(G) =
Axu(G) N BH%. We have thus proved the first statement of Theorem 7.3.1.

We need a few results in order to prove statement b). The first of these is
reminiscent of the Ad-lemma in [167]; we use it to prove that the limit set Ak (G)
contains a line whenever G contains a loxodromic element. As before, we denote
by %7/ the complex projective line determined by the points z,y € ]P’%.

Lemma 7.3.6 (A\-Lemma). Let g € PU(2,1) be a lozodromic element with fized
POINES 2y, Zs, 2q € Pé, where z,. is a repelling fixed point for g, zs is a saddle, and
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Zq 18 an attractor. Let S C IP’?C be any 3-sphere that does not contain either z, or
zs and meets transversally the complex projective line m in a circle. Then the
set of cluster points of the family of compact sets {g"™(S) tnen is equal to the whole
complex projective line Zg, 2.

Proof. We can assume that, up to conjugation in SL(3, C), g is induced by a matrix
in SL(3,C) of the form

M 0 0
0 X 0 |,
0 0 X

where 0 < |A1] < |A2] =1 < ||, so we have z, =[1:0:0], 2, =[0:1:0], and
za = [0 : 0 : 1]. The set of cluster points of the family {¢™(S)}nen is contained
in %5, 2. because the sequence of functions {d(g™("), M)}%N converges to zero
uniformly on S, where d(-,-) denotes the Fubini-Study metric in PZ.

Now we want to prove that every point in m is a cluster point of the family
{9"(S) }nen. For this, we take z € %,z \ {24} and € > 0. Since the sequence
of functions {d(g" (), %, Ze) }nen converges to zero uniformly on S, there exists
Ny > 0 such that d(g"(s), %5, z4) < € for every n > Ny and s € S.

Let IT: P2\ {2} — %5, 2, be the projection given by [z : 29 : @3] > [0 : o :
x3]. Given that II(S) is a neighbourhood of zs in %5, z,, we consider a disc D in
m with centre zg such that D C II(S). The transformation g acts on m as
a classical loxodromic transformation with zs as a repelling point, therefore there
exists Na € N such that z € gV2(D).

Now, let n > max(Ny, No), then ¢™V2(D) c ¢"(D) C ¢g™(II(S)), thus z =
g™ (II(s)) for some s € S, and

d(g"(s),2) = d(g" (), 9" (IL(s))) = d(g"(s), IL(g" (5))) = dl9"(s), 55, %) < e.

Then z is a cluster point of the family {¢”(S)}nen, and we have proved that the
set %5, 20 \ {24} is contained in the (closed) set of cluster points of {g"(S)}nen,
therefore the whole complex projective line %, 7o is contained in this set of cluster
points. O

Lemma 7.3.7. If G is a discrete subgroup of PU(2,1) and g € G is a loxodromic
element with fived points z,, zs, zq € P%, where 2, is a repelling fized point, zs is a
saddle fixed point, and z, is an attracting fived point, then

2«, zs C AKul(G) or gs, Za C AKul(G).

Proof. Clearly {z,,zs, 24} C Lo(G). If £, 7% C (Lo(G)ULy1(G)), then we are done.
If £.20 ¢ (Lo(G) U Li(Q)), then %22 \ (Lo(G) U L1(G)) # 0 is an open set
in £,,%,. Thus there exists a 3-sphere satisfying the hypothesis of Lemma 7.3.6,
therefore m C Axu(G). O

We remark, using the notation of Lemma 7.3.7, that 2, z5 (respectively gs, Za)
is the only complex projective line tangent to 8]1-]1(% at the point z,. (respectively z,).
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Therefore, when G C PU(2, 1) is a discrete group containing a loxodromic element,
the limit set Ak,1(G) contains at least one complex projective line tangent to OHZ
at a point in Acg(G). In the sequel we denote by I, the only complex projective
line tangent to OHZ at the point z € OHZ.

Lemma 7.3.8. If G is a discrete subgroup of PU(2,1), then Lo(G) C U, e (a) l=-

Proof. Let ¢ be a point in P whose isotropy subgroup has infinite order, and con-

sider the two possible cases: either ¢ € ﬁé or not. In the first case Proposition 7.1.1
and Theorem 7.3.1 a) imply that ¢ € Lo(G) N OHZ = Acg(G) C Usercea) b=

If¢ e Pé \]HI(%7 let 3 denote the complex geodesic polar to . Observe that
0X is invariant under the isotropy subgroup of ¢, so Proposition 2.6.5 implies that
the (nonempty) Chen-Greenberg’s limit set of this isotropy subgroup is contained
in 0X. Hence there exists a point z € Acg(G) such that z € 9%, then ¢ € [, for
some z € Ao (G). O

Lemma 7.3.9. If G is a discrete subgroup of PU(2,1), then Li(G) C U,epqq(a) L2

Proof. Proposition 7.1.1 implies Lo(G) C P? \ H2. If Lo(G) = P2\ HZ, then
Li(G) = Ace(G) C UzeACG(G) l,, and we have finished. Therefore, we assume
that Lo(G) C P2\ HZ. We take x € P4\ Lo(G) and there are two possible cases,
according to whether z € H2 \ Lo(G) = H2Z \ Ace(G) or not. In the first case
Proposition 7.2.2 implies that the cluster points of the orbit of x are contained in
Acc(G) CU.eacq(q) L= proving the lemma in this case.

If z € P2\ (H2 U Lo(G)) and g, is a sequence of different elements of G such
that g,(z) — £ € L1(G), then one has two possibilities: either £ € ﬁ(zc or not.
In the first case Proposition 7.1.1 implies £ € HZ, and Theorem 7.3.1 a) implies
that £ € Aca(G) C U enpq(q) L= as claimed.

If ¢ € P2\ HZ, let ¥ be the complex geodesic which is polar to z. Then g, ()
is the complex geodesic polar to g, (z). Let 3’ be the complex geodesic polar to &.
Using Proposition 7.2.2, take a subsequence of g, still denoted by g,, such that
gn(z) = p € Acg(G) for all z € HZ. In particular, if o € ¥, then g, (c) — p, and
gn(0) € gn(X2). Thus Lemma 7.3.2 b) implies p € 0% and therefore £ € [,,. O

Lemma 7.3.10. If G is a discrete subgroup of PU(2,1), then La(G) C U, cp o (a) l=-

Proof. By Proposition 7.1.1, we have Lo(G)U L1 (G) C P\ H2. If Lo(G)U L1(G)
is equal to P2\ HZ, then Ly(G) = Acg(G) C U.ence(q) L= and we have finished.

Assume Lo(G)UL1(G) € P2\ H2. Let z be a cluster point of the orbit of the
compact set K C P2\ (Lo(G) U L1(G)), then there exists a sequence (k,,) C K,
such that k, — k € K, and a sequence of distinct elements (g,) C G such that
gn(kn) = 2.
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If z € ]HT?C, then Proposition 7.1.1 and Theorem 7.3.1 a) imply that z €
Ly(G)NOHZ = Acg(G) C Ueroq(c) le- Otherwise, if z ¢ ﬁé, then k ¢ HZ, and

we consider two cases:

L. If k € OHZ \ (Lo(G) U L1(G)), then k, € PZ\ H2 for almost every n € N,
for otherwise there would exist a subsequence, still denoted by £,,, such that
k, € H2 for all n, and given that g,(k,) — z we have z € HZ, which is a
contradiction.

We denote by ¥, the complex geodesic which is polar to k,,. Let x,, be
a point in X,; we can assume, taking a subsequence if needed, that z,, —
T € H?C. Lemma 7.3.2 a) implies that z = k. By Proposition 7.2.2, we can
suppose, taking subsequences if needed, that ¢,(z,) — ¢ € Ace(G). The
complex geodesic g, (X,) is polar to g,(ky), and we know that g, (k,) — z,
then Lemma 7.3.2 b) implies that z € [,.

2. If k € P%\ (]HT% U Lo(G) U L1(G)), then we can assume, discarding a finite

number of terms, that k, € P2\ H2 for all n. Let X, (respectively ¥)
denote the complex geodesic which is polar to k, (respectively k). Let x,
be an element of ¥,,. We assume, taking a subsequence if necessary, that
Tn, — x € X UJI%N. Also, we can choose the sequence in such a way that
z € ¥ C HZ. Once more, we apply Proposition 7.2.2 to find subsequences of
gn and x,, such that g,(z,) = ¢ € Acc(G). Finally, the complex geodesic
9n(Zr) is polar to g, (k,), and we know that g, (k,) — z, then Lemma 7.3.2
b) implies that z € I,. O

We are now ready to finish the proof of Theorem 7.3.1 b). First notice that
Lemmas 7.3.8, 7.3.9 and 7.3.10 imply that Aku(G) C U,en . (q) lzs S0 it suffices to
prove the converse inclusion. If Acg(G) = 0, then G is finite and there is nothing
to do. So we split the proof in three cases according to whether the cardinality
of Acg(G) is 1, 2 or more than 2. We begin with the last case which is the most
interesting.

If |[Acg(G)| > 2, then G is nonelementary. Let go € G be a loxodromic
element, and p € Acg(G) a fixed point of g such that the line [, tangent to OHZ
at p, is contained in Aku(G) (Lemma 7.3.7). Observe that g(l,) = ly(,) for each
g € G C PU(2,1). So Ugegly(p) is contained in Agu(G), because Ak (G) is a
G-invariant closed set. Thus,

M@ U= U = U = U L.

geG 2€{g(p)}gec ze{g(p)}gec 2€Acc(G)

Now notice that, by Proposition 2.6.5, if I, C Ak (G), then its orbit is dense
on Aku(G). This proves Theorem 7.3.1 b) when G is nonelementary.

Assume now that |Acg(G)| = 2 and denote by = and y the two points in
Acc(G). Then G contains a loxodromic element and it is not difficult to see that
Ly(G) =A{z,y, 2z} = L1(G), where z = [; N1, and Lao(G) =1, Ul,.
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Finally consider the case |[Acg(G)| = 1 and denote by x the only point in
Acc(G). Proposition 2.1.2 implies that there exists an element gy € G of infinite
order which is parabolic and fixes x, and one has Ak (G) = Axw({g0)) =lz. O

Corollary 7.3.11. Let G,G1, G2 be discrete subgroups of PU(2,1). Then:
a) The limit set Axw(G) is path connected.
b) If Acc(G) is all of OHZ, then Akw(G) = P2\ HZ.
c) If G1 C Ga, then Axu(G1) C Aku(Gs).
d)

If G is nonelementary and W is a G-invariant open set such that G acts
properly discontinuously on W, then W C Qg (G). In other words, Q(G) is

the mazximal open set on which G acts properly discontinuously.

Proof. a) Let xz1,22 be points in Agy(G). By Theorem 7.3.1 b) there exist
21,22 € Ace(G) such that z1 € 1,, and z9 € [,,. If 21 = 29, then we can join
x1 to x9 by a path in I, C Akw(G). Finally, if 21 # 22, then we can join
to z9 by a path in [, Ul,, C Axu(G), because any two complex lines in P2
have nonempty intersection.

b) This claim follows immediately from Theorem 7.3.1 b).

c¢) This claim follows from Theorem 7.3.1 b) and the fact that for the Chen-
Greenberg limit sets one obviously has Acg(G1) C Aca L(G2).

d) W & Qxu(G), then W NI, # 0 for every z € Ac(G) (for otherwise there
exists zo € Acg(G) such that [, C (P2 \ W). Theorem 7.3.1 b) and the fact
that PZ \ W is a G-invariant closed set imply that Ak (G) = U,eq 9(15,) C
PZ\ W. Hence W C Qxu(G), which is a contradiction to our assumption).
In particular, if gy € G is a loxodromic element having fixed points 21, 22 €
Acc(@), then WNl,, # 0 # WnNl,,. But Lemma 7.3.6 says that G does not
act properly discontinuously on W, so we get a contradiction and therefore
W C Qku(G). O

7.4 Pseudo-projective maps and equicontinuity

In this section we develop some machinery that we use in the sequel in order to
extend to higher dimensions the previous results. For this we look at a completion
of the Lie group PSL(n,C) inspired by the space of quasi-projective maps intro-
duced in [61] and studied in [1]. We call this completion of PSL(n+1,C) the space
of pseudo-projective maps.

Let M : C**!' — C™*! be a nonzero linear transformation which is not
necessarily invertible. Let Ker(M) be its kernel and let Ker([[M]],+1) denote its
projectivization. That is, Ker([[]\A/f]]nH) = [Ker(ﬁ) \ {0}], where [ ], is the
projection C" ! — P2
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Then M induces a map [[M]]HH : PE \ Ker(M) — P given by

[M]]n41([o]n) = [M ()],

This is well defined because v ¢ Ker(M). Moreover, the commutative diagram
below implies that [[M]],+1 is a holomorphic map:

CrH\ Ker(M) —2 s ¢\ {0} .

[]nl l[]n

P \ Ker(M) Pg

((M]]n+1

We call the map M = [[M]],+1 a pseudo-projective transformation, and we denote
by QP(n + 1,C) the space of all pseudo-projective transformations of P¢. Thence
QP(n + 1,C) is the space

{M = [[M]]ns+1 : M is a nonzero linear transformation of C"*'}.

Clearly PSL(n +1,C) Cc QP(n+1,C).
A linear map M : C"*!' — C™*! is said to be a lift of the pseudo-projective

transformation M if [[M]],+1 = M. Conversely, given a pseudo-projective trans-

formation M and a lift M we define the image of M as
(M) = [M(C™)\ {0}
Notice that if M is in QP(n + 1,C) \ PSL(n + 1,C), then
dim¢(Ker(M)) + dime (S(M)) =n — 1;
this will be used later.

Proposition 7.4.1. Let (7 )men C PSL(n+1,C) be a sequence of distinct elements,
then there is a subsequence of (Ym)men, still denoted by (Ym)men, and v € QP(n+
1,C) such that vy ——= 7 uniformly on compact sets of Pt \ Ker(y).

Proof. For each m, let 4,,, = (%(;n)) € SL(n + 1,C) be a lift of ,,. Define

| = max{[7{™] i, = 1,...,n + 1},

Notice that |y,,| is independent of the choice of lift in SL(n + 1,C) since the
projection map SL(n + 1,C) — PSL(n + 1,C) is determined by the action of
Zn11 regarded as the roots of unity. Notice also that |v,,| ™17, is again a lift of
Ym. Since every bounded sequence in M(n + 1,C) = C”QH”“, has a convergent
subsequence, we deduce that there is a subsequence of (|7,,|~*4mm), still denoted
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by (|Ym|™%m), and a nonzero ((n+1) x (n+ 1))-matrix 5 = (v;;) € M(n+1,C),
such that for each entry 7;; we have

)

|7m|_1%(;n o i

This implies that, regarded as linear transformations, we have the following con-
vergence in the compact-open topology

Y " m sz 7- (7.4.1)

Now, let K C P¢ — Ker(7y) be a compact set and let K = {k e C"*|[k], €
K} NSE, where || || : C" — R is the usual norm and S = {v € C"! : ||v|| = 1}.
Clearly Kisa compact set which satisfies [l? ]n» = K. On the other hand, by the
convergence described in equation (7.4.1), we get the following convergence in the
compact-open topology,

Yl 'l 2 sz g (7.4.1)

Since [[|vm|™ ¥m Jntt = Ym and [K], = K, it follows that equation (7.4.1)
implies the following convergence in the compact-open topology,

'Ym|K ey [rﬂnh{ O

In what follows we will say that the sequence (v )men C PSL(n + 1,C)
converges to v € QP(n + 1,C) in the sense of pseudo-projective transformations
if ym =2 < uniformly on compact sets of P¢ \ Ker(y).

Proposition 7.4.2. Let (ym)men C PSL(n + 1,C) be a sequence which converges
to v € QP(n + 1,C) such that Ker() is a hyperplane, p € Ker(y) \ S(v), U
a neighborhood of p and £ a line such that Ker(y) N ¢ = {p}. Then there is a
subsequence of (Ym)men, still denoted by (Vm)men, and a line L, such that for
every open neighborhood W of p with compact closure in U, the set of cluster
points of {ym(W N L)} is L.

Proof. Since Grq(Pg) is compact, there is a subsequence of (7 )men, still denoted
by (Ym)men, and a line £ such that 7,,(¢) —> L. On the other hand, since

m—r oo
the sequence (Ym)men converges to v and ¢ N Ker(y) = {p} we conclude that
LNS(y) = S(v) is a point, say ¢. Let z € L\ {q}, then there is a sequence

(Ym)men C £ such that (ym)men is convergent and ¥, (ym) ——=2 2. This implies

that the limit point of (Y, )men lies in Ker(v), thence such a point is p. In short

Ym =55 P and 'Ym(ym) moo L. O

We now recall that the equicontinuity region for a family G of endomorphisms
of P, denoted by Eq (G), is defined to be the set of points z € P¢ for which there
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is an open neighborhood U of z such that G|y is a normal family. (Where normal
family means that every sequence of distinct elements has a subsequence which
converges uniformly on compact sets.)

As a consequence of Proposition 7.4.2 one has:

Corollary 7.4.3. Let (ym)men C PSL(n + 1,C) be a sequence which converges to
v € QP(n+1,C). If Ker(y) is a hyperplane, then the equicontinuity set is

Eq ({ym : m € N}) = P \ Ker(y).
Proof. Let us assume on the contrary, that there is
z € Ker(y) NEq ({vm : m € N}).

Let yo € P¢ \ Ker(y) and S(v) = {wo}. Define: £ = ({z,yo}) and U = Eq ({ym :
m € N}). Then {NKer(y) =  and U is a neighborhood of z. By Proposition 7.4.2
there is a subsequence of (v, )men, still denoted by (Ym)men, and a line £ such
that for every open neighborhood W of x with compact closure in U, the set of
cluster points of {,,(WN#)}is L. Let 29 € £\ {wo}; the previous argument yields

that there is a sequence (z,,) C U such that z,, ——= 2 and yn(2m) ——= 20

On the other hand, there is a subsequence of (v, ), still denoted by (v;,), and
7 : U — P such that (v, |r) converges to 7 with respect to the compact open
topology. Therefore 7 is holomorphic.

Finally, by hypotesis it follows that 7 |\ker(y)= wo, so T is constant. In

particular v, (2m) ——=2 wo. Which is a contradiction. O

Now we have:

Lemma 7.4.4. Let G C PU(n,1) be a discrete group, (Vm)men C G a sequence
of distinct elements and v € QP(n 4+ 1,C) \ PSL(n + 1,C) such that (Ym)men
converges to vy in the sense of pseudo-projective transformations. Then:

(i) The image 3(v) is a point in OHE.
(ii) Ker(y)* is a point in OHZ.
(iii) One has Ker(y) NOHE € Aca(G).

Proof. Let us prove (i) by contradiction. Since «y is holomorphic the set v(HZ \
Ker(y)) is a relative open set in the projective subspace (). On the other hand,
by Theorem 1.2.21 the set v(HZ \ Ker(7y)) is contained in () N OHE, which as a
subspace of () has empty interior, which is a contradiction. In the rest of the
proof the unique element in () will be denoted by g.

Now let us prove (ii). From the previous part, it follows that Ker(vy) is a
hyperplane, thus to get the proof it will be enough to show Ker(y) NHg = () and
Ker(y) NHy # 0.

Claim 1. Ker(y) N HZ = 0. Let us assume, on the contrary, that Ker(y) N H #
(). Thus there exists z € (Ker('y) \ %('y)) N HE. Applying Proposition 7.4.2 to
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(Ym)men, 7, © and H, it follows that there is a line ¢ such that each point
contained in ¢ is a cluster point of {v,,(Hg¢) : m € N}. Since (Ym)men C I’

and I' C PU(1,n), it follows that ¢ C Hg, which is a contradiction. Therefore
Ker(vy) NHZ = 0.

Claim 2. Ker(y) NHg # 0. Assume, on the contrary, that Ker(y) N Hg = . From
this and (i) of the present lemma we conclude that 7, converges uniformly to the
constant function g on He. Let 2 € HZ and U be a neighborhood of ¢ in H' such
that U NHE C HR \ {z}. The uniform convergence implies that there is a natural
number ng such that ~,, (Hz) € U N HZ C HE \ {z} for each m > ny. This is a
contradiction since each 7, is a homeomorphism.

Let us prove (iii). By Proposition 7.4.1 we can assume that there is 7 €
QP(n+1,C) such that (v,,})men converges to 7 in the sense of pseudo-projective
transformations. Thus by (i) of the present lemma we have that &(7) is a point
p in Acg(G). We claim that {p} = I(7) = Ker(y) N OHE. Assume this does not
happen; let © € HZ, then v,,'(z) ——= p, thus {y,,}(z) : m € N} U {p} is a

m— o0

compact set which lies in P2 \ Ker(y), thus z = v, (7.}, (z)) —— ¢. Which is a

m— 00
contradiction. O

From the proof of the previous result one gets:

Corollary 7.4.5. Let G C PU(1,n) be a discrete group, (Vm)men C G a sequence
of distinct elements and v € QP(n + 1,C) such that (Vm)men converges to v in
the sense of pseudo-projective transformations. Then there are a subsequence of
(Ym)men, still denoted by (Ym)men, and an element 7 € QP(n + 1,C) such that:

(i) the sequence (v,,') converges to T in the sense of pseudo-projective transfor-
mations;

(ii) the image S(7) and Ker(r)L are points in OHE;
(iii) one has (1) = Ker(y) N OHE;
(iv) also S(y) = Ker(r) N OHE.

7.5 On the equicontinuity region

Let V C P¢ be a proper and nonempty projective subspace, set V= {v e Cnti\
{0}|[v]n € V}, and define (its orthogonal complement):

V= [{we C"\ {0} < v,w >=0 for all w € V}],.

When V consists of a single point v € JHE, one has that V1 is the hyperplane
tangent to OHE at v.
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Now, given a discrete subgroup G C PU(n, 1) let us define

ce= U

pEAca(G)

In other words, for each point p € OH, the space {p}+ is the projective hyperplane
in P tangent to partial HE at p. Clearly C(G) is a closed G-invariant subset of
PZ. The following lemma proves part of Theorem 7.5.3, which is the main result
in this section.

Lemma 7.5.1. The equicontinuity region of G is
Eq(G) =P\ C(G).

Proof. Since G is infinite and discrete, it contains at least a parabolic or a loxo-
dromic element 7, by (2.1.2). Let xg be a fixed point of 4. By Corollary 7.4.5 we
can ensure that {xo}* is contained in P2\ Eq (G). On the other hand by Propo-
sition 2.6.5, the closure of the orbit of z¢ is Acg(G). Thus Eq (G) C P\ C(G).
Let us now prove P¢ \ C(G) C Eq (G). Let p € P\ C(G) and (Vm)men a sequence
of distinct elements. By Lemma 7.4.4 there are points p,q € Ace(G) and a sub-

sequence of (Y, )men, still denoted by (74 )men, such that v, ———= ¢ uniformly

on compact sets of P&\ {p}*+. This completes the proof. 0

Corollary 7.5.2. Let G C PU(n, 1) be a discrete subgroup. Then G acts discontin-
wously on Eq(G) and, moreover, for every compact set K C Eq(G) the cluster
points of the orbit GK lie in Aca(G).

Proof. Assume on the contrary that G does not act discontinuously on Eq (T).
Then there is a compact set K and a sequence of distinct elements (Vi )men C
G, such that ~,,(K) N K # (. By Proposition 7.4.1, there is a subsequence of
(Ym)men, still denoted by (Vm)men, and v € QP(n + 1,C), such that (vm)men
converges to v in the sense of pseudo-projective transformations. Moreover, by
Lemma 7.4.4, S(v) is a point p in OHZ and Ker ()" is a point in JHZ. Therefore
there is a neighborhood U of p disjoint from K and a natural number ng such that
ym(K) C U for all m > ng. This implies v,,(K) N K = (), which is a contradiction.
Therefore T' acts discontinuously on Eq (G).

From the previous argument we deduce also that for every compact set K C
Eq (G) the cluster points of GK lie in Acg(G). O

Summarising the above results, we arrive at the following theorem of [40]:
Theorem 7.5.3. Let G C PU(n,1) be a discrete subgroup and let Eq(G) be its
equicontinuity region in Pg. Then PE \ Eq(G) is the union of all complex pro-
jective hyperplanes tangent to OHE at points in Acq(G), and G acts properly
discontinuously on Eq (G).

Remark 7.5.4. By the previous theorem and Proposition 3.3.6 we have Eq (G) C
Akl (G) for every discrete group G C PU(n, 1).
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7.6 Geometric Applications
7.6.1 The Kobayashi Metric

Let M be a (nonnecessarily connected) complex manifold and d the distance on
]HI%: defined by the Poincaré metric. Given two points p and ¢ of M, choose the
following objects:

(1) Points pP=Dpo,P1s---3Pk—1,Pk = ¢ of M.
(ii) Points aq,...,ax,b1,...,by € HE.
(iii) Holomorphic maps fi,..., fx of H} into M such that

fila;) =pj—1, fj(bj) = p; for each j € {1,...,k}.

For each choice of points and mappings satisfying (i) and (ii), consider the number
25:1 d(aj,bj), where d is the hyperbolic distance in H{. Let pas(p,q) be the
infimum of the numbers obtained in this manner for all possible choices. Then pjs
is a pseudometric on M. When p); is a metric, M is called Kobayashi hyperbolic.
The Kobayashi distance can be considered as a generalisation of the Poincaré
distance because both agree on the unit disc.

The following important result from [121] is used in the sequel.
Theorem 7.6.1. Let D C P¢ be a nonempty open set, then:
(i) Ewvery holomorphic map of M is norm decreasing with respect ppr.

(ii) If D is the complement of 2n + 1 or more hyperplanes in general position in
PZ, then the Kobayashi metric is complete.

(i) Let D; C Pg, @ € I, be connected open sets of Y, i.e. domains, such that
D = (;c; Xi. If every D; is complete Kobayashi hyperbolic, so is D.

(iv) If D is a domain that omits a hyperplane and is complete Kobayashi hyper-
bolic, then D is a holomorphy domain, see [129].

7.6.2 Complex Hyperbolic groups and k-chains

Recall from Chapter 2 that given 0 < k < n we say that V' C OHE is a k-chain if
V =W N[N_], where W is a projective subspace of dimension k, and V' contains
more than two points. Clearly every k-chain is diffeomorphic to S?+~1.

Proposition 7.6.2. Let G C PU(n,1) be a discrete group. Then the limit set
Acc(G) lies in a k-chain if and only if there is a proper G-invariant projective
subspace which is nonempty.

Proof. If Acc(G) lies in a k-chain, then there is a projective subspace V' ¢ P such
that Acg(G) C V, thus (Acq(G)) C V, and clearly (Acq(G)) is a G-invariant
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projective subspace. On the other hand, if there is a G-invariant projective proper
subspace V which is nontrivial, then either VN HZ # () or V- NHZ # 0. Notice
that V1 is also G-invariant, due to G-invariance of the Hermitian form ( ). In any
case there is a G-invariant space such that W N HZ # (. Thus given z € W N HE
the set of accumulation points of Gz lies in W, which concludes the proof. O

Corollary 7.6.3. If G C PU(n,1) is a discrete subgroup which does not leave in-
variant any k-chain, then Acg(G) is the unique minimal closed set for the action
of G in P¢.

Proof. Let C be a closed G-invariant set and ¢ € C.

Claim 1. There is v € G and z € Fix(y|gg») such that ¢ € {z}1. Otherwise, let
us set

FLP(G) = {p € 0H"|p € Fix(G) for some loxodromic elementy € G},

then ¢ € ﬂyeFLP(G){y}l. That is ¢ € (FLP(G))* and therefore (FLP(G)) # PL.
Thus Ace(G) is contained in a k-chain.

Now let v € G be a loxodromic element and xz € JH" be a fixed point by
7 such that ¢ ¢ {z}*. Then one has that there is a sequence (n,,) such that
y"m(¢) ——= ¢, where ¢ is the other fixed point by v on OH". Hence q € C,

m—r o0

which concludes the proof. O

Lemma 7.6.4. Let G C PU(n,1) be a discrete group such that Aca(G) does not
lie in a k-chain and © € Acg(G). Then for each m € N, m > n+1, there is a set
Am ={71,...,Ym} C G, such that the points in A,z are in general position.

Proof. By induction on m. Let us show the case m = n + 1. Let {v,,|m € N} be
an enumeration for G and for each m € N, set Cyp, = (y1(2), ..., vm(z)) and k,, =
dim¢(Cyp,). Then Cy, C Cry1 and kyy, < K1 < n. Define Ky = max{k,,|m € N}
and mo = min{m € N|k,, = ko}. Thus C,, = Cy,, for all m > my. Hence
(Gz) = Cpy, so that Cp,, is G—invariant. Therefore C,,, = P¢. Then there is
aset A= {m,..., 741} such that (Az) = Pg, which concludes this part of the
proof.

Now assume that there is m > n+ 1 and A4,, = {7,...,¥m} C G such
that the points in A,z are in general position. Set B = {B C A,,|card(B) = n},
k : Gz — 2B given by k(y) = {8 € Bly € (8)} and ¢ : Gz — N U {0} given
by ¢(y) = card(k(y)). Clearly the result will follow by proving I = min{¢(y)|y €
Gz} =0.

Claim 1. I = 0. Assume on the contrary that { > 0. Let yo € Gx be such that
#(yo) = 1. Set ro = min{d(yo, (6))|8 € B\ k(yo)}. Thus there is a loxodromic
element 7o € G such that Fix(ylgz) € W = By, (yo) N HE. Thus for I € N

large v (A,,x) C W. Then for each z € ~(A,,z) it follows that x(z) C k(yo)-
Since | = min{¢(y)|ly € Gz} = card(k(yo)) we have that x(z) = k(yo) for each
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2 € Y (Amx). Thus 74 (Amz) C Mpen(y)(B), which is a contradiction since W (Amz)
is a set with m points, m > n + 1, and dimc((e g, (B)) < n. Thus I = 0. O

Now we get an application of the previous results to the geometry of Eq (G):

Theorem 7.6.5. Let G C PU(n, 1) be a discrete group such that Acc(G) does not lie
in any k-chain. Then each connected component of Eq (G) is complete Kobayashi
hyperbolic, and therefore a holomorphy domain.

Recall that a holomorphy domain means an open set which is maximal in
the sense that there exists a holomorphic function on this set which cannot be
extended to a bigger one.

Proof. For each point p € Acg(G), let vp.1,...,7p,2n € G be such that the points
in the set {7, ;(p)|j =0,...,2n}, where 7, ¢ = Id, are in general position. Define
Xp = P¢\ (U?Zo{%,j (p)}+). Thus by Theorem 7.6.1 we have that X, is com-
plete Kobayashi hyperbolic. Moreover, since Eq (G) = [ X,, it follows that each
connected component of Eq (G) is complete Kobayashi hyperbolic. O

Remark 7.6.6. In the 2-dimensional case the previous theorem asserts that if G C
PU(2,1) is a discrete group without fixed points, then each connected component
of Qku(G) is a Kobayashi hyperbolic space and a holomorphy domain (compare
with

[162]).

7.7 The two-dimensional case revisited

We now use the results of the previous sections to give an alternative proof, us-
ing pseudo-projective transformations, of the theorem of Navarrete discussed in
Section 7.3 and stated below:

Theorem 7.7.1. Let G be a discrete subgroup of PU(2,1), then:

(i) If G is nonelementary and W is a G-invariant open set such that G acts
properly discontinuously on W, then W C Eq (G). In other words, Eq (G) is
the largest open set on which G acts properly discontinuously.

(ii) Eq(G) = Qxu(G).

(iil) The limit set Axu(G) is the union of all complex projective lines 1, tangent
to OHZ at points in Acg(Q), that is,

M@= | L

z€Aca(G)

Of course statement (iii) follows from (ii) together with Theorem 7.5.3. We
also notice that by Proposition 3.1.1 the first statement in this theorem is false
for elementary groups.
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We have:

Lemma 7.7.2. Let ¢ € C* be a nonunitary complexr number, § € R and 7. €
PSL(3,C) induced by the matriz

c 0 0
0 CeQﬂ'iG 0
0 0 c 2

Then y cannot be conjugate to a transformation in PU(n,1) by a homeomorphism
of P2.

Proof. Taking the inverse of + if necessary, we can assume that |c¢| > 1. Define

10 0 10 0
Am=| 0 €2 o A= 0 € 0 |, where 9 € R.
0 0 ¢—3m 0 0 0

Thus 4y, is a lift of y™ and for any subsequence (7,,,) of (7™) which converges to

7 € QP(n,C), one has that 7 = vy for some ¥ € R. On the other hand, if v is
topologically conjugate to an element of PU(2, 1), by Lemma 7.4.4 we deduce that
for any sequence (9¥,,) C () which converges to ¥ € QP(2,1), we must have that
I(¥9) is a single point, which is a contradiction. O

Now we have:

Proof of Theorem 7.7.1. Let us prove (i) by contradiction. Then by Theorem 7.5.3
there is z € Ace(G) such that the line £, tangent to OHZ at z, is not contained
in IE”?C \ W. Now let: p € WN¥,, ¢ be a line different from ¢, and contained in
P2\ H2. Let (7») C G be a sequence of distinct elements, ¥ € QP (n, C) such that
Ker(y) = ¢, and (v,,) converges to . Applying Proposition 7.4.2, to ¢, p, W, (ym)
and v, we get a line ¢, such that each point in £, is a cluster point of (v, (X)), where
K is a compact set which varies on W N . Therefore ¢, C (PZ\ W) N (P? \ H2).
By Corollary 2.6.8 we conclude that P? \ Eq(G) C Gf, C P? \ W, which is a
contradiction.

Let us prove (ii). By Remark 7.5.4 one has Qx,1(G) C Eq(G). So it is enough
to prove Eq (G) C Qku(G) in the elementary case. We have two cases.

Case 1. Assume Ak, (G) is a point g. Let £ be the unique line in P2 \ Eq (G). We
claim that Lo(G) UL (G) C L. If Lo(G)U L1(G) #£ ¢, let p € £\ (Lo(G) U L1(Q)),
(vm) C G be an infinite sequence and v € QP(n,C) such that (v,,) converges to
v, S(v) = {q} and Ker(y) = ¢. Applying Proposition 7.4.2 to £, p,P% \ (Lo(G) U
L1(G)), (ym) and vy, we get a line £, such that each point in ¢, is a cluster point of
(vm (X)), where K is a compact set which varies on W N ¢. Hence ¢, C Axu(G),
concluding the proof.

Case 2. The set Aky1(G) consists of exactly two points g, p. Let £,, £, be the tangent
lines to HZ at p and g respectively. In this case we claim that Lo(G) U L1(G) =
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{p,q} U (I, Nly). Since {p,q} U (€, N £,) is trivially contained in the set of fixed
points of ~, for any v € G with infinite order, and by Lemma 7.7.2 we conclude
that Lo(G) = {p,q} U (¢, N ¥¢,). Let 7 € PSL(3, C) such that 7(p) = e1, 7(q) = e3
and 7(€,N{,;) = ea, then for any v € G one has that 7y7~! has one of the following
lifts:

where —def =1 and e,d, f are roots of unity,
(7.7.2)

where abc =1 and |a| < |b] < |¢|,

SO e Qoo
0O OO O O

OO O O

depending on whether 7 interchanges p and ¢ or not. Now let z € L1(G) \ Lo(G).
Then there are z € P2\ Lo(G) and (v,,) C G a sequence of distinct elements in
G such that (v,,(x)) converges to z. Thus there is an infinite sequence of (v,,),
still denoted by (y,), such that v, leaves invariant p, for every m, for otherwise
by equation (7.7.2) one has that (v,,) is eventually constant, which is a contra-
diction. Now, by Proposition 7.4.1, Lemma 7.4.4 and equation (7.7.2) there is a
subsequence of (7y,,), still denoted by (v, ), and sequences (am ), (bm), (cm) € C,
such that either

) @m 0 0 0 0 0
TYmT = | 0 bm 0 0 0 0 |;
L0 0  cm e 0 0 1 |
a7l O 0 1 0 0
TymT t=| 0 bl 0 — 0 0 0 or
L 0 0 et 0 0 0
[ am O 0 1 0 0]
TYmT T =10 bm O — 0 0 0
L o 0  cm ' 0 0 0|
S FC - 0o
TYmT = 0 - 0 .
L o DA— e 00 1

In any case, it follows that z € {p, ¢} U, N ¢, , which proves our claim.

Finally, let v € G be any element with infinite order, thus by equation (7.7.2)
we deduce that v is a strongly loxodromic element. Thus applying the argument
used in the calculation of the limit set (see page 111) in the Kulkarni sense for
strongly loxodromic elements to vy, we conclude that ¢, U ¢, C Axw(G). This
completes the proof. O



Chapter 8

Projective Orbifolds and
Dynamics in Dimension 2

Ko6be’s retrosection theorem says that every compact Riemann surface is isomor-
phic to an orbit space /I, where €2 is an open set in the Riemann sphere S? = P
and I is a discrete subgroup of PSL(2,C) that leaves 2 invariant; in fact I' is a
Schottky group. It is thus natural to go one dimension higher and ask which com-
pact orbit spaces one gets as quotients of an open set €2 in IP% divided by some
discrete subgroup I' C PSL(3,C). That is the topic we explore in this chapter.
We study discrete subgroups I' of PSL(3,C) whose action on P2 leaves in-
variant a nonempty open invariant set {2 with compact quotient M = Q/T'; we call
such groups quasi-cocompact. The surface M is then an orbifold naturally equipped
with a projective structure, and the open set 2 is a divisible set in Benoist’s sense.
We determine the subgroups one has in PSL(3,C) with this property. In
each case we describe its region of discontinuity, the corresponding limit set and
the kind of surfaces one gets as quotients. Of course among these are the complex
hyperbolic groups I' C PU(2, 1) with compact quotient HZ /T". This is based on [41]
together with previous work by Kobayashi, Ochiai, Inoue, Klingler and Navarrete.
Although our main focus is on the complex case, there is a lot of interesting
related literature on the topic of real projective structures on manifolds, and par-
ticularly on real surfaces. Thence before going into the complex case we have a
glance at the real setting. This should serve as both an introduction to the topic
we envisage in this chapter, and also as a source of inspiration for further research.
We begin the chapter with a fast review of geometric structures on manifolds
and we briefly describe some of the work done by Goldman, Benoist and others,
about projective structures on real manifolds, mainly on surfaces. We then look at
compact complex surfaces with a projective structure, following the work on the
topic by Kobayashi, Ochiai, Inoue and Klingler. Section 4 begins with a summary
of basic results and ideas of Thurston about orbifolds, and then gives an extension

A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 167
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of the work of Kobayashi et al for complex surfaces, to the case of compact,
complex 2-dimensional orbifolds with a projective structure. Sections 5 to 7 are
an outline of the results in [41], improving the aforementioned results of Kobayashi
et al, and carrying them to the level of group actions. We include a classification of
the quasi-cocompact discrete subgroups of PSL(3, C). Finally we describe in each
case, the region of discontinuity, the limit set and the quotient orbifold.

8.1 Geometric structures and the developing map

In his celebrated Erlangen talk in 1872, Felix Klein defined geometry as the study
of those properties of figures that remain invariant under a particular group of
transformations. Thus for instance, Euclidean geometry is the study of proper-
ties such as length, volume and angle which are all invariants of the group of
Euclidean motions. By considering other groups of transformations, one obtains
other geometries, such as hyperbolic geometry, conformal geometry, projective ge-
ometry, etc. This line of thought naturally leads to studying homogeneous spaces
G/H of a Lie group G: These are manifolds which are “locally modeled” by the
Lie group G. More generally, as described by W. Thurston, one may consider a
simply connected manifold X equipped with some Riemannian metric, together
with a group G of isometries of X acting transitively on this space; one then looks
at manifolds of the form X/I', where I" is a discrete subgroup of G that acts freely
on X. Manifolds like this are said to have an (G, X)-structure.

In fact this way for describing geometric structures goes back to the classical
Riemann-Koebe uniformisation theorem of Riemann surfaces, saying that the uni-
versal cover or every compact Riemann surface is conformally equivalent to either
the Riemann sphere, the complex line, or the open unit 1-disc. In real dimension
3, the analogous question is given by Thurston’s geometrisation conjecture, now
proved by Perelman.

Here we are interested in the “uniformisation problem for complex mani-
folds”, studied by many authors. It is well-known that the set of complex structures
on a nice contractible higher-dimensional complex manifold is huge and cannot be
classified in a simple manner. Therefore, in order to find a simple analogue of
the aforementioned uniformisation theorem, one must impose a certain type of
restrictions on the manifold.

In his “Lectures on Riemann surfaces”, R. Gunning discusses holomorphic
affine and projective structures and connections on Riemann surfaces. He shows
there that a compact Riemann surface of any genus always admits projective struc-
tures while it admits affine structures only when the genus is 1. He then suggested
looking at complex manifolds equipped with a projective structure, aiming to have
for this class of manifolds a uniformisation theorem in the vein of the classical the-
orem for Riemann surfaces. This has been successfully done by Kobayashi, Ochiai
and others in the case of compact complex surfaces, i.e., complex manifolds of
complex dimension 2, and that is the subject we envisage in this chapter.
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In complex dimension 3 there are several interesting articles by M. Kato on
the subject (see for instance [107], [109], [108],[110]) where the author looks at
complex 3-manifolds equipped with a projective structure, and also the results
from [203], that we explain in Chapter 9, where the authors look at manifolds of
the form Q/T" where § is an open subset of P which is invariant under the free
action of I', a complex Schottky subgroup of PSL(4, C).

Of course there is the real counter-part, of looking at real projective spaces on
smooth manifolds. This is a rich area of current research, with remarkable recent
work by W. Goldman, Y. Benoist and others. We briefly discuss this below.

In the sequel we say more about the previous discussion.

8.1.1 Projective structures on manifolds
Consider a real analytic manifold X and a Lie group G acting transitively on X.

Definition 8.1.1. A smooth manifold M has a (G, X)-structure if it has a maximal
atlas by coordinate charts with values in X and all the local changes of coordinates
are restriction of elements in G. In this case we also say that M is a (G, X)-
manifold.

In other words, a (G, X)-structure on M means that M is locally modeled
on X and the gluing maps are all in G.

Examples 8.1.2. (i) A real projective structure on a real manifold M of dimension
n means a (PE, PGL(n + 1, R)-structure on M.

(ii) If Aff (C") =2 GL (n,C) x C™ is the complex affine group, then an affine struc-
ture on a complex n-manifold, denoted as an (Aff (C™), C™)-structure, means
a maximal atlas by coordinate charts where the transition functions are lo-
cal affine maps in C7, i.e., restriction of elements in (Aff (C™). Since every
affine map is a projective map, one has that affine structures are a special
class of projective structures. Also notice that every Euclidean isometry in
C™ is an affine map, thence Euclidean structures are a special class of affine
structures.

(iii) A complex hyperbolic structure on a complex manifold M means a maximal
atlas modelled on the complex hyperbolic space Hf; the local changes of
coordinates are now restriction of elements in PU(n,1). Examples of this
type are manifolds of the form HE/T' where HE is the complex hyperbolic
n-space (diffeomorphic to a 2n-ball) and I' C PU(n, 1) is a discrete subgroup
of isometries of HI{.

(iv) A complex projective structure on a complex manifold M of dimension n is a
maximal atlas for M modelled on open subsets of the projective space P¢, so
that for any two overlapping charts, the corresponding change of coordinates
is restriction of a projective transformation of P¢. Since the groups in the
previous examples, PU(n, 1) and Aff (C™), are both subgroups (canonically)
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of PSL(n + 1,C), it follows that all complex affine and complex hyperbolic
structures are automatically projective. A similar statement holds in the real
setting.

On a manifold with a complex projective structure one has a local projective
geometry which coincides with the local geometry of P¢. Projective structures
arise in many areas of mathematics, including differential geometry, mathemati-
cal physics, topology, and analysis. See [68], [66] for clear accounts on projective
structures on real manifolds, and we refer to [83] for more on the topic for complex
manifolds.

Examples 8.1.3. (i) Let M be a compact Riemann surface of genus g > 1. Then
the Fuchsian uniformisation is the representation of M as the quotient of
the hyperbolic disc A = H! by a Fuchsian group I'. In this case one has (see
Remark 8.4.10 below) that A is the universal covering space of M and T is
isomorphic to the fundamental group 71 (M) acting on A by deck transfor-
mations.

(ii) Now consider an arbitrary compact Riemann surface (any genus). By Koebe’s
theorem (see also [83]) M has a uniformisation as the quotient of a domain in
P& by a Schottky group (Retrosection Theorem). This provides a projective
structure on M whose developing map (see below) is not injective, although
the holonomy group is discrete. For surfaces of genus > 1 this projective
structure is in general different from the previous one.

(iii) Let T' € PSL(n 4+ 1,C) be a complex Kleinian group acting freely and dis-
continuously on an invariant open subset {2 C P¢. Then the quotient space
Q/T is obviously a projective manifold. Examples of this type are given for
instance by the complex Schottky groups of Chapter 9.

(iv) If A is a lattice in C%, then M = C?/A is an affine complex manifold.

(v) If g € GL(2,C) is a contracting automorphism, then the Hopf surface (C\
{0})/(g) is an affine manifold.

Remark 8.1.4. Observe that since a complex projective structure is locally mod-
elled on the complex projective space, with the coordinate changes being restric-
tions of projective transformations, every projective structure determines an un-
derlying complex structure.

8.1.2 The developing map and holonomy

Coordinate atlases may be a bit unwieldy, so it may be convenient to work instead
with the developing map, that we now introduce. As noticed by W. Thurston,
if one has a geometric structure on a manifold, then one has a developing map
D : M — X, from the universal covering M of M into the model space X,
which globalises the coordinate charts. This is a concept that formalises the idea
of “unrolling” a manifold, just as the 2-torus that can be “unrolled” on the plane.
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To define the developing map D we start with some geometry (G, X) on a
smooth manifold M and consider the universal cover 7 : M — M. We choose a
base point zy € M and a lifting Zo of it to M. We consider also an atlas {(Ua, ¢)}
for M with transition functions

gij = ¢; 0 ¢;1 : ¢j(U2 N Uj) — (ﬁl([]Z n UJ> .

By definition of a geometric structure, each g;; is the restriction of an element in
G and so defines a locally constant map from U; N U; into G.

We now choose a coordinate chart (Uy, ¢g) around Zg, and a correspondmg
chart (UO7 ¢0) around Zo. This gives a local dlffeomorphlsm between UO and an
open set in X, which can be extended along any path in M by analytic continu-
ation. This process is well defined because M is simply connected. We thus get a
map .

D:M— X,
which is the developing map of the (G, X) manifold M. This is a local diffeomor-
phism. .

The manifold M has a unique (G, X)-structure making the projection = :

M — M a (G, X)-map. The choice of a base point z¢ for M determines an action

of the fundamental group I" := m1 (M, ) on M , which is by deck transformations
and preserves the (G, X)-structure. One gets in this way a natural group morphism

H:T -G

with respect to which the map D is equivariant. The image H(T') is called the
holonomy of M.

We remark that up to multiplication by an element in G, the (G, X)-structure
on M is fully determined by its developing map. In particular one has the following
important result due to Thurston:

Theorem 8.1.5. If M has a (G, X)-structure which is complete, then the develop-
ing map D is a covering projection and if X is simply connected, then I' can be
identified with the holonomy subgroup H(T') and M is the quotient space X/T" as
a (G, X)-manifold.

8.2 Real Projective Structures and Discrete Groups
Notice that every Euclidean structure is an affine structure, and the embedding

(R™, Aff (R")) — (P2, PGL(n + 1, R))

gives an embedding of affine geometry into projective geometry. Similarly, the in-
clusion of the projective orthogonal group PO(n + 1) in PGL(n + 1;R) gives an
embedding of elliptic geometry into projective geometry. Also, the Klein model of
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hyperbolic geometry (HZ,PO(n,1)) gives an embedding of hyperbolic geometry
into projective geometry. In the particular case n = 2 we know, by the uniformi-
sation theorem, that every closed oriented surface admits either an elliptic, a
Euclidean or a hyperbolic structure. Therefore we have that every such manifold
admits a projective structure. With a little more work we can show that every one
of Thurston’s eight geometries for 3-manifolds also leads to a P%—structure.

There is a large literature with interesting results concerning real projective
structures and discrete group actions. We now say a few words about two such
lines of research.

8.2.1 Projective structures on real surfaces

The basic general question concerning geometric structures on manifolds is: Given
a topological manifold M and a geometry (G,X), does there exist a (G, X)-
structure on M, and if so, can we classify all (G, X)-structures on M up to
(some type of) equivalence? In other words we would like to have for the ge-
ometry in question something like the Teichmiiller space of a Riemann surface.
That is, a topological space whose points correspond to equivalence classes of
(G, X)-structures on the manifold M. We refer to the interesting recent article
[69] for a survey on this subject.

The first basic results on P4-structures on closed surfaces are due to Kuiper,
Benzécri, Koszul, Kobayashi and Vey, among others. More recently, W. Goldman
has been exploring this topic thoroughly, obtaining deep results, see for instance
[68], [66], [47], [48]. We refer to these articles, and the bibliography in them, for
clear accounts on the subject. Here we only sketch some of the main points.

The most important projective structures are the convex structures. A Pg-
manifold M™ is convez if its universal covering is equivalent to a convex domain 2
in an affine patch of Pg. In that case the fundamental group of M is represented
as a discrete group of projective transformations acting properly and freely on €.

If a closed surface S has a P%-structure, then one defines the space RP?(S) of
equivalence classes of real projective structures on a surface .S, in a way similar to
the way the Teichmiiller space of the surface S is defined in terms of equivalence
classes of hyperbolic structures.

The following theorem is proved in [66]:

Theorem 8.2.1. Let S be a closed surface with genus g > 2. Then the deformation
space RP2(S) is a real analytic manifold of dimension 16g — 16. Moreover, the
deformation space C(S) of convex P%-structures on S is an open set in RP?(S),
diffeomorphic to an open cell of dimension 16g — 16.

In [66] there is also an extension of this theorem for compact surfaces with
boundary.

As mentioned above, a convex PZ-structure on a closed surface S is a rep-
resentation of S as a quotient Q/T" where @ C P2 is a convex domain and
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I' C PSL(3,R) is a discrete group of automorphisms of P% acting properly dis-
continuously and freely on . The space C(S) of projective equivalence classes of
convex PZ-structures on S embeds, via the holonomy map, as an open subset in
the space of equivalence classes of representations of its fundamental group 7 (S)
in SL(3,R).

Consider the space

X(S) = Hom(m(S), PGL(3,R))/PGL(3,R) ,

and recall that every such equivalence class of representations of 71 (S) corresponds
to an isomorphism class of a flat R3-bundle over S. In [96] the author gives precise
topological information concerning the deformation space X (S). In particular he
shows that X (S) has exactly three connected components:

1. Cy, the component containing the class of the trivial representation;

2. C1, the component consisting of classes of representations which do not lift
to the double covering of PGL(3,R); or in other words, those for which the
corresponding flat R3-bundle over S has nonvanishing 2"? Stiefel-Whitney
class;

3. (s, the component containing discrete faithful representations into SO(2,1).
These correspond to the convex real projective structures determined by a
hyperbolic structure on S, so Cs contains the classical Teichmiiller space
T (S) of hyperbolic structures on S, which is a cell of dimension 6(g —1). The
component Cy is known as the Hitchin-Teichmailler space of S.

Hitchin showed that Cs is homeomorphic to R'69~16 and he conjectured that Cy
is C(S), the space of projective equivalence classes of convex PZ-structures on S.
Hitchin’s conjecture is proved in [47]:

Theorem 8.2.2 (Choi-Goldman). The holonomy map defines a diffeomorphism
from the space C(S) onto the (Hitchin-Teichmiller) space C2 of X (S).

8.2.2 On divisible convex sets in real projective space

Y. Benoist has written a series of interesting articles about “divisible convex sub-
sets”. In this subsection we give a glimpse of some of Benoist’s work.

A subset € of the real projective space Py is convez if its intersection with
each projective line in P§ is convex. A convex set € is called strictly convex if the
intersection of each projective line in Pg with its boundary 02 contains at most
two points, i.e., 92 contains no nontrivial segment. It is properly convex if there
exists a projective hyperplane in Py that does not meet its closure Q2 U 952.

An open convex set is divisible if there exists a discrete subgroup I' C PSL(n+
1,R) which leaves Q invariant and acts on it freely and properly discontinuously,
so that the quotient M := Q/T" is compact. Of course in this case M is a smooth
manifold equipped with a projective structure and I' is its fundamental group.
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A typical example of a strictly convex divisible set is the hyperbolic n-space,
regarded via the Klein model.
The following remarkable theorem is proved in [21]:

Theorem 8.2.3. Let Q2 be a properly convex open subset of the real projective space
PR which is divisible by a discrete subgroup I' C PGL(n+1,R). Then the following
conditions are equivalent:

(i) The set Q is strictly conver.

(ii) The boundary 09 is of class C*.
)
)

(iii) The group T is hyperbolic (in the sense of Gromov, see for instance [78]).

The geodesic flow on I'\Q is Anosov (and if this happens, then the flow is
topologically mizing).

(iv

In [20] the author studies the Zariski closure of a group I' in SL(m,R) that
divides a properly convex open cone C in R™. Recall that a subset C' C R™ is
a convex cone if it is closed under linear combinations with positive coefficients.
The cone is called:

e Properly convez (or salient) if it contains no affine line, i.e., if there is no
nonzero vector x in C' such that its opposite —x is also in C.

o Symmetric if for every x € C there is an automorphism s of C such that
52 =1 and the set of fixed points of s is the line containing z.

e A product if there is a direct sum decomposition R™ = RP @ RY, p,q > 1,
such that C' = C; x Cy with C; C RP and Cy C R? being cones.

e Divisible if there is a discrete subgroup I' of GL (m,R) preserving C' such
that T'\C' is compact.

The main theorem in [20] says that if a discrete subgroup I' € GL (m,R)
divides a properly convex open cone C' which is not a product nor symmetric,
then I is Zarisky dense in GL (m, R).

In [22] the author proves a closedness property of the space of deformations
of divisible convex sets in P, and in [23] the author describes the structure of
the boundary 92 of such divisible sets, and of the quotient M = /T, in the
case when () is not strictly convex and it is indecomposable, i.e., its corresponding
affine cone is not a product.

We remark that the Schottky groups we envisage in Chapter 9 give a natural
way of constructing convex sets in complex projective spaces, which are divisible
by the corresponding Schottky group. This construction is extended in [92] to
real projective spaces, producing interesting examples of real manifolds with a
projective structure.
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8.3 Projective structures on complex surfaces

As mentioned before, every compact Riemann surface admits projective structures.
Now we look at compact complex surfaces which admit a projective structure,
following the work of Kobayashi, Ochiai and Inoue. We already know that all
affine and all complex hyperbolic structures are also projective. It turns out that
for compact nonsingular surfaces, the converse statement also holds. This is the
theorem of Kobayashi-Ochiai proved in [120]:

Theorem 8.3.1. Let M be a compact complex 2-dimensional manifold M that ad-
mits a projective structure. Then M = P2 or else it admits either an affine or a
complex hyperbolic structure.

We refer to [120] (see also [116]) for the proof of this theorem. This depends on
Kodaira’s classification of surfaces, the work in [83] giving topological obstructions
for a surface to admit a projective structure, and the article [100] where the authors
build on Vitter’s work in [230] and classify the compact complex surfaces that
admit a holomorphic affine connection.

As we said before, an affine structure on a complex surface M is a maximal
atlas of holomorphic charts into C? such that the coordinate changes are complex-
affine automorphisms of C2. In [100] it is proved that there are three types of such
structures, up to finite coverings. First, there are complex solvmanifolds, which are
homogeneous spaces of the form I'\G, where G is a 4-dimensional (real) Lie group
with a left-invariant complex structure and I' C G is a lattice. Secondly, there
are Hopf manifolds (C? — {0})/I", where T is a cyclic group of linear expansions.
Finally, to every projective structure on a Riemann surface S, there are associated
fibrations by elliptic curves over S which admit complex affine structures.

Theorem 8.3.1 states that in the case of projective structures, aside from P2
and the complex affine structures, the only other nonsingular, compact, complex
projective surfaces are complex hyperbolic surfaces.

In [116] the author studies not only which compact surfaces admit a pro-
jective structure, but he actually looks at the more refined question of studying
the deformations of such a structure. Since, by Theorem 8.1.5, geometric struc-
tures are determined by the corresponding developing map D and its holonomy
H(m (M)), it is essential for Klingler’s work to determine D and the holonomy.

In order to say more about the classification in [120, 100, 116] of surfaces with
a projective structure, their developing maps and the corresponding holonomy, we
now introduce some notation. We identify the complex space C? with the open
chart {[z : w: 1] € PZ|z,w € C}, and we identify the complex affine group with
a subgroup of the projective group by

Aff (C?) = {g € PSL(3,C) : gC* =C?} .

We now set:
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A0 a
Solg = 0 N2 b |:(\ab)eC*xCxRy;
0 0 1
€ a b
Solil: 0 a ¢ | :aa,bjceRa>0,e==15;
0 0 1
1 a b+iloga
801'14: 0 a ¢ ta,a,b,ceRa>0p;
0 0 1
1 0 b
Ay = 0 a 0 ]:(a,b)eC"xCy;
0 0 1
a b 0
Ay = 0 a 0 |:(ab)eC*xC;
0 0 1

With this notation, we can state the following stronger version of Theorem

8.3.1, given in [116, 117]):

Theorem 8.3.2. Let M be a compact complex projective 2-manifold, let D be its
developing map and H its holonomy. Then one of the following facts occurs:

(i)

(i)

(iii)

(iv)

(v)

(vi)

(vii)

M= PZ, D =1d and the holonomy is finite.
M =H2. In this case D = 1d and H(m,(M)) C PU(2,1).

M = C2 — {0}. In this case D = Id, H(m (M)) C Aff (C2) contains a cyclic
group of finite index and generated by a contraction, and M has a finite
covering (possibly ramified) which is a primary Hopf surface.

D(]T/.f) = C* x C*. In this case H(m1(M)) C Aff (C?) and M has a finite
covering (possibly ramified) which is biholomorphic to a complex torus Tt x
T! x Tt x T,

D(M) = C x C*. In this case H(m1(M)) C Aff (C2) has a subgroup of finite

index contained in Ay or As, and M has a finite covering (possibly ramified)
which is a complex surface biholomorphic to a torus T' x T' x T' x T!.

D(M) = C2. In this case H(m1(M)) C Aff (C2) contains a unipotent subgroup
of finite index and M has a finite covering (possibly ramified) which is a
surface biholomorphic to a complex torus or a primary Kodaira surface.

M=CxH= D(M) In this case M is an Inoue Surface and H(mi(M)) C
Aff (C?) is a torsion free group contained in one of the groups Solé, Solf or
Sol; .
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(viil) M is biholomorphic to C x H. In this case D(M) = C* x Q where Q is
a hyperbolic domain contained in Pnlc and M has a finite covering (possibly
ramified) which is an elliptic affine surface.

Notice that in cases (iii) to (viii) the corresponding structures are all affine.

8.4 Orbifolds

In this section we follow [41] and extend the previous results for complex surfaces
to the case of orbifolds with a projective structure. We begin with a brief discussion
about well-known basic facts on orbifolds, mostly due to W. Thurston.

Orbifolds have arisen several times in various contexts: In Satake’s study
of automorphic forms in the 1950s; he called them V-manifolds (see [190]); in
Thurston’s work on the geometry and topology of 3-manifolds in the 1970s, when
he coined the name orbifold (for “orbit-manifold”); and in Haefliger’s work in the
1980s in the context of Gromov’s programme on C AT (k)-spaces, under the name
orbihedron: a slightly more general notion of orbifold, convenient for applications in
geometric group theory (see [85]). More recently, orbifolds appear also in algebraic
topology and mathematical physics, mainly in the context of string theory (see

[2)).

An orbifold is a generalisation of a manifold. It consists of a topological
space (called the underlying space) with an orbifold structure (see below). Like
a manifold, an orbifold is specified by local conditions; however, instead of being
locally modelled on open subsets of R™, an orbifold is locally modelled on quotients
of open subsets of R™ by finite group actions. The structure of an orbifold encodes
not only that of the underlying quotient space, which need not be a manifold, but
also that of the isotropy subgroups. For instance, every manifold with boundary
carries a natural orbifold structure, since it is the quotient of its double by an
action of Z/2Z.

Orbifolds arose first as surfaces with “marked” (or “singular”) points long
before they were formally defined. One of the first classical examples comes from
the theory of modular forms with the action of the modular group SL(2,Z) on
the upper half-plane. Orbifolds also play a key role in the theory of Seifert fibre
spaces, initiated by Seifert in the 1930s.

Orbifolds appear naturally in the context of this monograph, as quotient
spaces of a manifold under the action of a discrete group of diffeomorphisms with
finite isotropy subgroups.

8.4.1 Basic notions on orbifolds

In what follows, G is a Lie group acting effectively, transitively and locally faith-
fully on a smooth manifold X. We restrict this discussion to orbifolds with a
geometric structure in Thurston’s sense. These are the orbifolds that appear in
the sequel.
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Definition 8.4.1. A (G, X)-orbifold O is a topological Hausdorff space X, called
the underlying space, with a countable basis and equipped with a collection
{U;, T, ¢i, U; }icr, where the {U;} are an open cover of Xp, and the U;, called
folding charts, are open subsets of X. For each U there is a finite group I'; C G
acting on Ul, and a homeomorphism ¢; : U; — U; /T, called a folding map. These
charts must satisfy a certain compatibility condition (as they do for manifolds).
Namely, whenever U; C Uy, there is a group morphism f;; : I'; — I'; and quSij eG
with qzij(Ui) C U; and qNSij('yx) = fij('y)q?ﬁij(m) for every v € I';, such that the
diagram below commutes:

~ ~ ;!
U, U;/T; - U, (8.4.1)

I o

U; — U;/fi(0;) —=U;/T; ——Uj.

Remark 8.4.2. If in the previous definition we require only that the action of the
groups I'; be locally faithful and that ¢;; be an equivariant embedding with respect
to fi;, dropping the conditions about being elements in G, then the space O is
also called an orbifold, but not a geometric one.

Example 8.4.3. (i) If ' C G is a finite group of automorphisms of a manifold X,
then M = X/T' is a (G, X)-orbifold.

(ii) Consider a subgroup I' C G acting properly discontinuously on an open
subset 2 C X, such that the isotropy subgroups are finite. The points with
nontrivial isotropy subgroup form a discrete subset of 2, and the space of
orbits M = Q/T is a (G, X)-orbifold for which the groups I'; appearing in
the above definition are the corresponding isotropy subgroups.

(iii) If (M, F) is a foliated manifold with compact leaves and finite holonomy,
then the space of leaves M/F has the structure of an orbifold. This is a
consequence of the local Reeb Stability Theorem.

A point z in a (G, X)-orbifold X is called singular if there is a folding map at
z, say ¢ : U; — (71»/1’1- with 2 € U;, and a point y € U; such that y = ¢(z) and the
isotropy Isot(y, ;) is nontrivial. The set Yo = {y € Xo : y is a singular point} is
called the singular locus of Xp. We say that O is a (G, X)-manifold if Xo = 0.

Remark 8.4.4. (i) Observe that if M is as in parts (i) and (ii) of the above
Example 8.4.3, then the singular set corresponds to the set {z € X : Isot(x,T")
is nontrivial}.

(ii) We notice that, topologically, in the particular cases of orbifolds of real di-
mension n = 2,3 one has that orbifolds are locally modelled by an n-disc D™
modulo a finite subgroup T" of SO(3), and it happens that in these dimen-
sions every such quotient D"/T" is again homeomorphic to an n-disc. There-
fore every orbifold of dimension 2,3 is a topological manifold, and thence
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homeomorphic to a smooth manifold, but just as manifolds, not preserving
the orbifold structure. For instance, the Riemann sphere with at least three
marked points is a hyperbolic orbifold. And of course if we forget the marked
points, then the Riemann sphere is not a hyperbolic manifold!

Now, given M, N two (G, X)-orbifolds, a continuous function f: M — N is
called a (G, X)-map if for each point x € N, a folding map for z, ¢, : U; — Ij’i/Fi,
and y € f~'(x), there is a folding map of y, ¢; : U; — ﬁj/Fj, and ¥ € G with
19([7j) C Uj, inducing f equivariant with respect to a morphism ¢ : I'; — T';.

The map f is called a (G, X)-equivalence if f is bijective and f, f~! are
(G, X)-maps. The map f is called a (G, X)-covering orbifold map if f is a surjective
(G, X)-map such that each point z € N has a folding map ¢; : U; — ﬁj/Fj SO
that each component V; of f~'U; has a homeomorphism 54 Vi — ﬁ/F (in the
orbifold structure) where I'; C I';. We require that the quotlent map U -V
induced by gbl composed with f should be the quotient map U — U; induced by
o.

Also, if p: M — N is a covering orbifold map with M a manifold, we say
that p is a ramified covering if ¥y /=). Otherwise we say that the covering is
unramified. The covering p : M — N is finite if p~!(y) is finite for every y € N.

Example 8.4.5. If M is as part (ii) of Example 8.4.3, then the quotient map
q:Q — M is a (G, X)-covering orbifold map.
Every covering map between manifolds is a covering orbifold map.

Definition 8.4.6. An orbifold M is a good orbifold (respectively a very good orbifold)

if there exists a covering orbifold map p : M — M such that M is a manifold
(respectively a compact manifold).

Example 8.4.7. (i) An interesting example is the teardrop, depicted in Figure
8.1. Its underlying topological space is the sphere S2. Its singular set Yo
consists of a single point, whose neighbourhood is modelled on R?/Z,,, where
Z, acts by rotations. One can show that the teardrop is not a good orbifold.
If we had one more singular point of the same type in the “drop”, then this
would be a very good orbifold, corresponding to the quotient S?/Z,,.

(ii) If T is a discrete subgroup of PSL(2,C), then M = H3/T is a good orbifold,

because by Selberg’s theorem, every such group contains a subgroup T of
finite index that acts freely on ]HI3 Thus the quotient M = H3 /I is a manifold

and the natural projection M = H3 /f — H?/T' = M is a covering orbifold
map. If M is compact, then M is also compact and therefore M is a very
good orbifold.

One has:

Proposition 8.4.8. Let T be a discrete subgroup of PSL(n + 1,C) acting properly
discontinuously on an invariant open subset Q of PE. Then M = Q/T is a good

orbifold.
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Figure 8.1: The teardrop

This proposition follows from the fact that all isotropy groups must be finite,
since the action is proper and the group is G discrete.

If M is a simply connected (G, X)-manifold, then one has the developing
map D : M — X which is a (G, X)-map. One can show that if D : M — X is any
other (G, X)-map, then there is a unique g € G such that D = go D. There is also
a unique group morphism Hp : Autg x)(M) — G, where Aut (g x)(M) denotes
the group of (G, X)-equivalences of M, that verifies Do g = Hp(g) o D. Trivially,
if D is another (G, X )-map, then there is a unique g € G such that D = go D and
Hp =goHpog ' Every (G,X)map D: M — X will be called a developing
map and the corresponding Hp is the holonomy morphism associated to D.

Theorem 8.4.9 (Thurston, see [46]). If M is an orbifold which admits a geometric
structure, then its universal cover is a simply connected manifold. More precisely,
if M is a (G, X)-orbifold, then M is a good orbifold. Moreover, there is a simply
connected manifold M and an a (G, X)-covering orbifold map, with the property
that if ¢ - O — M is another (G, X )-covering orbifold map, * € Xy, ¥ € Xg7
and z € X satisfy q(z) = p(x') = x, then there is a (G, X)-covering orbifold map
P+ M — O such thatp = qop/ and p'(¥') = z.
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Tt is natural to call M the universal covering orbifold of M, the map p is the
universal covering orbifold map and 7P (M) = {g € Aut(g, x)(M) : pog = p} the
orbifold fundamental group of M. Also, if D : M- Xisa developing map and H
the holonomy morphism associated to D, then (D,H | om(ps)) Will be called the
developing pair associated to M.

Remark 8.4.10. Consider for instance a Fuchsian group I' C PSL(2,R) of the
second kind. Then the quotient of the upper half-plane H = {Jz > 0} by I'
is a manifold with a hyperbolic structure. It is easy to see that in this case the
image of the corresponding developing map is all of H and the holonomy actually
coincides with T". More generally, one can show (see [41]) that given a subgroup

I' C G acting discontinuously over a nonempty I'-invariant domain 2 C X, there
is a developing pair (D, H) for M = Q/T" such that D(M) = Q and H(m(M)) =T.

Corollary 8.4.11. Let I', Q, M, D and H be as in Remark 8.4.10 and g the natural
quotient map. Then we have the following exact sequence of groups:

0 m1(9) : ﬂlorb(M)L>FH-O

where i is the inclusion given by:

8.4.2 Description of the compact (P%, PSL;(C))-orbifolds

From now on, the material in this chapter is an outline of the material in [41],
and we refer to that article for details. Using the fact that, by the aforemen-
tioned theorem of Thurston, every compact (Pg,PSL,41(C))-orbifold is a very
good orbifold, the classification of (P%, PSL3(C))-manifolds given by Kobayashi,
Ochiai, Inoue and Klingler (Theorem 8.3.2) can be easily extended to compact
(PZ, PSL3(C))-orbifolds as follows. For this we set

Aut(C x C*) ={g € PSL(3,C) : g(Cx C*") =C x C*};

and
Aut(C* x C*) = {g € PSL(3,C) : g(C* x C*) = C* x C*}

The following classification theorem strengthens Theorem 8.3.2.
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Theorem 8.4.12. Let M be a compact (P4, PSL3(C))-orbifold. Then M is either
affine, complex hyperbolic, the quotient of PZ by a finite group of automorphisms,
or it has a (possibly ramified) finite covering which is a surface biholomorphic to
a torus. More precisely, one has the following eight possibilities, the last four of
them being affine.

(i) M = P2Z. In this case D = 1d and H(7P™ (M) is finite. Hence M is of the
form PZ/T where T is a finite subgroup of PSL(3,C).

(ii) M = H2. In this case D = Id and H(rP™P(M)) € PU(2,1). Thence M =
HZ/H(7P™(M)) and M has a complex hyperbolic structure.

(iii) D(M) = C* x C*. In this case H(xP™(M)) C Aut(C* x C*)(C2) and M
has a finite covering (possibly ramified) which is a surface biholomorphic to
a complez torus. Moreover, if Xy = 0, then H(m (M)) C Aff (C?).

(iv) D(M) = CxC*. In this case H(xP™(M)) C Aut(C x C*)(C2) has a subgroup
of finite index contained on Ay or Ay and M has a finite covering (possibly
ramified) which is a complex surface biholomorphic to a torus. Moreover, if
Yar =0, then H(m (M)) C Aff (C?).

(v) M =C?- {0}. In this case D = 1d, H(zO™(M)) C Aff (C?) contains a
cyclic group of finite index, generated by a contraction, and M has a finite
covering (possibly ramified) which is a Hopf surface.

(vi) D(M) = C2. In this case H(xO™(M)) C Aff (C2) contains an unipotent
subgroup of finite index and M has a finite covering (possibly ramified) which
s a surface biholomorphic to a complex torus or a primary Kodaira surface.

(vii) M = C x H = D(M). In this case M is an Inoue Surface and H(m (M)) C
Aff (C?) is a torsion free group contained on Solj or Sol} or Sol;*. Thus in
these case there there are mot new quotients.

(viii) M s biholomorphic to C x H. In this case D(]T/.f) = C* x Q where Q is
a hyperbolic domain contained in IE”}C and M has a finite covering (possibly
ramified) which is an elliptic affine surface.

Remark 8.4.13. We notice that in the cases i, i1, v and vii above, the corresponding
orbifold is uniformisable; this follows from Klingler’s work in the first three cases,
and by [98] and [231] in case vii. Conversely, Thurston proved that the orbifolds
in vi are not uniformisable, and this same statement is proved in [116] for the
orbifolds in case wviii.

8.5 Discrete groups and divisible sets in dimension 2

In the previous sections we studied several types of discrete subgroups of PSL(3, C)
acting on PZ with a largest region of discontinuity € with compact quotient /T
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One may call these actions cocompact. We now introduce a larger class of group
actions that we call quasi-cocompact, and their study takes the rest of this chapter.

Definition 8.5.1. Let I" be a discrete subgroup of PSL(3, C). The group T is quasi-
cocompact if there is an invariant, nonempty, open set @ C P% where I' acts
properly discontinuously and the quotient Q/T" contains at least one connected
component which is compact.

Example 8.5.2. (i) Let I' C PSL(2,C) be discrete. We say that I' is quasi-
cocompact if its region of discontinuity Q(T") contains an open invariant set
with compact quotient. Now suppose I' is quasi-cocompact and Q(T")/T" has
at least one connected component which is compact. Then the suspension
of T with respect to G = {2" : n € Z} is a quasi-cocompact group with a
connected component which is compact.

(ii) Let I' € PSL(2,C) be a Kleinian group, then by Theorem 8.3.2 its full sus-
pension is not quasi-cocompact.

We now have the following result which extends Theorem 8.3.1 to orbifolds
and to groups acting on open invariant sets of P<2c~ Furthermore, this theorem says
that in dimension 2 there is not a simultaneous uniformisation theorem.

Theorem 8.5.3. Let T' C PSL(3,C) be a quasi-cocompact group. Then T is elemen-
tary, complex hyperbolic or affine.

We recall (see Definition 3.3.9) that elementary means that its limit set in
the Kulkarni sense has finitely many connected components.

We refer to [41] for the proof of this theorem; here we only sketch the main
points in it. We remark that the proof of this theorem relies heavily on the work
developed in Chapter 5 about controllable groups and (possibly nondiscrete) sub-
groups of PSL(2,C).

Outline of the proof. Let p: Q — Q/T" be the quotient map and let M C Q/T be
a compact connected component. Then Q= p~1(M) has the form I'(Qg), where
Qo is a connected component of Q. Set T'g = Isot(Q, "), then by Remark 8.4.10
there is a developing pair (D,H) such that D(M) = Qg and H(xO™(M)) = T.
Moreover by Theorem 8.4.12 one of the following cases must occur:

Case 1. One has Qy = HZ. From Theorem 7.3.1 we deduce that I' is complex
hyperbolic and HZ2 =Q = Qxu(T) is the largest open set where I' acts discontin-
uously.

Case 2. The set Qg is C?> — {0}, C* x C*, C* x C, or C?. In all these cases the
group I is obviously elementary.

Case 3. Let H' be the upper half-plane in C. One has Qo = J, o+ &, 2—{e1}. Let
01, by C 0Qo C P2 — Qr be distinct complex lines and g € I'. Then {e1} = ¢; N ¥y
and g({1), g(¢2) C PE—Qr are different complex lines. Since g(¢;) N, cy+ ELEAD
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we deduce {e1} C g(¥;). Hence g(e;) = e; and therefore we have a control group
as in Chapter 5, II = II, ; where p = e; and £ = &5, ¢e3.

Now let p1,p2,p3 € R C £ be distinct elements and K a fundamental region
for the action of T'g on q. Since /T is compact we deduce that p;, 1 <i <3,isa
cluster point of ['yK. Hence each p;, 1 < i < 3, is a cluster point of II(I'g) (7 (K)).
Thus from Theorem 5.1.3 and Corollaries 5.4.5, 5.4.9 we deduce that II(T'y) is
nondiscrete and Ao (II(Ty)) = R.

Now, since II(I'(2)) is an open set which omits R and contains HT we
conclude that Acg(II(T')) # £. Finally, since Acg(II(Tg)) C Acag(II(T)) with
Ace(II(Ty)) a circle in £, by Theorem 5.1.3 we conclude that Acq(IIT)) =
R. Moreover from (vii) of Theorem 8.4.12 and Corollary 5.4.5 we deduce that
II(T")oo = oo, which ends this part, proving that the line m is invariant. Hence
the group is affine.

Case 4. By hypothesis € is of the form Q x C*. So we can write Qo = J,c, %, 1 —
(Q@U{e1}). Let g € T. Since Q is hyperbolic, in the sense of hyperbolic sets of
]P’ql:, we can assume that there exist ¢1,0o C 0y C ]P’% — Qr distinct complex
lines such that e; € ¢4 N ¢y and g(¢1) # m # g(l2). Let 21,20 € Q, then
&j = e n g(¢;) C PZ — Q. From this we get & ; € {e1,2;}. Thus e; € g(¢;)
(i = 1,2) and therefore g(e;) = ey, so the group is weakly semi-controllable.
Moreover, we have shown that any line in IP’% — Qr which does not contain ey is
equal to m}. Now we can consider II = 1I, o, where p = e; and £ = m}. Thus
we must consider the following cases:

(i) The group II(Ig) is nondiscrete. In this case, we must have &, e5 C P2 —Q
and ey ¢ g(§3,62> C PZ — Qr for every g € I'. That is I‘(ég”eg) = &5, ¢5. Hence in
this case we have an invariant line and therefore the group is affine.

(ii) The group II(T'y) is discrete. In this case by (i) of Theorem 5.8.2 and
Proposition 2.1.2 we deduce that Ker(II) is infinite. By Proposition 2.1.2 there is
v € Ker(II) with infinite order. Since y(£ U {e1}) = ¢ U {e1} we conclude that

a2 0 0
v = 0 a 0 | where|a|] # 1.
0 0 a

This implies e; ¢ &3, 65 C Lo(T") € P2 —Qr and therefore F(ég7 e5) = &3, 5. Hence
we also have an invariant line in this case, so the group is affine. O

8.6 Elementary quasi-cocompact groups of PSL(3, C)

In this section we classify the elementary quasi-cocompact groups of PSL(3,C).
We also describe their maximal region of discontinuity, the corresponding divisible
sets in PZ, and the Kulkarni limit sets. First we state without proof the following
two technical lemmas.
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Lemma 8.6.1 ([41]). Let I’ C (PSL(3,C) be a group, { C P% a complex line invari-
ant under I' and p € P2\ { a fized point by . If there is a domain Qo C € such
that T' acts discontinuously on Q0 x C* with compact quotient, then Ker(Il |r,) is
infinite.

Lemma 8.6.2 ([221]). Let F be a free abelian group acting on C? freely and dis-
continuously. If the rank of F is less than or equal to 3, then the quotient space of
C2/F cannot be compact.

Recall that in Section 8.3 we introduced the affine groups

Ay

:(a,b) eC* x C »;

Ay

: (a,b) € C* x C;

oo OO+
O o O Q9 O

_ oo = OoOC

‘We have

Theorem 8.6.3. Let I' C PSL(3,C) be a quasi-cocompact elementary group. If
Q/T is not a Hopf surface, then Qg (L) is the largest open set on which T' acts
properly discontinuously, and up to projective equivalence we are in one of the
following three cases:

(i) Qxw(T) = C% Then T is affine and it is a finite extension of a unipotent
group. The quotient Qi (') /T has a finite covering (possibly ramified) which
1s a surface biholomorphic to a complex torus or a primary Kodaira surface.
The Kulkarni limit set is a line.

(i1) Qku(T) = C x C*. Then the group T is a finite extension of a group isomor-
phic to 23 = Z&Z®Z and it is contained in Ay or As. Moreover, Q. (T)/T
has a finite covering (possibly ramified) which is a surface biholomorphic to
a complex torus. The Kulkarni limit set consists of two lines.

(iil) Qxu(T') = C* x C*. Then T is a finite extension of a group isomorphic to
72 and where each element is a diagonal matriz. Moreover, Qxwu(T')/T has
a finite covering (possibly ramified) which is a surface biholomorphic to a
complex torus. The Kulkarni limit set now consists of three lines.

Remark 8.6.4. If the quotient Q/T" is a Hopf surface, then the statement in Theo-
rem 8.6.3 is false whenever there is a finite index cyclic subgroup G of I' generated
by a strongly loxodromic element. When this happens, we have two maximal
regions of discontinuity and none of them coincides with Kulkarni’s region of dis-
continuity, which equals the equicontinuity region.

Proof. Let us sketch the proof of this theorem. We refer to [41] for details. By the
proof of Theorem 8.5.3 we must consider the following cases:
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1) Q=C* x C*;
2) Qo =C x C*;
3) Q = C2.

These are the three cases envisaged in the statement of the theorem. Let us look
at each of these separately:

Case 1) One has 2 = C* x C*. In this case I and €2 have the following properties.

Property 1. The set €2 is the largest open set on which I acts properly discontin-
wously.

The idea for this is as follows. By Selberg’s lemma, we can assume (by sim-
plicity) that T acts freely, so the quotient is a compact manifold. We can assume
also that the complement of 2 consists of the three lines &1, e3, é3,e{ and é3, e5.
Now, for each of these lines, let Fﬁ be the corresponding isotropy group, i.e.,
the set of elements in I’ that leave the line invariant.

Now we set: 'y = I'g;z3 N Tggep N Dgg- Since C* x C* is T'-invariant, we
deduce that I'; is a normal subgroup of T" and T'/T'y is a subgroup of S3, the group
of permutations in three elements. By Selberg’s lemma there is a normal torsion
free subgroup I'y C I'; with finite index. Thus /T is a compact manifold and
F()ej :6]' (]. S] S?))

Now let II; = Il & where j, k € {1,2,3}—{i} be the stabiliser of the point
and the line in question. Then by Theorem 5.8.2 we deduce that Ker(Il;) is either
finite or nondiscrete. In both cases we have €1, e3 U ez, ef Ues, es C Lo(T) U Ly (T).
Therefore &1, e3 U €3, e1 U €3, €5 is contained in the complement of every open set
Q where I' acts discontinuously. Thus 2 is the largest open set on which I' acts
discontinuously.

Property 2. The group I' contains a subgroup I'g with finite index, isomorphic to
72 =7 ® 7 and every element in it is a diagonal matriz.

For this let Iy C I' be a torsion free subgroup with finite index and such that
the lines e7, €3, e, e5 and ¢35, e5 are I'g-invariant. Let (D, H) be a developing pair
for ©y/I'g. By Remark 8.4.10 we can assume that (D) = Qg and I'g = S(H). By
(iii) of Theorem 8.4.12 we can assume that M = /Ty is a complex torus. Since
m (M) =Z* H : 71 (Q) — g is an epimorphism we conclude that I' contains a
free abelian subgroup I' of finite index and rank k& = 0,1,2,3 or 4. From here we
deduce that H~!(T") is a free abelian group of rank 4, see [185]. Let (D, H) be the
developing pair for M = Qg /T given by Remark 8.4.10. Then by Corollary 8.4.11
we have the following exact sequence of groups:

072 — 1 (Q) —2 > 70 = (M) s ZF =T — >0 (8.6.4)

where ¢, is the group morphism induced by the quotient map G : Qg — M. Since
(8.6.4) is a sequence of free abelian groups, we deduce that Z* = Z2? @ ZF (see
[187]) and therefore k = 2, which ends the proof.
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Case 2) If Qg = C x C*, then, as in the previous case, we can show that there is
a subgroup I'g C ' with finite index, isomorphic to Z3 and I'y C A1 or Iy C As.
Let us consider the case I'g C As, the other case being similar. Then m and
m are I'g-invariant.

Now define group morphisms D; : T'g —> Bihol(m), i = 2,3, in the
obvious way: D;(7) equals the restriction of « to the corresponding line, which is
[o-invariant. That is: D;(7y) = v |- For simplicity we assume that Ker(D) and
Ker(D3) are trivial. Then Do(T) and D3(I'g) are isomorphic to Z3. On the other
hand we observe that:

Dy(gij)3 j=1(2) = 2 + o 912,
D3(gij)?j:1(z) = g11%.

N

This implies that Dy(T'y) is an additive subgroup of C and D3(Ty) is a multiplica-
tive subgroup of C*. Thus D5(T'y) and D3(T'g) are nondiscrete groups, see [185].
Therefore &7, 53U C Lo(T") U Ly (T"), which concludes the proof of this case.

Case 3) Now consider the case 2y = C2. By Selberg’s lemma there is a normal
torsion free subgroup I'y C I'" with finite index. Since m is I'y-invariant, we
deduce that D : I' —s Bihol(&7,e3) given by D(y) =~ |52 is a group morphism.

Observe that if Ker(D) is nontrivial or D(I") is nondiscrete, then we have
that &,e5 C Lo(T") U 1y(T). Therefore we can assume that Ker(D) is trivial and
D(T) is discrete. From this we have that D is an isomorphism and every element in
I’y is unipotent (see (vi) of Theorem 8.4.12). Thus we conclude that every element
in I'y — {Id} has a lift with the normal Jordan form

110
011
0 0 1

By Corollary 4.3.4 we deduce that D(I'1) contains only parabolic elements. Since
D(I'y) is discrete we conclude that D(T'y) is isomorphic to Z or Z @ Z, and since
D is an isomorphism, by Lemma 8.6.2 we conclude that Q¢/I'y is noncompact,
which is a contradiction. Therefore )y is the largest open set on which I' acts
discontinuously. O

8.7 Nonelementary affine groups

We now look at the nonelementary quasi-cocompact affine groups. Recall that a
subgroup G C PSL(2,C) is quasi-cocompact if its discontinuity region contains an
invariant open set with compact quotient.

Theorem 8.7.1. Let I’ C PSL(3,C) be quasi-cocompact, affine and nonelementary.
Then Qku(T) is the largest open set on which I' acts properly discontinuously, and
up to projective equivalence, one of the following assertions applies:
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(i) Qxu(l) = C x (H- UH*Y) and Tcxy is a torsion free group of Soly or
Solf or Sol}*. In addition, Qi (T)/T is equal to M or M LI M where M =
(C x H)/Tcxn s an Inoue Surface and U denotes disjoint union.

(i) Qxu(l) = Q x C* where Q C P{ is the discontinuity region of a quasi-
cocompact group Gr C Méb(@), I" is a controllable group with quasi-cocom-
pact control group and infinite kernel. In addition, Qxu(I')/T" = | ];cz Ni
where T is at most countable, the N; are orbifolds whose universal covering
orbifold is biholomorphic to H x C and every compact connected component
is a finite covering (possibly ramified) of an elliptic affine surface.

Proof. Take Qq,T'g as in Theorem 8.5.3. Then we must consider the following two
cases: 0y = C x H and Qp = Q x C*.

Case 1. One has Qy = C x H. Take II, 7 and ¢ as in Theorem 8.5.3. Let [z;r;1] €
0Qy — {e1}, then r € R and z € C. Since Q/T is compact we deduce that
there is a sequence (g, = [(qzﬁgj;))?’j:l]g)nel\; C Ty of distinct elements and (k,, =
[2n; W3 1] )nen C Qo such that 2, ——= 20 € C, wp, ——= wo € H and g, (k,)
—= [zl
Since (II(gn))nen C PSL(2,R) and II(g,)(7(ky))

that the sequence II(g,) converges uniformly on compact sets of 7(£g), i.e., II(g,)

——= r. From this we deduce (j)g;) ——= 0 and ¢(2§) ——= 1. Now consider

—=> T, We can assuime
n—00

the following three possible subcases:

1. Ty C Solj. In this case by Proposition 9.1 of [231] there is M € SL(3,7)
with eigenvalues 3, 3,|8|72, B # B, a real eigenvector (ay,as,as) belonging to
|3]72 and an eigenvector (b1, bs, b3) belonging to 3 such that Ty = (g0, g1, 92, 93),
where g; has a lift g; given by

B 0 0 1 0 b
=0 1B 0 |;ga=|01 a |(1<i<3).
0 0 1 00 1

Let i € {1,2,3} be such that b; # 0. Set hym = (0" gigo”")™. Then

1 0 bj(np+mpr)
Bemohin=1_ 0 1 ai(nB~2+m|3|72¢) |, k,l€N, n,m € Z.
0 01

Since 8™, "t are linearly independent we have b;l(z — 20) = rp 8" + 8,87 for
some 7, s, € R. Then b;([r,]8" + [8,]8"T) —= 2z —w.

n—oo
If W is an open neighbourhood of the point [z;7;1], then there is ¢ € RT
such that:

Wo = {[w1 : wy : 1] | Jwy — 2| < e and |wy — 7| < €} C W.
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Let ng € N be such that
|bi([rn0]ﬁn0 + [sno]ﬁn0+1) —z+ ZO' <€,

where [z] denotes the integer part of z. Define
Tn = [(Ti(jn))]?)?,jzl =gnoO hﬁol,[rno] °© hr:01+1,[5n0] )
and k= Py i1, (5] (Ring g} (Kn)) = [Zn; 3 1]. Then

]En = [zn + bi([rno]ﬁno + [Sno]/@noJrl); Wy, + az’([rno]\ﬁ’l”"“ + [57L0]|5|72(n0+1))]~

Thus 7,,ky, —= l#;7r;1] and

Zn o A0t bi([rno]ﬁno + [8n0]6n0+1)’

e
Un 552 o + @i([Fng |87 + [5n,]| 8720 D).
|72 —~ 0 and

As in the case of the sequence (g, )nen we can deduce that |7'1(? —

(n)

Tos’ ——= 7. From here we deduce that
n—oo

P =M (1= 1) 58 (1= 73) Y 1]} € Fix(ga)

and
P 5z [20 4 bi([Png ] B™ + [5ne) 70T 1)im5 1] € Wo N Lo(T)

n—oo

which completes the proof in this case.

2. Ty C Sol?. In this case ¢\ = +1 and
gn(kn) = [£20 + 65w + 8155 655 wa + 68533 1).

Thus ¢(17;)wn +¢§’§) —= 2F 2. Now we claim that (¢§3))neN and (¢§Z))neN are

bounded. Otherwise we have the following possibilities:

Possibility 1. (¢§’2’))neN and (¢(1§))neN are unbounded. In this case we may

assume that ¢y, {3 ——— oco. Then (45 (¢{5) nen or ((¢15) " (6{5 )nen)

are bounded. Assume without loss of generality that (/)(1721)(¢§§))_1 —= ceC.
Now, if cw, + 1 # 0 we can deduce that
(n) (n) (n)
*2z, + w Wy + 1
Gnkn = [— (f)u =41 022 n(n) Pas ;7(71)] —= [cwo + 1;0;0].
13 13 13
Since this is not the case, we conclude that ¢ # 0 and ¢§’§)( gg))_l 5= — Wo-

Thus $( §§)( 5’5))—1) < 0 for n large, which is a contradiction since, for all n € N,
() g (n)y—1y _ 0
S(13 (0127) ) = 0.
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Possibility 2 (qﬁlg Jnen is bounded and (qﬁgg))neN is unbounded. We may
¢12 € C and ¢13 —— o0. Then

assume that ¢§’2’ —

n~>oo

(n) (n) (n)
_Zn+¢12wn ¢2wn+¢ . 1
13 13 13

| 5= [1;0;0]

n—o

¢12 € C and ¢(n) —_—

This is not possible. Hence we can deduce d)gg —

¢13 € C. This implies that

7L—)OO

In|Fz — P13 — ip12;4;51]
= [z 4+ (03 — dro) + ¢13) — duz; 65)i + 5 1] oz 2573 1],
That is [z;7;1] € Lo(T).

3. Assume now Iy C Sol;*. By Proposition 9.1 of [231] we know there is a
nontrivial v € Ker(II |r,). Now one has, see [41], that 4 has a lift 4 given by

1 0 ms3
=10 1
0 0

e ]

Let (vn)nen C T'o, where each element has a given lift ('yl(;L))” 1, be a sequence

such that (IT(7,))nen is a sequence of distinct elements and I1(7y,) ———= Id. From

=
here ’yég) —= L 'yég) ﬁg 0 and \s('yg)) ~—== 0. Thus we can assume that

there is (I,)z € Z such that 713 + l,713 ——= c € C. Then one can check that

n—roo

Yo mlz 01 = [z 4+ 755 + lnmisi sy 1] 55 [2+601).

n—oo
e
Thus é1,e5 C Lo(I). To conclude observe thatg, (&1, €3) —= e1,[0;7;1].

Case 2. One has Qp = Q x C*. Take II, 7 and [ as in the proof of the case
0y = Q x C* of Theorem 8.5.3. Then II(T") has the following properties:

Property 1. The group II(T") is discrete.

Otherwise we have that there is a sequence (y,, = [(,yz(?;))z j=1)]2)nen C I' such
that (II(g,))nen is a sequence of distinct elements that verify II(g,) ——= Id.

n—oo
This implies that

n) /. (n)_(n)
733 711 ) 733 722 5 1 and 733 ’7127 733 7271L oo
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Now by Lemma 8.6.1 there is an element vy = [(7i;)? ;—;]2 € Ker(T') with infinite

order. Thus we can assume there is (I, )neny C Z such that 'yﬂ" 'yég) S h? € C*.
Hence
—ly —1, (n
M1 'Yﬁb) M1 ’752) 0

(i) =) " (5m3 =) | ™ Al o

0 0 S
Al 0 0
—= 0 At oo
0 0 h?

This is a contradiction since I' is discrete.
Property 2. The group II(Tg) acts discontinuously on 7(£p).

This follows because 9(m()g)) is closed and II(T'g)-invariant, so we have
A(IL(T)) € Om(S0).
Property 3. The quotient w(Q)/I(Ty) is a compact orbifold.

Let R C g be a fundamental domain for the action of I'y on Q4. Then

m(R) = 7(R) C w(Qp) is compact and the assertion follows.

Property 4. The set UU,EQ(H(F)) w,e3 — ({es} UéT, €3) is the largest open set where
T acts discontinuously.

Without loss of generality we can assume that the points [1;1;0], [1;0; 0]
and [0;1;0] are in A(II(I'g)). We will show that [ = [1;1;0],e3 C PZ — Q. Let
[1;1; 2] € I; since Ker(II) is infinite we can assume that z # 0. Let (gn)nen C Do,
where each element has the lift (ag‘l))?,j:p be such that (II(gy,))nen is a sequence of

distinct elements with I1(g,) ——== [1;1;0] uniformly on compact sets of m(£o).

Set [z0; 1;1] € (o). Then we can assume that there is I, € Z such that

3ln
agg)”hl ceC*
afyzo +afy "

Finally, let v € Ker(T') = [(7ij)] j=1]2- Then we have the convergence

) afy i etz
Ynlz0: 13 2¢7 ] = [mgn(20); 1; (n) () ] n—o0o
(g1 20 + Qoo

—l(n)

¥ [1;1; 2],

and Proposition 3.3.3 completes the proof. O

Remark 8.7.2. Observe that from the above proof we deduce that for the fun-
damental groups m; (M) of Inoue surfaces that satisfy (M) C Soly, we have
Eq (m(M)) = 0.
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8.8 Concluding remarks

We now summarise the information we have about quasi-cocompact subgroups of
PSL(3,C), and we discuss some lines of further research.

8.8.1 Summary of results for quasi-cocompact groups

Theorem 8.4.12 says that there are four types of compact orbifolds of complex
dimension 2 having a (P2, PSL(3, C)-structure. These are either:

e quotients of P2 by a finite group;

e complex hyperbolic;

e clementary (i.e. the holonomy leaves invariant finitely many lines);
e affine.

Then we looked (in Section 8.5) at quasi-cocompact actions on PZ%. In this setting
we have a group I' € PSL(3,C) acting on IP’% so that there is an open invari-
ant set 0 where the action is discontinuous and the quotient Q/I' is a compact
(PZ, PSL(3, C))-orbifold. Theorem 8.5.3 says all such actions are either complex
hyperbolic, affine or elementary.

We then studied the elementary case in Section 8.6. We proved that there
are essentially four possible cases, corresponding to the nature of the limit set,
which can be:

e a line;

e two lines;

e three lines,

e a line and a point;

and we gave examples of each type. In several of these cases the corresponding
group is actually affine or complex hyperbolic, but there are examples which are
of none of these types, as for instance the kissing-Schottky groups in Chapter 9.

We then looked (in Section 8.7) at the nonelementary affine case; we saw that
the Kulkarni discontinuity set Q.1 (I") is the largest open set on which I" acts dis-
continuously. There are essentially two different possibilities for quasi-cocompact
groups:

e either the orbit space is an Inoue surface (or a union of two such surfaces);
or

e the group I' is controllable and every compact connected component of
Qi (T)/T is a finite covering of an elliptic affine surface.
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If T" is quasi-cocompact and there is an open invariant set 2 such that Q/T°
contains a connected component which is compact and complex hyperbolic, then
by Theorem 7.3.1 we have that, up to conjugation, H% is the maximal region of
discontinuity of T', and the Chen-Greenberg limit set Acg(T") is the whole sphere
at infinity, S2_. This is the setting we envisaged in Chapter 7. The Kulkarni limit
set Ay (T') is now the union of all complex projective lines in IP’(% which are tangent
to S2_ at points in Acg(I'). Moreover, the orbit of each of these lines is dense in
Ak (1), and its complement Qi (I') = PA \ Aku(I') coincides with the region of
equicontinuity and it is the maximal open set where the action is discontinuous
(Theorem 7.7.1).

It is worth noting that if ' C PU(2,1) is such that its limit set Acg(T)
is not all of S2, then something interesting happens, noticed in [162]: there is
a connected component © of Qg (I") which contains H%, and it is a I'-invariant
complete Kobayashi-hyperbolic metric space.

8.8.2 Comments and open questions

If we now drop the condition of “quasi-cocompactness” we know for instance that
there are kissing-Schottky groups in PSL(3,C) which are neither elementary, nor
affine nor hyperbolic: This type of groups will be studied in Chapter 9. Can we
describe all types of discrete subgroups of PSL(3, C) in some comprehensible way?
In other words:

Problem 1. Study the “zo0” of Kleinian groups in dimension 2.

Of course this includes, among other things, understanding the discrete sub-
groups of PU(2,1) and this is already a rich enough problem in itself, with lots of
interesting ongoing research and questions. For instance, much of the interesting
results concerning complex hyperbolic Kleinian groups on H% start by looking at a
discrete subgroup I' of PSL(2,R), which is a 3-dimensional Lie group, isomorphic
to PU(1,1). Then one observes that this group embeds as a subgroup of PU(2,1),
the group of hyperbolic motions of complex hyperbolic 2-space HZ. Since PU(2, 1)
has real dimension 8, we have a lot of “freedom” to deform I' in PU(2,1), and
one gets very interesting phenomena. Now we observe that PU(2,1) is naturally
a subgroup of PSL(3,C), which has complex dimension 15, and we may as well
deform I" in PSL(3, C) where we have lots more space!. This brings us to the next
problem:

Problem 2. Study deformations in PSL(3,C) of discrete subgroups of PSL(2,R).

Of course this line of research is in some sense analogous to that followed by
M. Burger and A. Lozzi, studying representations of surface groups in PU(n, k).

It would also be interesting to compare the deformations of the group in
PSL(3,C) with the corresponding deformations of the manifold obtained as quo-
tient of its Kulkarni region of discontinuity by the group action. For instance, in
the following chapter we study a type of Schottky groups in PSL(2n + 1,C) that
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produce compact manifolds as quotient. They have a rich deformation theory and
their infinitesimal deformations can be regarded as deformations of the embedding
of the group in PSL(2n+1, C). Yet, this type of groups do not appear in dimension
2, as we see in Chapter 9.



Chapter 9

Complex Schottky Groups

Classical Schottky groups in PSL(2, C) play a key role in both complex geometry
and holomorphic dynamics. On one hand, Kébe’s retrosection theorem says that
every compact Riemann surface can be obtained as the quotient of an open set in
the Riemann sphere S? which is invariant under the action of a Schottky group.
On the other hand, the limit sets of Schottky groups have rich and fascinating
geometry and dynamics, which has inspired much of the current knowledge we
have about fractal sets and 1-dimensional holomorphic dynamics.

In this chapter we study generalisations to higher dimensions of the classical
Schottky groups.

Firstly we study a construction of Schottky groups from [203], which is similar
to a previous construction in [164] aimed at giving a method for constructing
compact complex manifolds with a rich geometry. In dimension 3 the manifolds
one gets are reminiscent of the Pretzel Twistor Spaces of [176]. We then give a
general abstract definition, from [38], of complex Schottky groups, which captures
the essence of this type of groups and generalises a characterisation given by
Maskitt for Schottky subgroups of PSL(2, C).

In Section 9.3 we focus on the Schottky groups from [203]. We study the limit
sets of these actions on IP’?C"H, which turn out to be solenoids of the form C x Pg,
where C is a Cantor set. We also look at the compact complex manifolds obtained
as the quotient of the region of discontinuity, divided by the action. We determine
their topology and the dimension of the space of their infinitesimal deformations.
This shows that for n > 2, every such deformation arises from a deformation of the
embedding of the group in question in PSL(2n + 2, C): reminiscent of the classical
Teichmiiller theory.

The Schottky groups of [164] and [203] are all groups of automorphims of
odd-dimensional complex projective spaces, and their construction extends easily
to real projective spaces of odd dimension (see for instance [92]). In Section 9.4
we follow [38] and prove, using the results of Section 9.2, that Schottky groups
do not exist in even dimensions (neither over the complex nor the real numbers).

A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 195
DOI 10.1007/978-3-0348-0481-3_9, © Springer Basel 2013



196 Chapter 9. Complex Schottky Groups

The proof requires having a certain understanding of the dynamics of projective
transformations in general, so we begin Section 9.4 by doing so.

Finally, in Section 9.5 we show that if we relax slightly the conditions im-
posed for defining Schottky groups, we get kissing-Schottky groups that exist in all
dimensions. The examples of kissing-Schottky groups that we give in this section
are also interesting because they are not elementary (see the text for the defini-
tion), nor affine, nor complex hyperbolic, a fact which shows that the hypothesis in
Chapter 8 of the group being quasi-cocompact is necessary to get the conclusions
of that chapter.

9.1 Examples of Schottky groups

Recall that classical Schottky groups are obtained by considering pairs of pairwise
disjoint closed n-discs D1, ..., Dy, in S™, and for each pair of discs Do;—_1, Ds;
one has a Mdébius transformation T; of S™ such that T;(Do;—1) = S® — Da;. The
Schottky group is defined to be the group of conformal maps generated by these
transformations. The main purpose of this chapter is to study generalisations of
Schottky groups to higher-dimensional complex projective spaces, and we begin

with some examples:

9.1.1 The Seade-Verjovsky complex Schottky groups

Consider the subspaces of C2"*2 = C"*1 x C"*! defined by Lo := {(a,0) € C?"*2}
and My := {(0,b) € C*>"*2}. Let S be the involution of C*"*2 defined by S(a,b) =
(b, a), which clearly interchanges Ly and Mj.

Lemma 9.1.1. Let ®: C2"*2 — R be given by ®(a,b) = |a|* — |b]*. Then:

(i) The set Eg := ®~1(0) is a real algebraic hypersurface in C*"*2 with an
isolated singularity at the origin 0. It is embedded in C*"*2 as a (real) cone
over ST x §2 L with vertex at 0 € C212,

(ii) This set Eg is invariant under multiplication by A € C, so it is in fact a
complex cone that separates C*"+2\ {(0,0)} in two diffeomorphic connected
components U and V', which contain respectively Lo\{(0,0)} and My\{(0,0)}.
These two components are interchanged by the involution S, for which Eg is
an invariant set.

(iii) Bwvery linear subspace K of C*"*2 of dimension n + 2 containing Ly meets
transversally Es and My. Therefore a tubular neighbourhood V' of My \
{(0,0)} in PZ** is obtained, whose normal disc fibres are of the form KNV,
with K as above.

Proof. The first part of statement (i) is clear because ® is a quadratic form with
0 € C?"*2 as unique critical point. That Eg N S*"+3 = §2n+1 » §2n+l  C2n+2 g
because this intersection consists of all pairs (x,y) so that |z| = |y| = % That S
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leaves Fg invariant is obvious, and so is that S interchanges the two components
of C?"*2\ {(0,0)} determined by Es, which must be diffeomorphic because S is
an automorphism.

Now let K be a subspace as in (iii), then K meets transversally Es because
through every point in Eg there exists an affine line in K which is transverse to
Eg. O

Since Eg is a complex cone, we have that [Eg \ {0}]2n+1 is a codimension 1

real submanifold of IE”?C”H, that we denote simply by Fg.

Corollary 9.1.2. (i) Eg is an invariant set of [S)ant1-

(i) Es is an S**1-bundle over P; in fact Eg is the sphere bundle associated

to the holomorphic bundle (n + 1)Opr, which is the normal bundle of P¢ in
Pt

(iii) Es separates P%"+1 in two comnected components which are interchanged

by [S]an+1 and each one is diffeomorphic to a tubular neighbourhood of the
canonical PE in IP’%"H.

Definition 9.1.3. We call Eg the canonical mirror and [S]an41 the canonical invo-
lution.

It is an exercise to show that Lemma 9.1.1 holds in the following more general
setting. Of course one has the equivalent of Corollary 9.1.2 too.

Lemma 9.1.4. Let X\ be a positive real number and consider the involution
Sy : C*H x €L 5 Ol oL
given by Sx(a,b) = (A\b,\"1a). Then Sy also interchanges Lo and My, and the set
By = {(a,b) : Jaf? = A2Jb[2}

satisfies, with respect to Sy, the analogous properties (1)—(iil) of Lemma 9.1.1
above.

We notice that as A tends to oo, the manifold E gets thinner and approaches
the Lg-axes.

Consider now two arbitrary disjoint projective subspaces L and M of dimen-
sion n in IP%”H. As before, we denote by [ ]an11 the natural projection C?7+2 —
PZT Tt is clear that C?"*2 splits as a direct sum C?"*2 = [L];!, & [M]5,,,
and there is a linear automorphism H of C2"*2 taking [L],,, to Lo and [L]5,,,
to My. For every A € R} the automorphism [H_1 o Sy o H]ap41 is an involution
of IP%"'H that interchanges L and M. Conversely one has:

Lemma 9.1.5. Let T be a linear projective involution of ]P%”H, with, a lifting T that
interchanges L and M. Then T is conjugate in PSL(2n + 2,C) to the canonical
involution S.
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Proof. Let {l1,...,l,4+1} be a basis of [L]5!,;. Then

{lh .- '7ln+1a T(l1)7 s 7T(ln+1)}

is a basis of C?"*2. The linear transformation that sends the canonical basis of
C?"*2 = C**t! @ C**! to this basis induces a projective transformation which
realises the required conjugation. O

Definition 9.1.6. A mirror in }P’(%"H means the image of the canonical mirror Eg
under an element of PSL(2n + 2, C).

Observe that a mirror is the boundary of a tubular neighbourhood of a Pg
in IP’(QC”H, so it is an S?"*!-bundle over PZ. For n = 0 mirrors are just circles in
PL 2 S?; one has that for n = 1 (and only in these dimensions) this bundle is
trivial, so in P mirrors are copies of S? x S%.

One has:

Lemma 9.1.7. Let L and M be as above. Given an arbitrary constant A, 0 < A < 1,
we can find an involution T interchanging L and M, with a mirror E such that
if U* is the open component of IP’(QC"H \ E which contains M and x € U*, then
d(T(x),L) < Ad(z, M), where the distance d is induced by the Fubini-Study metric.

Proof. The involution Ty := H~ ' 0 Sy o H, with H and S\ as above, satisfies the
lemma. U

We notice that the parameter A in Lemma 9.1.7 gives control upon the degree
of expansion and contraction of the generators of the group, so one can estimate
bounds on the Hausdorff dimension of the limit set (see Subsection 9.3.2 below).

The previous discussion can be summarised in the following theorem:

Theorem 9.1.8. Let Lq,...,L, be disjoint projective subspaces of dimension n;
r > 1, then:
(i) There exist involutions Ty,..., T, of IP’?C"H with mirrors Et, such that if

N, denotes the connected component of P*"+1 \ B, that contains L;, then
{N; U Er,} is a closed family of pairwise disjoint sets.

(ii)) T = (T1,...,T,) is a discrete group with a nonempty region of discontinuity.

(iii) Given a constant C > 0, we can choose the Tjs so that if T := T}, ---Tj, is a
reduced word of length k > 0 (i.e., j1 # jo # -+ # Jk—1 7 Ji), then T(N;) is
a tubular neighbourhood of the projective subspace T(L;) which becomes very

thin as k increases: d(z,T(L;)) < CA* for all x € T(N;).

A group as in Theorem 9.1.8 was called Complex Schottky in [203].
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9.1.2 Nori’s construction of complex Schottky groups

In [164] there is the following construction of higher-dimensional analogues of the
classical Schottky groups: let n = 2k + 1, K > 1 and g > 1. Choose 2g mutually
disjoint projective subspaces L1, ..., Lag of dimension k in P¢ and 0 < o < % For
every integer 1 < j < g choose a basis of C" ! so that L; = [{z9,...,2x = 0}\{0}],,
and Lgi; = [{zk41,...,2n = 0} \ {0}]. Define ¢; : P — R by the formula

_ |Zo|2 +...+ |Zk|2
[2012 + ... + |2a]%

¢j [207 ey Zn]

and consider the open neighbourhoods
Vi=A{z ePt:¢;(x) <a}, Voy; ={z €P: ¢;(x) >a},
of L;j and L ; respectively. Consider the projective transformation ; € PSL(n+
1,C) given by
Yil20, s Zn] = [A20y ..o, A2y Zh1, - -5 0]
where A € C and |A| = £ — 1. Then v;(V;) = P2 \ V4. Moreover, for all o small

e}

the group I' generated by ~1,...,7, is a Schottky group.

9.2 Schottky groups: definition and basic facts

The previous section leads naturally to the following abstract definition of Schottky
groups given in [38]:

Definition 9.2.1. A subgroup I' C PSL(n + 1, C) is called a Schottky group if:

(1) There are 2g, g > 2, open sets R1,..., Ry, S1,..., 9, in P¢ with the property
that:

(a) each of these open sets is the interior of its closure; and
(b) the closures of the 2g open sets are pairwise disjoint.

(ii) T has a generating set Gen(I') = {71,...,74} such that for all 1 < j < g one
has that
V(R;) =PBg \ S,
where the bar means topological closure.

From now on Int(A) will denote the topological interior and 9(A) the topo-
logical boundary of the set A, and for each 1 < j < g, R; and S; will be denoted
by Rij and S;j respectively, to emphasise their relation with the corresponding
generator of the Schottky group.

Remark 9.2.2. (i) By the characterisation of Schottky groups acting on the Rie-
mann sphere given in [143] (see Chapter 1), one has that a subgroup of
PSL(2,C) is a Schottky group in the sense of Definition 9.2.1 (see [143], [144]
and [139)) if and only if it is Schottky in the sense of Definition 9.2.1.
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(ii) Let I" be a complex Schottky group generated by T1,...,T, and let I be the
index 2 subgroup consisting of elements of I' which can be written as reduced
words of even length in the generators (recall that w = 25 --- 2522{* € T'is a
reduced word of length n if zp € {T4,...T,}; e € {—1,+1} and if z; = zj41,
then €; = €j41). For g > 2 one has that [ is also a Schottky group.

Definition 9.2.3. For a Schottky subgroup I' C PSL(n,C), as in Definition 9.2.1,
we define:

(i) A fundamental domain F(I') =P¢\ (U, cgenr) B3 Y S5)-
(ii) The region of discontinuity Qs(I') = U, cp v(F(I)).
(iii) The limit set A :=Pg \ Qg(T).

In Proposition 9.2.8 we prove that the set F(I') indeed is a fundamental
region for the action of I' on Qg(T).

The subscript S in these definitions stands for the fact that they are made
ad-hoc for Schottky groups. An open question is to decide whether they coincide
in general with the corresponding Kulkarni limit set and discontinuity region.

Remark 9.2.4. When n = 1 the set Qg(I') is the discontinuity domain of I' as
defined in Chapter 1. Its complement A(T') = P{ \ Qg(I) is the usual limit set,
which is now a Cantor set.

Definition 9.2.5. Let I' C PSL(n,C) be a subgroup. For an infinite subset H C T’
and a nonempty, I'-invariant open set Qg C PZ, we define Ac(H,2g) to be the
closure of the set of cluster points of HK, where K runs over all the compact
subsets of 2g. Recall that p is a cluster point of H K if there is a sequence (g )nen C
H of different elements and (2, )nen C K such that g,(z,)

oo P
Lemma 9.2.6. Let T' C PSL(n,C) be a subgroup satisfying Definition 9.2.1. Then:
(1) For each reduced word w = 25 --- 25225* € I' one has:
(a) Ifen =1, then w(Int(F(I'))) C S} .
(b) If en = —1, then w(Int(F(I')) C R} .
(i1) Let v € Gen(I"). Then
R = () ~+7MRB) and S()= () +"(55)

keNu{0} keNu{0}

are closed disjoint sets contained in Pg \ Qg(T).

(i) Let Ty, = {y € T : v is a reduced word of length at most k} and Fj(T) =
Iy (F(T)). Then F(I') c Fi(T) C--- C Fx(T) C--- and

Qs(0) = |J Ms(F(D)).

keNu{0}



9.2. Schottky groups: definition and basic facts 201

(iv) For each v € Gen(T') one has that § # Ac({V"}nen, Qs(I)) C S(v) and
0 # Ac({y™" bnen, Qs(I) € R(9).

Proof. For (i) we proceed by induction on the length of the reduced words. Clearly
the case k = 1 follows from the definition of Schottky group. Now assume we have

proven the statement for j = k. Let w = zk’ff 21" be a reduced word and z €

Int(F(I")). By the induction hypothesis we deduce that Zpy w(z) e PR\ RS,

if 11 =1 and 2, " w(z) € PE — 5%, | if €411 = —1. Now the proof follows by
the definition of Schottky group.

Zk+4+1

Let us prove (ii). Let v € Gen(T"). Since ’ym(ST;) C ™7 1(S%), we deduce that
(™S c () v (S =S
meN meN
To finish observe that
=y sHc (@) c ) mE)
meN meN meN

For (iii) we will prove that that F(I') C Int(Fi(I")). Let « € 9(F(I')), then
there is o € Gen(I') such that z € 9S% UJRZ . For simplicity we assume x € 957 .
Define:

r1 = min{d(z,%(5%)) : v € Gen(T")};
5) v € Gen(I) };
r3 = min{d(z, v (R%)) : v € Gen(T') — {70} };
ry = min{d(z, S;) iy € Gen(T') — {10} };

r= min{rla 2,73, 7”4}

(
ro = min{d(z,
(

where d denotes the Fubini-Study metric. Clearly » > 0. Now let y € B, /4(x )ﬂS’W,
then by the definition of 7 we have that y € F(I)Uy(F(T)). If y € B, 2(x)NPE\Sz
then by definition of » we deduce y € F(T'). In other words, we have shown that
F(T) C Int(F1(T")). Therefore Fy,(T') C T'y(Int(F1)) C Tk (Fi(T)) C Frt1(T), ie.,
Fy(T') C Int(Fj41(T)). To finish the proof observe that

QM= |J AOc | W@Eam)c | heFE@).

keNuU{0} keNu{0} keNuU{0}

We now prove (iv). Let K C Qg(I") be a compact set and x a cluster point
of {y™(K)}men- Then there is a subsequence (1., )men C (M)men and a sequence
(Zm)men C K such that v (z,,) —= z.If & ¢ S(v), then there is ky € N such

m—r 00

that = ¢ 4% (S*). Taking r = d(z,7*(S%)) we have that

B, ja(x) N A% (S%) = 0. (9.2.7)
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On the other hand, observe that since K is compact, by part (iii) of the present
lemma there is lp € N such that K C F; (I"); also observe that since (7, )men s a
strictly increasing sequence, there is k; € N such that n,, > lop+14+ko for m > kq.
It follows that we have v+ (K) C S% and therefore

Y () € W"M'_lo_l(bff;) C ko (ST;) for m > k.

Hence x € y*(S%), which contradicts (9.2.7). Thus 0 # Ac({y"}nen, Qs(I)) C
S(7y). Observe that similar arguments prove also § # Ac({y " }nen, Q2s(T)) C
O

R().
Proposition 9.2.8. If " is a Schottky group, then:
(i) T is a free group generated by Gen(T').

(i) Qg(T)/T is a compact complex n-manifold and Int(F(I")) is a fundamental
domain for the action of T'.

Proof. (1) Assume there is a reduced word h with length > 0 such that A = Id.
Now let « € Int(F(T")). Then by part (i) of Lemma 9.2.6 we have © = h(x) €
U, egen(r) (B3 U S3), which contradicts the choice of . Therefore I' is free.

(ii) Let K C Qg(I') be a compact set, then there is a k¥ € N such that
K C Fy(T"). Assume there is a word w with length > 2k + 2 such that w(Fy(I')) N
Fy(T) # 0. Then there are x1, 25 € F(I') and a word ws of length at most k such
that 1 = wflw_lngg. On the other hand wflw_lwg is a word with length
> 2. By (i) of Lemma 9.2.6, 1 = w; 'w ™ (wy(x2)) € Ugegen(r) S5 U Rj, but this
contradicts the choice of 1. Therefore I' acts properly discontinuously and freely
on Qg(I). O

Remark 9.2.9. Notice that the results in this section remain valid if we replace P¢
by Pg.

Definition 9.2.10. A discrete subgroup I' of PSL(n, C) is an ideal complex Schottky
group if it contains a finite index subgroup which is Schottky.

Example 9.2.11. Let I" be a complex Kleinian group in ]P’?C”Jrl generated by invo-
lutions {Ty,...,T:}, n > 1, r > 1 as in Theorem 9.1.8 above. Let I" be the index
2 subgroup of I' consisting of the elements that can be written as reduced words
of even length in the generators. It is an exercise to show that I is Schottky, and
therefore I' is an ideal Schottky group.

This is analogous to what happens in conformal geometry, where the groups
one gets by taking as generators the inversions on pairwise disjoint circles is not
Schottky, but its subgroup of words of even length is Schottky. Even so, these
groups of inversions are also called Schottky in the literature. Similarly, for sim-
plicity we will say that the groups obtained as in Theorem 9.1.8 are Schottky
groups.
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9.3 On the limit set and the discontinuity region

This section is based on [203]. We look at the corresponding complex Schottky
groups and determine their limit set and the region of discontinuity. We also study
the topology of the space of orbits in the region of discontinuity, which is a compact
complex manifold, and the infinitesimal deformations of their complex structure.

Theorem 9.3.1. Let I' be a complex Schottky group in IP’(QC”H, generated by invo-
lutions {T1,..., T}, n > 1, r > 1, as in Theorem 9.1.8 above. Let Qg(T") be the
region of discontinuity of T and let Ag(T') = P2\ Qg(T') be the limit set. Then
one has:

(i) Let W = P2\ Ul Int(N;), where Int(N;) is the interior of the tubular
neighbourhood N; as in Theorem 9.1.8. Then W is a compact fundamental
domain for the action of I' on Qs(I'). One has: Qs(I') = U,epv(W), and
the action on Qg is properly discontinuous.

(ii) If r = 2, then T = Z/27 x 7./27 , the infinite dihedral group, and Ag(T) is
the union of two disjoint projective subspaces L and M of dimension n. In
this case I' is elementary,.

(i) If r > 2, then Ag(T') is a complex solenoid (lamination), homeomorphic to
PZ x C, where C is a Cantor set. I' acts minimally on the set of projec-
tive subspaces in Ag(T") considered as a closed subset of the Grassmannian
G2n+1,n'

(iv) If r > 2, let I' T be the index 2 subgroup constisting of the elements which
are reduced words of even length. Then W = W U T, (W) is a fundamental
domain for the action of I' on Qg(T).

(v) Each element v € I' leaves invariant two copies, Py and Py, of P in Ag(T).
For every L C Ag(T), ¥*(L) converges to Py (or to Py) as i — oo (or
i— —00).

In fact one has that if » > 2, then I' acts on a graph whose vertices have all
valence either 2 or r. This graph is actually a tree, which can be compactified by
adding its “ends”. These form a Cantor set and the action of I" can be extended
to this compactification. The limit set Ag(T") corresponds to the uncountable set
of ends of this tree. We use this to prove statement v) above.

Proof. Notice that (i) follows by a slight modification of Proposition 9.2.8. For
(ii), observe we have two involutions, T' and S, and two neighbourhoods, N and
Ng, whose boundaries are the mirrors of 7' and S, respectively. The limit set is the
disjoint union AU B, where A := (|, . 7(Ns), B :=(\,cp» ¥(Nr) , IV is the set
of elements in I" which are words ending in 7" and I'” is the set of elements which
are words ending in S. By Theorem 9.1.8, A and B are each the intersection of a
nested sequence of tubular neighbourhoods of projective subspaces of dimension
n, whose intersection is a projective subspace of dimension n. Hence A and B
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are both projective subspaces of dimension n, and they are disjoint. Two reduced
words ending in T" and S act differently on Np (or Ng). Hence I' is the free product
of the groups generated T' and S, proving (ii).

For (iii), let L C PZ"*! be a subspace of dimension n and let N be a closed
tubular neighbourhood of L as above. Let D be a closed disc which is an inter-
section of the form L N N, where Lisa subspace of complex dimension n + 1,
transversal to L. If M is a subspace of dimension n contained in the interior of N,
then M is transverse to D, otherwise the intersection of M with L would contain
a complex line and M would not be contained in N. From part (i) of Theorem
9.3.1 and Theorem 9.1.8 we know that Ag(T") is the disjoint union of uncountable
subspaces of dimension n. Let € Ag(T") and let L C Ag(T") be a projective sub-
space with € L. Let N be a tubular neighbourhood of L and D a transverse
disc as above. Then Ag(I") N D is obtained as the intersection of families of discs
of decreasing diameters, exactly as in the construction of Cantor sets. Therefore
As(T) N D is a Cantor set and Ag(T") is a solenoid (or lamination) by projective
subspaces which is transversally Cantor. It follows that Ag(T") is a fibre bundle
over P¢, with fibre a Cantor set C. Since P§ is simply connected and C is totally
disconnected, this fibre bundle must be trivial, hence the limit set is a product
PE x C, as stated.

There is another way to describe the above construction: I' acts, via the
differential, on the Grassmannian Ga,41,, of projective subspaces of dimension n
of ]P’é"“. This action also has a region of discontinuity and contains a Cantor set
which is invariant. This Cantor set corresponds to the closed family of disjoint
projective subspaces in Ag(T"). It is clear that the action on the Grassmannian is
minimal on this Cantor set.

We now prove (iv). Choose a point zo in the interior of W. Let I',, be the
I-orbit of z5. We construct a graph G as follows: to each v(zg) € Ty, we assign
a vertex v,. Two vertices vy, v, are joined by an edge if v(W) and ~'(W) have
a common boundary component, which corresponds to a mirror E;. This means
that +' is v followed by an involution T; or vice-versa. This graph can be realised
geometrically by joining the corresponding points (o), (zo) € Qs(T") by an arc
ay ~ in Qg(T"), which is chosen to be transversal to the corresponding boundary
component of v(W); we also choose these arcs so that no two of them intersect
but at the extreme points. Clearly G is a tree and each vertex has valence r. To
construct a graph G with an appropriate I'-action we introduce more vertices in
G: we put one vertex at the middle point of each edge in G; these new vertices
correspond to the points where the above arcs intersect the boundary components
of ¥(W). Then we have an obvious simplicial action of ' on G. Let I be as in
the statement of the theorem. It is clear that W = W U T} (W) is a fundamental
domain for T in Qg (T'). Hence this group acts freely on the vertices of G, and it is
a free group of rank r — 1. The tree G can be compactified by its ends by adding
a Cantor set on which I acts minimally; this corresponds to the fact that I' acts
minimally on the set of projective subspaces which constitute Ag(T).
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(v) By Theorem 9.1.8, if v € T, then either v(N;) is contained in N; or
y~1(IN7) is contained in Ny; say «(Ny) is contained in Ny. Thus {y*(Ny)}, i > 0,
is a nested sequence of tubular neighbourhoods of projective subspaces whose in-
tersection is a projective subspace P; of dimension n; {v¢(N7)}, i < 0, is also
nested sequence of tubular neighbourhoods of projective subspaces whose inter-
section is a projective subspace P, of dimension n. For every L C Ag(T), v(L)
converges to P, and P, as ¢ — oo or ¢ — —o0, respectively, and both P; and P>
are invariant under 7, as claimed. O

Remark 9.3.2. (i) The action of T' in the Cantor set of projective subspaces is
analogous to the action of a classical Fuchsian group of the second kind on its
Cantor limit set. We also observe that, since each involution 7; is conjugate
to the canonical involution defined in Lemma 9.1.1, the laminations obtained
in Theorem 9.3.1 are transversally Projectively self-similar. Hence one could
try to apply results analogous to the results for (conformally) self-similar sets
(for instance the formula in [31]) to estimate the transverse Hausdorff dimen-
sion of the laminations obtained. Here by transverse Hausdorff dimension we
mean the Hausdorff dimension of the Cantor set C of projective subspaces of
G2n+1,n which conform to the limit set. If T;, ¢ = 1,...,r, denote the maps
induced in the Grassmannian Ga,41,, by the linear projective transforma-
tions T;, then C is dynamically-defined by the group generated by the set

{T.}.
(ii) The construction of Kleinian groups given in Theorem 9.3.1 actually provides
families of Kleinian groups, obtained by varying the size of the mirrors that

bound tubular neighbourhoods around the L}s. In Subsection 9.3.2 below we
will look at these families .

(iii) The above construction of complex Kleinian groups, using involutions and
mirrors, can be adapted to produce discrete groups of automorphisms of
quaternionic projective spaces of odd (quaternionic) dimension. Every “qua-
ternionic Kleinian group” on Pftnﬂ lifts canonically to a complex Kleinian
group on ]P’é”"r?’.

9.3.1 Quotient spaces of the region of discontinuity

We now discuss the nature of the quotients Qg(I')/T" and Qg(T)/I, for the groups
of Subsection 9.1.1. The proof of Proposition 9.3.3 is straightforward and is left
to the reader. Notice that this is similar to the construction of a “control group”
done in Chapter 5.

Proposition 9.3.3. Let L be a copy of the projective space PG in ]P’?C”‘H and let x be a

point in ]P’(QC”H \L. Let K, C ]P%""'1 be the unique copy of the projective space ]P’g“
n IP’(%""'l that contains L and x. Then K, intersects transversally every other copy
of P¢ embedded in IP’(QC"H \ L, and this intersection consists of one single point.
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Thus, given two disjoint copies L and M of P¢ in IP’(QC"H, there is a canonical
projection map
=7 PEPTINL —» M,

which is a (holomorphic) submersion. Each fibre w;*(x) is diffeomorphic to R*"+2.

Theorem 9.3.4. Let I" be a complex Schottky group as in Theorem 9.3.1, with r > 2.
Then:

(i) The fundamental domain W of ' is (the total space of ) a locally trivial differ-
entiable fibre bundle over P with fibre S*" 2\ Int(D;)U---UInt(D,), where
each Int(D;) is the interior of a smooth closed (2n+2)-disc D; in S*"*2 and
the D;’s are pairwise disjoint.

(ii) Qs(T) fibres differentially over P% with fibre S*"*2 minus a Cantor set.

(iii) If T is the subgroup of index 2 as in Theorem 9.3.1, which acts freely on
Qg(I), then Qg(T)/T is a compact complex manifold that fibres differentiably
over P% with fibre (S*" 1 x S1)# - - - #(S* T x S!), the connected sum of r—1
copies of 21 x SI.

Proof. For (i), let Py, Py C Ag(I") be two disjoint projective subspaces of dimen-
sion n contained in Ag(T') C PZ""!. Since Qg(T) is open in P?"*!, the restriction
to Qg(T') of the map 7 given by Proposition 9.3.3, using P; as L and Py as M, is
a holomorphic submersion. We know, by part (iii) of Theorem 9.3.1, that Ag(T")
is a compact set which is a disjoint union of projective subspaces of dimension
n and which is a transversally Cantor lamination. By Proposition 9.3.3, for each
y € P», K, meets transversally each of these projective subspaces (in other words,
K, is transverse to the lamination Ag(T"), outside P;). Hence, by Theorem 9.3.1,
for each y € P», K, intersects Ag(I") \ P, in a Cantor set minus one point (this
point corresponds to P;). The family of subspaces K, of dimension n + 1 are all
transverse to Ps.

Let us now choose P; and P, as in part (iii) of Theorem 9.3.1, so they are
invariant sets for some v € I', and 77 (L) converges to P, as j — oo for every
projective n-subspace L C Ag(T") \ P;. We see that every mirror E;, i € {1,...,r}
is transverse to all K. Hence the restriction

T =7p|lw: W — Py, 2 P¢

of m to W, is a submersion which restricted to each component of the boundary
is also a submersion. For each y € P one has 7, ' ({y}) = K, N W, so 7, *({y})
is compact. Thus m; is the projection of a locally trivial fibre bundle with fibres
K, NW,y € P», by the fibration lemma in [55]. On the other hand for a fixed
Yo € Py, K,y NW is a closed (2n + 2)-disc with r — 1 smooth closed (2n + 2)-discs
removed from its interior. This is true because P, is contained in exactly one of
the N/s, say Ny, the tubular neighbourhood of P;, and K, intersects each Nj,
j # 1, in a smooth closed (2n + 2)-disc. This proves (i).
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(ii) The above arguments show that for each ¥ € TI', the image J(E;) of
a mirror E; is transverse to K, for all y € P> and i € {1,...,r}. Hence the
restriction 7f := 7p, |y, , where W}, is as above, is a submersion whose restriction
to each boundary component of Wy, is also a submersion. Thus 7 is a locally
trivial fibration. Since Qg(I") = (J,~o Wk, we finish the proof of the first of part
(ii) by applying the slight generalisation of Ehresmann’s fibration lemma; we leave
the proof to the reader.

Lemma 9.3.5. Let M = ;o N; be a smooth manifold which is the union of
compact manifolds with boundary N, so that each N; is contained in the interior of
Nii1. Let L be a smooth manifold and f : M — L a submersion whose restriction
to each boundary component of N;, for each i, is also a submersion. Then f is a
locally trivial fibration.

Thus 7p, : Qg(I') = P, = P is a holomorphic submersion which is a locally
trivial differentiable fibration. To finish the proof of (ii) we only need to show
that the fibres of mp, are S?"*2 minus a Cantor set. Just as above, one shows
that K, N W} is diffeomorphic to the sphere S?"*2 minus the interior of r(r — 1)*
disjoint (2n + 2)-discs. Therefore the fibre of mp, at y, which is K, NQg(T), is the
intersection of S?"*2 minus a nested union of discs, which gives a Cantor set as
claimed in (ii).

For (iii) we recall that by part (iv) of Theorem 9.3.1, the fundamental domain
of T' is the manifold W = W U Ty (W). Then, as above, the restriction of 7 to W
is a submersion which is also a submersion in each connected component of the
boundary:

=(UneE) | UE

J#1 J#1

which is the disjoint union of the —1 mirrors Ej, j # 1, together with the mirrors
By =T(E;), j # 1. )

The mirror Ej is identified with E;, j # 1, by T1, and Qg(I") /1" is obtained
through these 1dent1ﬁcat10ns Let 7 : W — P, be the restriction of 7 to W. By
the proof of (i), #~!(y) = K, N W, y € Py, is diffeomorphic to $*"*2 minus the
interior of 2(r — 1) disjoint (2n + 2)-discs. The restriction of = to cach E; and E;
determines fibrations iyt By = Py and 7y, : E; — P, respectively, whose fibres
are S*"*1. Set 7; := 715 0 (Ti|g,). If we had that @; = 7; for all j = 2,...,r, then
we would have a fibration from W / I" to P», because we would have compatibility of
the projections on the boundary. In fact we only need that 7; and 7; be homotopic
through a smooth family of fibrations 7, : E1; — Po; m = 7, mo = 7, t € [0, 1].

Actually, to be able to glue well the fibrations at the boundary we need that
7 = 7; for ¢ in a neighbourhood of 0 and 7, = 7; for ¢ in a neighbourhood of 1.
But this is almost trivial: 7; : Fy; — P> is the projection of E;; onto P, from Py
and T — j is the projection of E1; from T'(P;) onto Ps.
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The n-dimensional subspaces P; and T'(P;) are disjoint from Ps, so there
exists a smooth family of n-dimensional subspaces P;, t € [0, 1], such that the
family is disjoint from P; and P, = P; for ¢ in a neighbourhood of 0 and P, = T'(P;)
for ¢ in a neighbourhood of 1. We can choose the family so that for each ¢ € [0, 1],
the set of (n + 1)-dimensional subspaces which contain P, meet transversally E1 ;.
To achieve this we only need to take an appropriate curve in the Grassmannian
of projective n-planes in IP%”H, consisting of a family P; which is transverse to all
K ; this is possible by Proposition 9.3.3 and the fact that the set of n-dimensional
subspaces which are mot transverse to the Kl’/s , is a proper algebraic variety of
]P’QQ:"H. In this way we obtain the desired homotopy.

It follows that W fibres over Py 22 PZ; the fibre is obtained from S$?7+2 minus
the interior of 2(r — 1) disjoint (2n + 2)-discs whose boundaries are diffeomorphic
to S?"*+! and are identified by pairs by diffeomorphisms which are isotopic to the
identity (using a fixed diffeomorphism to S?**1). Hence the fibre is diffeomorphic
to (S2nHE x St)# - .- #(S?" 1 x S1), the connected sum of 7 — 1 copies of S?"*1 x S,
This proves (iii). O

Theorem 9.3.6. Let My be the compact complex orbifold Myp := Qg () /T, which
has complex dimension (2n+ 1). Then:

(i) The singular set of Mr, Sing(Mr), is the disjoint union of r submanifolds
analytically equivalent to PE, one contained in (the image in Mr of) each
mirror E; of .

(ii) Fach component of Sing(Mr) has a neighbourhood homeomorphic to the nor-
mal bundle of P¢ in IP’(QC"H modulo the involution v — —v, for v a normal
vector.

iii) Mr fibres over Pg with fibre a real analytic orbifold with r singular points,
C
each having a neighbourhood (in the fibre) homeomorphic to the cone over
the real projective space Pﬂgn"'l.

Proof. We notice that Mr is obtained from the fundamental domain W after an
identification on the boundary E; by the action of T;. The singular set of Mr is
the union of the images, under the canonical projection p : Qg(I") — Qg(I')/I", of
the fixed point sets of the r involutions 7;. Now, T} is conjugate to the canonical
involution S of Corollary 9.1.2. The lifting of S to C?"*2 = C"*! x C™*! has as
fixed point set the (n + 1)-subspace {(a,a) : a € C"*'}. This projectivises to an
n-dimensional projective subspace.

Since we can assume, for a fized j, that T is an isometry, we obtain the
local structure of a neighbourhood of each component of the singular set. The
same arguments as in part (iii) of Theorem 9.3.4 prove that Qg(I")/T" fibres over
P# and that the fibre has r singular points, corresponding to the r components of
Sing(Mr), and each of these r points has a neighbourhood (in the fibre) homeo-
morphic to the cone over PH%"“. O
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Remark 9.3.7. (i) The map 7 in the part (ii) of Theorem 9.3.4 is holomorphic,
but the fibration is not holomorphically locally trivial, because the complex
structure on the fibres may change.

(ii) The Kleinian groups of Theorem 9.3.4 provide a method for constructing
complex manifolds which is likely to produce interesting examples (c.f., [107],
[109], [108], [110], [164], [176], [205]). These are never Kiahler, because the
fibration 7 : Qg(T) /f — P¢ has a section, by dimensional reasons, so there
can not exist a 2-cocycle with a power which is the fundamental class of
Q5(T')/T. The bundle (n + 1)Opr is nontrivial as a real bundle, because it
has nonvanishing Pontryagin classes (except for n = 1), hence 7 is a nontrivial
fibration.

We notice that the fundamental group of a compact Riemann surface of
genus greater than zero is never a free group; similarly, by Kodaira’s classi-
fication, the only compact complex surface with nontrivial free fundamental
group is the Hopf surface S? x S!. The examples above give compact complex
manifolds with free fundamental groups (of arbitrarily high rank) in all odd
dimensions greater than 1. Multiplying these examples by P{, one obtains
similar examples in all even dimensions.

As pointed out in [203], it would be interesting to know if there are other
examples which are minimal, i.e., they are not obtained by blowing up along
a smooth subvariety of the examples above. It is natural to conjecture that
these examples in odd dimensions are the only ones which have a projective
structure and free fundamental group of rank greater than 1.

(iii) The manifolds obtained by resolving the singularities of the orbifolds in The-
orem 9.3.6 have very interesting topology. We recall that the orbifold Mr is
singular along r disjoint copies of P¢: Si,...,S,. The resolution Mr of Mr
is obtained by a monoidal transformation along each S;, and it replaces each
point x € S;, 1 < ¢ < r by a projective space P¢. Hence, if P : M — M de-
notes the resolution map, then P~1(.S;) is a nonsingular divisor in M , which

mn

fibres holomorphically over P¢ with fibre Pg, 1 <¢ <.

9.3.2 Hausdorff dimension and moduli spaces

Let £ := {Ly,..., L.} be r pairwise disjoint projective subspaces of dimension
n in IP’%"H, r > 2; L will be called a configuration. Let T' and T” be complex
Schottky groups obtained from this same configuration, i.e., they are generated
by sets {T1,...,T,} and {T},...,T'} of holomorphic involutions of P**" such
that T]{ o Tfl preserves the subspaces L;.

It is an exercise to see that the subgroup of PSL(n+ 2, C) of transformations
that preserve these subspaces is the projectivisation of a copy of GL (n + 1,C) x
GL (n+1C) C GL(2n+ 2,C). Therefore we can always find an analytic fam-
ily {I";}, 0 < ¢t < 1, of complex Schottky groups, with configuration £, such
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that {To} = I" and {I';} = I'. Furthermore, let £ := {L1,...,L,} and L' :=
{L},..., L.} be two configurations of P{’s in IP’2”+1 as before.

Due to dimensional reasons, we can always move these configurations to
obtain a differentiable family of pairs of disjoint n-dimensional subspaces {L1 ¢, . . .,
L..}, with 0 <t < 1, providing an isotopy between £ and £’. Thus one has a
differentiable family I'; of complex Kleinian groups, where I'y = I" and I'} =
I'. The same statements hold if we replace I" and I by their subgroups I and
I, consisting of words of even length. So one has a differentiable family Ft of
Kleinian groups, where I'g = I' and I'; = I. Hence the manifolds Qg (T';)/T; are
all diffeomorphic. By Subsection 9.3.1, these manifolds are (in general nontrivial)
fibre bundles over P% with fibre # (1 (S?"*1 x S) | a connected sum of (r — 1)-
copies of §2"*+1 x St

If n = 1, given any configuration of r pairwise disjoint lines in P2, there exist
an isotopy of P2 which carries the configuration into a family of r twistor lines.
Hence P2 minus this configuration is diffeomorphic to the Cartesian product of S*
minus 7 points with P{. Moreover, the attaching functions that we use to glue the
boundary components of W, the fundamental domain of I', are all isotopic to the
identity, because they live in PSL(4, C), which is connected. Thus, if n = 1, then
Qg(T;) /T is diffeomorphic to a product PL x #(r=1)(S? x S1). Hence we have:

Proposition 9.3.8. The differentiable type of the compact (complex) manifold
Qg(T'y) /T is independent of the choice of configuration. It is a manifold of real
dimension (4n+2), which is a fibre bundle over P with fibre #r=1(§2n+1  S1;
moreover, this bundle is trivial if n = 1. We denote the corresponding manifold by
M.

The fact that the bundle is trivial when n = 1 is interesting because when
the configuration £ consists of twistor lines in P2 (see Chapter 10), the quotient
Qg(T)/T is the twistor space of the conformally flat manifold p(Qs(T))/p(T), which
is a connected sum of the form #("~1)(S? x S!). Hence, in this case the natural
fibration goes the other way round, i.e., it is a fibre bundle over #( =1 (S? x S')
with fibre Pf.

Given a configuration £ as above, let us denote by [L]g its orbit under the
action of the group G = PSL(2n + 2,C). These orbits are equivalence classes of
such configurations. Let us denote by C™ the set of equivalence classes of configu-
rations of P¢’s as above. Then C" is a Zariski open set of the moduli space 9", of
configurations of unordered projective subspaces of dimension n in IP’%"H, which is
obtained as the Mumford quotient [157] of the action of G on such configurations.

By [157], C™ is a complex algebraic variety: the moduli space of configurations
of n-planes P¢ in IP’%"H. Similarly, we denote by & the equivalence classes, or
moduli space, of the corresponding Schottky groups, where two such groups are
equivalent if they are conjugate by an element in PSL(n + 2, (C).

Given L := {Ly,..., L.}, and r-tuples of involutions (11, ...,T;), (S1,...,Sr)
as above, i.e., interchanging T; o S; leaves L; invariant for all j = 1,...,r, and
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having pairwise disjoint mirrors, we say that these r-tuples are equivalent if there
exists h € G such that hT;h~! = S; for all i. Let T, denote the set of equivalence
classes of such r-tuples of involutions.

It is clear that a conjugation h as above must leave £ invariant. Hence, if
r is big enough with respect to n, then h must actually be the identity, so the
equivalence classes in fact consist of a single element.

Theorem 9.3.9. There exists a holomorphic surjective map w: &) — CI which
is a C* locally trivial fibration with fibre Tz. Furthermore, let T, TV be complex
Schottky groups as above and let Qg(T), Qs(I) be their regions of discontinuity.
Then the complex orbifolds My := Qg(T')/T and Mrp: := Qg(I")/T" are biholo-
morphically equivalent if and only if T' and T are projectively conjugate, i.e., they
represent the same element in B, Similarly, if I, T are the corresponding index 2
subgroups, consisting of the elements which are words of even length, then the man-
ifolds My := Qg(T)/T" and My, := Qg(I")/1", are biholomorphically equivalent if
and only if T and T are projectively conjugate.

Proof. The first statement in Theorem 9.3.9 is obvious, i.e., that we have a holo-
morphic surjection 7: &' — C' with kernel .. The other statements are im-
mediate consequences of Lemma 9.3.10, proved by Sergei Ivashkovich. The proof
below, taken from [203], is a variation of Ivashkovich’s proof. O

Lemma 9.3.10. Let U be a connected open set in IF%"'H that contains a subspace
L C ]P’(%”Jr1 of dimension n, and let h: U — V be a biholomorphism onto an open
set'V C IF’(%”H. Suppose that V' also contains a subspace M of dimension n. Then
h extends uniquely to an element in PSL(2n + 2, C).

Proof. Let f : U — P be a holomorphic map. Then f is defined by n meromorphic
functions fi,..., f, from U to P{ (see [101]), i.e., holomorphic functions which
are defined outside of an analytic subset of U (the indeterminacy set).

Consider the set of all subspaces of IP%"'H of dimension n + 1 which contain
L. Then, if N is such a subspace, one has a neighbourhood Uy of L in N which is
the complement of a round ball in the affine part, C**!, of N. Since the boundary
of such a ball is a round sphere Sy and, hence, it is pseudo-convex, it follows from
E. Levi’s extension theorem, applied to each f;, that the restriction, fn, of f to
U N N extends to all of N as a meromorphic function.

The union of all subspaces N is ]P’(QC"*'1 and they all meet in L. The functions
f~ depend holomorphically on N as is shown in [101]. One direct way to prove this
is by considering the Henkin-Ramirez reproducing kernel defined on each round
sphere Sy, [88], [183]. One can choose the spheres Sy in such a way that the
kernel depends holomorphically on N by considering a tubular neighbourhood of
L in N whose radius is independent of N. Hence the extended functions to all N's
define a meromorphic function in all of ]P’(QC"H, which extends f.

Now let & be as in the statement of Lemma 9.3.10 and let & be its meromor-
phic extension. Then, since by hypothesis h is a biholomorphism from the open
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set U C Pg onto the open set V' := h(U) C Pg, one can apply the above argu-
ments to h~' : V — U. Let g : PZ — P¢ be the meromorphic extension of h=L
Then, outside of their sets of indeterminacy, one has }~Lg = gﬁ = Id. Hence the
indeterminacy sets are empty and both h and g are biholomorphisms of Pg.

In fact, in [101] it is shown that if f is as in the statement of Lemma 9.3.10
and if f is required only to be locally injective, then f extends as a holomorphic
function. O

Notice that if n = 1, then Lemma 9.3.10 becomes Lemma 3.2 in [107].

Corollary 9.3.11. For r > 2 sufficiently large, the manifold Qs(I')/T has nontrivial
moduli.

In fact, if the manifolds Qg(T")/I" and Qg(I")/I” are complex analytically
equivalent, then T is conjugate to IV in PSL(2n + 2,C), by Theorem 9.3.9, and
the corresponding configurations £ and £’ are projectively equivalent. Now it
is sufficient to choose r big enough to have two such configurations which are
not projectively equivalent. This is possible because the action induced by the
projective linear group G on the Grassmannian Gg,1,, is obtained from the
projectivisation of the action of SL(2n + 2,C) acting on the Grassmann algebra
AZT of (n + 1)-vectors of C*"*+2 ] restricted to the set of decomposable (n + 1)-
vectors D", The set D™t generates the Grassmann algebra and Gontin =
(D"+1\ {0})/ ~, where ~ is the equivalence relation of projectivisation.

If r is small with respect to n, then C™ consists of one point, because any two
such configurations are in the same PSL(2n + 2, C)-orbit. Therefore, in this case
T, coincides with ™. That is, to change the complex structure of M"™ we need to
change the corresponding involutions into a family of involutions, with the same
configuration (up to conjugation), which is not conjugate to the given one.

The following result is a generalisation of Theorem 1.2 in [107]. This can be
regarded as a restriction for a complex orbifold (or manifold) to be of the form
Qs(I)/T (or Qs(T)/T).

Proposition 9.3.12. If r > 2, then the compact complex manifolds and orbifolds
Qs(T)/T" and Qg(T)/T, obtained in Theorem 9.3.4, have no nonconstant mero-
morphic functions.

Proof. Let f be a meromorphic function on one of these manifolds (or orbifolds).
Then f lifts to a meromorphic function fon Qs(I) C IP’%"'H, which is I'-invariant.
By lemma 9.3.13 below, f extends to a meromorphic function on all of IP’(%”H.
Hence fmust be constant, because I is an infinite group. O

Lemma 9.3.13 (see [101]). Let U C PZ"™' n > 1, be an open set that contains a
projective subspace P%. Let f : U — PL be a meromorphic function. Then f can

be extended to a meromorphic function f: U— ]P’}C,
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We refer to [101] for the proof of Lemma 9.3.13.
The following proposition estimates an upper bound for the Hausdorff di-
mension of the limit set of some Schottky groups.

Proposition 9.3.14. Letr > 2,0 <A < (r —1)"" and let T and I be as in Theorem
9.1.8. Then, for every § > 0, the Hausdorff dimension of Ag(I') = Ag(T) is less
than 2n+ 1+, i.c., the transverse Hausdorff dimension of Ag(I') = Ag(T) is less
than 1+ 9.

Proof. By part (i) of Theorem 9.3.1 one has that Ag(I') = (,—, Fi, where F}, is the
disjoint union of the r(r — 1)k closed tubular neighbourhoods v(N;), i € {1,...,r},
where v € I' is an element which can be represented as a reduced word of length
k in terms of the generators. y(V;) is a closed tubular neighbourhood of v(L;), as
in Theorem 9.1.8, and the “width” of each v(N;), w(,i) := d(v(Es), L;), satisfies
Wyi) < C)F, as was shown in Lemma 9.1.7 and Theorem 9.1.8. Hence:

l(v)=k
w(k) := Z w(l;tf) < Cr(r— 1)k)\k(1+5) <Cr(r— 1)75’“.
ie{l,...,r}

Thus limy_o w(k) = 0. Hence, just as in the proof of the theorem of Marstrand
[142], the Hausdorff dimension of Ag(I") can not exceed 2n + 1+ 4. O

Next we will apply the previous estimates to compute the versal deformations
of manifolds obtained from complex Schottky groups as in Proposition 9.3.14,
whose limit sets have small Hausdorff dimension.

We first recall ([122]) that given a compact complex manifold X, a deforma-
tion of X consists of a triple (X, B,w), where X and B are complex analytic spaces
and w : X — B is a surjective holomorphic map such that w=!(¢) is a complex
manifold for all t € B and w™!(tg) = X for some tg, which is called the reference
point. It is known [134] that given X, there is always a deformation (X, &x,w)
which is universal, in the sense that every other deformation is induced from it
(see also [123, 122]).

The space Rx is the Kuranishi space of versal deformations of X [134]. If we
let ©® := ©x be the sheaf of germs of local holomorphic vector fields on X, then
every deformation of X determines, via differentiation, an element in H'(X,©),
so H'(X,©) is called the space of infinitesimal deformations of X ([122, Ch. 4]).
Furthermore ([123] or [122, Th. 5.6]), if H?(X,0) = 0, then the Kuranishi space
Rx is smooth at the reference point ¢y and its tangent space at ¢y is canonically
identified with H!(X, ©). In particular, in this case every infinitesimal deformation
of X comes from an actual deformation, and vice-versa, every deformation of the
complex structure on X, which is near the original complex structure, comes from
an infinitesimal deformation.

The following lemma is an immediate application of Proposition 9.3.14 and
Harvey’s Theorem 1 in [86], which generalises the results of [191].
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Lemma 9.3.15. Let v > 2,0 < A < (r—1)"", let I" be as in Proposition 9.3.14
and let Qg := Qg(I") C IE”2”+1 be its region of discontinuity . Then one has

HY (05,8 (@pznnn)) & HI(BEH, Opannn), for 0< j <,

2n-+1
IP(C

where i is the inclusion of Qg in . Hence, if n > 1, then one has

HO(QS7Z'*(@IP>§:"+1)> > 5l5,12(C) and Hj(Qs,i*(G)]pgn+1)) =0,

for all 0 < j < n, where sla,12(C) is the Lie algebra of PSL(2n + 2,C), and it is
being considered throughout this section as an additive group.

Proof. By Proposition 9.3.14 we have that the Hausdorfl dimension d of the limit
set Ag(I') satisfies d < 2n+ 1+ for every § > 0. Therefore the Hausdorff measure
of Ag(T") of dimension s, Hs(Ag(T")), is zero for every s > 2n + 1. Hence the
first isomorphism in Lemma 9.3.15 follows from part (ii) of Theorem 1 in [86],
because the sheaf © is locally free. The second statement in Lemma 9.3.15 is now
immediate, because H°(PZ" !, @]P,énH) > 5ly,12(C) and HY (P%n+l,@Pé7L+l) >~
for 7 > 0, a fact which follows immediately by applying the long exact sequence
in cohomology derived from the short exact sequence

0= 0= o))" = Opznt1 — 0,

where O is the structural sheaf of P2"*! and [O(1)]" is the direct sum of n+ 1
copies of O]P)énJrl (1), the sheaf of germs of holomorphic sections of the holomorphic

line bundle over chn+1 with Chern class 1. See [87], Example 8.20.1, page 182. [

We let M := Qg/T', where I' is as above. We notice that Qg is simply con-

nected when n > 0, so that (2g is the universal covering M of M. Let p: M— M
be the covering projection; since I' acts freely on Qg, this projection is actually
given by the group action. Let ©ys be the sheaf of germs of local holomorphic
vector fields on M and let @ be the pull-back of © to M under the covering p; ©
is the sheaf i (@Pénﬂ) on M = Qg.

Lemma 9.3.16. If n > 2, then for 0 < j < 2 we have
H (M, ©1r) = H} (T, 5l2042(C))
where slo,12(C) is considered as a f‘—leﬂ module via the representation
p: T = Aut (slp,2(C))

given by
p(7)(v) = dTyovoTy™, v € sloni2(C),

where T, is the action of g € I on IP’?C"“.
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Proof. If n > 2, then Lemma 9.3.15 and [156, formula (c) in page 23] (see also
[82, Chapter V]) imply that there exists an isomorphism

P HZ(F7HO(QS7é)) - Hj(M7@1W)a

for 0 < j < 2, where H°(g, (:)) is the vector space of holomorphic vector fields
on the universal covering M= Qg C ]P’é’”r1 of M.

Now, by part (i) of Theorem 1 in [86], every holomorphic vector field in
Qs(T), extends to a holomorphic vector field defined in all of PZ"**. Therefore,

H%(Qg,0) = HO (P21, Opznt1) = slant2(C).

O

_ We recall that I" is a free group of rank r — 1; let g1, ..., gr—1 be generators
of T'. By [89], page 195, Corollary 5.2, applied to I', we obtain

H (L, 8lon42(C)) 2 8lapp2(C) X -+ X 5lon12(C) /() ,

where
w : 5[2n+2 ((C) — 5[2n+2 ((C) X -+ X 5[2n+2 (C)

is given by 9¥(v) = (g1(v) — v,...,gr—1(v) — v). We claim that ¢ is injective.
Indeed, if v is a linear vector field in ]P)?C”+1 which is invariant by ¢1,...,9,_1,
then, by Jordan’s theorem, this vector field is tangent to a hyperplane II which
is I-invariant. This can not happen. In fact, if L is an n-dimensional projective
subspace contained in As(f)7 then L must intersect II transversally in a subspace of
dimension n —2, for otherwise IT would contain the whole limit set Ag(I"), which is
a disjoint union of projective subspaces of dimension n. Hence, there exists L C II,
a projective n-subspace such that L N Ag(I') = (). Then, as proved before, there
exists a sequence {7;};cp such that lim; o (v;(L)) = Ly, where Ly C Ag(I),
where L4 is not contained in II. This is a contradiction to the invariance of II.
Therefore,

dime H'(Qs,0) = dimg [sl2,42(C)" %] = (r —2) (2n +2)? — 1) .

By [89], page 197, Corollary 5.6 we have H2(I',sly,42(C)) = 0. Hence, by
Lemma 9.3.16 above, one obtains that

H?*(M,0y) = H}(T,sl3,45(C)) = 0.

Thus we arrive at the following theorem from [203]:

Theorem 9.3.17. Let n,r > 2 and let A\ be an arbitrary scalar such that 0 < A <
(r —1)7L. Let T be a Schottky group as in part (iii) of Theorem 9.1.8, so that
the (Fubini-Study) distance from ~(x) to the limit set Ag decreases faster than
CN* for every point x € IP’(%"le and any v € I' of word-length k (where C is some
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positive constant). Let ' be the index 2 subgroup of T’ consisting of words of even
length. Let Qg be the region of discontinuity of T, M := Qg /T', and let & denote
the Kuranishi space of versal deformations of M, with reference point to € R}
corresponding to M. Then, we have

Hl(M, @]\/f) o le(f’s[2n+2((c)) o~ (C(T’—2)((2n+2)2_1) ,

and
H?*(M,©,) =0.

Hence 8 is nonsingular at ty, of complex dimension (r—2)((2n—|—v2)2—1), and every
small deformation of M is obtained by a small deformation of I' as a subgroup of
PSL(2n + 2,C), unique up to conjugation.

Remark 9.3.18. Although we only considered n > 2 above, the last theorem re-
mains valid for n = 0, 1. In fact, if n = 0 and r > 2, we have the classical Schottky
groups. The manifold g/ I is a compact Riemann surface of genus r— 1. It is well-
known that in this case the moduli space has dimension 3(r — 1) — 3 = 3(r — 2),
which, of course, coincides with the formula above. When n = 1 and r > 2 the
manifolds Qg /T" are Pretzel twistor spaces of genus g = 7 — 1, in the sense of
[176, 206]. The theorem above gives that the dimension of the moduli space of this
manifold is 159 — 15, which coincides with Penrose’s calculations in page 251 of
[176].

9.4 Schottky groups do not exist in even dimensions

This section is taken from [38]. The aim is to show that there are no Schottky
groups acting on even-dimensional projective spaces. For this we need a better
understanding of the dynamics of projective transformations in general.

9.4.1 On the dynamics of projective transformations

The purpose now is to describe the closure of the set of accumulation points
under the action of cyclic groups (v) in PSL(n, C). In Kulkarni’s terms this means
describing the set Lo({v)) U L1 ({(7)). For this we need:

Definition 9.4.1. Let V' be a C-linear space with dim¢(V)=nandlet T:V —V
be a C—linear transformation. We define

Eve(T) = (({v € V : v is an eigenvector of T'})).

This is the linear subspace generated by the eigenvectors of T'.

Remark 9.4.2. If M is an n x n matrix with coefficients in C we have that Eve(M)
is the smaller complex linear subspace which contains the eigenvectors of M. For
example if M is diagonalisable and 0 is not an eigenvalue, then Eve(M) is C™.
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Definition 9.4.3. Let v € PSL(n, C) be an element of infinite order and let 4 be a
lifting of . Then we define:

(i) The set Eva(y) of nonnegative real numbers defined by:

Eva(y) = {r € R: there is an eigenvalue A of 4 such that r = |\|}.

(i1) The set Lat,(vy) = ([{v € C™ : v is an eigenvector of 4 and |3(v)| = r|v|}].).

(iii) The set A(y) is the closure of the accumulation points of orbits {y™(2)}mez
where z € P¢.

Notice that A(v) is the union of the Kulkarni sets Lo((7)) and L1 ({¥)).

Remark 9.4.4. (i) In the one-dimensional case we can show that if «y is an elliptic
Mobius transformation then

Eva(y) = {1}, Lat;(y) = A(y) = P¢,

where A() is the usual limit set of (v). If « is parabolic, then

Eva(y) = {1}, Lat:(7) = A(7) = Fix(y).

Finally, if 7 is loxodromic and A%, A\~2 are the corresponding multipliers
at the fixed points, then Eva(y) = {|\|,|A\7!|} and

Latx(y) ULaty-1(y) = A(7y) = Fix(v).

(ii) It is possible to check that A(y) = Lo({y)) U L1 ({7)).
(iii) Parts 1 and 2 of this definition do not depend on the choice of lifting 4.

The following is the main result of this subsection and its proof takes the
rest of it.

Proposition 9.4.5. Let v € PSL,,11(C) be an element of infinite order, then

A= | Lat(y).

reEva(y)

To prove this result we need several lemmas:

Lemma 9.4.6. Let V' be a C-linear space with dimc(V) =n and T : V — V an
invertible linear transformation such that |\ < 1 for every eigenvalue X of T. For

every | € N we have uniform convergence

of V.

! T™ ———= 0 on compact subsets
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Here < ;n ) denotes the number of sets with [ elements from a set with m
elements.

Proof. We decompose T into one or more Jordan blocks according to Jordan’s
Normal Form Theorem. This reduces the problem to the case where there is 0 <
|A| < 1 and an ordered basis 8 = {v1,...,v,}, n > 2, such that the matrix of T
with respect to 8 (in symbols [T]3) satisfies

A1 0 -0
0 A 1 0
Tle=|{ ... ~.. .. ... ..
0 0 0 - A

An induction argument shows that, for all m > n,

m m m—1 m m—2 m m+1l—n
A ( 1 ) A 2 ) n-1)¢
[Tm]/@ — 0 )\m T{L /\m—l n’ril 9 )\m+2—n
0 0 0 A™
(9.4.7)

Given a compact subset K C V we set
n n
o(K) = sup{z EHE Zajvj € K}.
j=1 j=1

Let z € K, z = > 7, a;vj, then by equation (9.4.7) we deduce that

IT™(2)| < o(K)max{|v;] : 1< j < n}zz ( 7}? > ™k,

j=1k=0

Hence it is sufficient to observe that

(1)(x)

and the lemma follows. O

< m2max{k,l}|a|m7k 0,
m—r oo

Lemma 9.4.8. Let V be a C-linear space with dim¢(V)=n>1andletT:V =V
be an invertible linear transformation such that there are A € C with |A| =1, and

an ordered basis B = {v1,...,v,} for which
A1 0 -+ 0
o X 1 0
[Tls =
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That is, [T is an nxn-Jordan block. Then for everyveV —{0} there is a unique
-1
k(v,T)eNU{0} such that the set of cluster points of { ( Zl(v T ) T’”(v)}

lies in ((v1)) \ {0}.

Proof. Let z =377 ;ajv; and define

meN

k(z,T) =max{l <j<mn:a; #0} -1,

then we have that

(ron) o= (1) (fm ) A tors

The result now follows easily. O

Corollary 9.4.9. Let V be a C-linear space with dimc(V) =n and let T : V — V be
a linear transformation which is diagonalisable and all its eigenvalues are unitary
complex numbers. Then for every v € V\{0}, the number k(v,T) = 0 is the unique

-1
positive integer for which the set of cluster points of < 21(0 T) ) ™ (v)

’ meN
lies in Eve(T) \ {0}.

Corollary 9.4.10. Let V' be a C-linear space with dim¢(V) =n and let T :V =V
be an invertible linear transformation such that each of its eigenvalues is a unitary
complex number. Then for every v € V\ {0} there is a unique k(v,T) € NU{0} for

-1
which the set of cluster points of{ ( ZEU T) > T (v) lies in Eve(T)\{0}.
’ meN

Proof. By the Jordan Normal Form Theorem there are £k € N; Vp,....V, C V
linear subspaces and T; : V; — V;, 1 < i < k such that:

(i) @), V; =V

(ii) For each 1 < i < k, T; is a nonzero C-linear map whose eigenvalues are
unitary complex numbers.

(iii) B, T;="T.

(iv) For each 1 <14 <k, T; is either diagonalisable or V; contains an ordered basis
Bi for which [T is an n; x n;-Jordan block.

Let v € V'\ {0}, then there is a nonempty finite set W C U?zl V; \ {0} such
that v =y w. Take i : W — N where i(w) is the unique element in {1,...,k}
such that w € V(). Define

k(v,T) = max{k(w, Tj)) : w € W},
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Wi = {w eWw: k(w,Ti(w)) < k(U,T)},

Wy =W\ Wy,
then
s U )
T (v) k‘(wyTz(w) TzT(rlw) n Z 1(w) w) .
m w€W1 m m weWso
< k(v,T) ) ( k(v,T) ) ( k(w, Tiw)) ) ( k(w, Tiw)) )

(9.4.10)

The result now follows from equation (9.4.10), Lemma 9.4.8 and Corollary
9.4.9. 0

Proof of Proposition 9.4.5. Let the set A(I"), Eva(I') and Lat,(y) be as in Defi-
nition 9.4.3. Since |, cpyar Lat-(y) C A(L), thence it is enough to show that

A(’Y) - UreEva(F) La‘t’f(’)/)

Let 4 be a lifting of v, then by the Jordan Normal Form Theorem there
are k € N; Vq,..., Vi € C**! linear subspaces; 7; : V; — V;, 1 < i < k and
r1,...,7% € R which satisfy:

(i) @F_, v; =cCrth

(ii) For each 1 < i < k, =; is a nonzero C-linear map whose eigenvalues are
unitary complex numbers.

(ii) 0<r <rg <+ < 7T
. k ~
(iv) Dj_1rivi =7

In what follows (7, k, {Vi}e_,, {7 }r_1, {r:}%_,) will be called a decomposition for
v. Now let [v],, € PE, thus v = Z’;zl v; where v; € V;. Set jo = max{1 < j <k:
vj # 0}. One has ‘

( k(UjTTjo) )1 17:’.9) - i( k(UjZLTjO) )1 7?1]77;(%) (9.4.10)

Jo j=1 Jo

By Lemma 9.4.6 and Corollary 9.4.10 we conclude that the set of cluster
points of {7 (v)}mez lies in [Eve(v;,) \ 0]n = Lr; (7)- O

9.4.2 Nonrealizability of Schottky groups in PSL(2n + 1,C)

As we know from Chapter 3, for every group G C PSL(3,C) and every region {2
where the group acts discontinuously, there is a projective line contained in PZ\ Q.
If we had a Schottky group in P%, this would mean that the generating sets R;, S;
would contain each at least one complex line, and these lines cannot meet since
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the generating sets are pairwise disjoint. This is not possible since in ]P’(QC there
are no pairwise disjoint complex lines. In higher dimensions we will show that
the existence of a Schottky group acting on PZ" would imply that the set A(y) is
contained in a single connected component of the complement of the discontinuity
region, and this leads to a contradiction.

Lemma 9.4.11. IfI' C PSL(2n + 1,C) is a Schottky group, then P\ Qg(T') does
not contain a projective subspace V with dimg (V) > n.

Proof. If V C P#"\ Qg(I') is a projective subspace with dimc(V) > n, then

Y CBE\Qs(D) =B\ | JA(F(D) c B\ FID) = |J Rius:.
yel g€Gen(T")

Since V is connected and (VNUyegen(r) Ry, VNUyeGen(r)S5) is a disconnection for
VY we deduce that V C UyeGen(r) Rz OF Y C UyeGen(r)s: - Moreover by an induction
argument we deduce that there is 7o € Gen(I") such that V C S5 or V C R . For
simplicity let us assume that V C S . Taking o € Gen(T') \ {70} we have

*

o '(V)co () co (P - S,) = R;

o

(9.4.12)

Observe that V and o~ 1V are projective subspaces with dime(V) +dimc(o~1V) >
2n. Thence V N o~ 1(V) # 0, which is a contradiction since by equation (9.4.12)
we have VNo~'V C Ry NSZ = 0. O

Lemma 9.4.13. Let Ac({7} be as in Definition 9.2.5 and L(v) be the closure of
the set of accumulation points of the orbits ¥ (z),,c, with z € P{. Let I' C
PSL(2n+1,C) be a group and Qs a nonempty, I'-invariant open set where I' acts
properly discontinuously. Assume further that whenever l is a projective subspace
contained in P\ Qg, then dimc(l) < n. Then for every v € T’ with infinite order
there is a connected set L(y) C Ac({V}mez, s) U L(v), such that L(y) C L(7).

Proof. Let v € I' be an element with infinite order, and choose a decomposition
(:Y’ k7 {Vi}i'czlv {7}5:1’ {Ti ?:1) for - Take jO = min{l < .7 <k: Zgzl dlmc(‘/z) >
n + 1}. From Proposition 9.4.5 we can assume that & > 2. For the moment we
assume that jo # 1, k. Observe that, since 23021 dime(V;) > n+1, we know there
is a nonzero w = Z":l w; € @;‘;1 V; , where w; € V;, such that [w]a, € Qg. Since
Qg is open we can assume that wj, is nonzero. Now, let z € @@ V; \ {0}, then
by Lemma 9.4.6 we have

J>Jo

wn@ = o+ (o ) E(2) 56| e

J>J0 om

Thus for m(z) large one has (W, (2))m>m(z) C 2s. On the other hand, by Corollary
9.4.10 there is a strictly increasing sequence (1, )men C N and wg € Eve(v;,)\{0}
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such that

-1
n
( o ) > ’Y;:;"('wo) m—oo Wo-

k(wjm Yio

From this and Lemma 9.4.6 we deduce that
n -1 T
,ynm (wnm) — ( m ) ) Z(rj)nm%ﬂm (wj) + z —_— [wo + Z]2n~

0> Vi —
or e i<jo 70 on

Hence

U L, (0) € ([wolzn, [ED V5 \ {0}]2n) € Ac({y" }mez, Qs) U L(7).
J>Jjo J>jo
Now consider the following observations:

(i) If jo = 1, k, then we have that L(y) contains a single connected component
and therefore L£(7) can be taken as L(T").

(ii) In the case jo = 1 one has that there is a wy € L(r1) such that
U L(rj) € (w1, [ Vi \ {0}2n) € Ac({y" Ymez, Qs) U L(7) .
j>1 i>1
So in this case, to finish the proof of Lemma 9.4.13 it is enough to take

L(y) = (w1, [P Vi \ {0}]20) U L, (7)-

7>1

(iii) To obtain the result in the case j = k it is enough to apply to v~ ! the same
argument used in the first observation above.

1

(iv) In the case jo # 1, k, applying the same arguments to v+ we get that there

is v € L(rj,) such that

U Z(rs) € (0,10 Vi \ {0}]20) € Ac({7" }mez, 2s).
J<Jjo i<Jjo
Therefore to finish the proof of Lemma 9.4.13 in this case it is enough to take

L(y) = (v,[D Vi \ {0}2n) U ([wolon, [P Vi \ {0}2n) ULy, (7). O

Jj<jo J3>Jjo

Theorem 9.4.14. IfT' C PSL(2n+ 1, C) is a discrete subgroup, then T' cannot be a
Schottky group acting on PZ".
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Proof. Assume I' is a Schottky group acting on IP?C”, and let v be one of its gener-
ators. Since the group T is free, v must have infinite order. Now, since the action
is on a projective space of even dimension, the previous Lemmas 9.4.11 and 9.4.13
insure that the set A = Lo({7))UL1((7)) is contained in a connected component of
the limit set as defined in Definition 3.3.9. On the other hand, since the dynamics
of the group is of the “ping-pong” type, one has that the set A must be contained
in at least two connected components of the limit set, which is a contradiction,
and the theorem follows. d

Remark 9.4.15. Notice that Theorem 9.4.14 and its proof remain valid if we replace
C by R.

9.5 Complex kissing-Schottky groups

We recall that in Chapter 1 we looked at kissing-Schottky subgroups of conformal
maps of ]P’(%:. These are groups obtained by reflections on circles which were not all
of them disjoint, but we allowed them to touch their neighbours slightly. That is,
each circle could kiss their neighbours, touching them tangentially. In this section
we construct a family of complex Kleinian groups acting on the 2-dimensional
projective space with similar features. The idea is to start with sets R; and .S; in
]P’ql: with the properties of Definition 9.2.1, but allowing them to touch others in a
“little part”, thus obtaining examples of free kissing-Schottky groups as in [158];
then from these we get complex kissing-Schottky subgroups of PSL(3,C).

The precise definition of complex kissing-Schottky goes exactly as in Defini-
tion 9.2.1, replacing the condition on the sets {E,ST :j=1,...,g} being pairwise
disjoint by the condition U?Zl R; US; # P¢. In this way we can guarantee that
the corresponding group is free in g generators and it has a nonempty region of
discontinuity, with noncompact quotient.

We recall that the construction of Schottky groups in [203], explained before,
is based on having mirrors that play in ]P’?C"Jrl the same role that circles play in
Pt = S%. Then we proved in the previous section that there are no Schottky
groups in even dimensions, but we did not say that there are no mirrors. In fact
the arguments used there show that the existence of such mirrors implies that
these sets necessarily intersect each other.

So the question now is how to create mirrors with “small” intersections, in
such a way that they enable us to construct complex Kleinian groups?

For this, let us first construct mirrors in ]P’?C. A way to do so is to consider
the complex line ¢ in P2 given by [21 : 22 : 0] and the point p = [0 : 0 : 1]. Now
consider a Euclidean circle C on £ = ]P’é and the complex inversion ¢ on it; this
is the composition of the Euclidean inversion defined in Chapter 1, followed by a
reflection on a line (actually a circle) through its centre. Let C(C, p) be the union
of all the complex lines which join points in C' with p, so it is a complex cone, and
it is a 3-dimensional subvariety of ]P’(% with an isolated singularity at the vertex.
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Lemma 9.5.1. The involution 1c extends canonically to an involution ic of ]P’%
which leaves the cone C(C,p) invariant, and this cone C(C,p) splits PZ in two
diffeomorphic halves which are permuted by ic .

Proof. Let m € SL(2,C) be a lift of 1, then i¢ is the projectivisation of the

matrix
m 0
0 1 ’

It is clear that this map has the properties stated in the lemma. O

In other words the cone C(C, p), together with the map u¢, play the role of a
mirror. More generally,

Definition 9.5.2. A mirror in PZ is the image of C(C,p) by a projective automor-
phism.

So we can now start playing ping-pong as before. Consider a disjoint family of
circles in ¢ with the corresponding inversions, and apply the procedure described
before. Then we generate a Kleinian group. But notice that the mirrors intersect at
the vertex of the cone, so the group is not Schottky but is often kissing-Schottky.

As an example, consider the Mobius transformations given by

(14+d)z—1 (1-9)z—1

) = o M= gy et

 3iz 4 10d
12 + 3t
We have:
mi(D+1+4) =P \D+1—74;
me(D—1+4) =P¢\D—1—1;
mz(D—3) =P:\D+3.

Thus ¥ = (m1, mz, m3) is a kissing-Schottky group.
Now let I'c = (M7, Ma, M) where € € C* and

—1—i i 0 1—4 —i 0 3ie  10ie 0O
M, = —i —144i 0 |; My= i 1445 0 |; M= ie  3ie 0 }
0 0 1 0 0 1 0 0 e 2

Proposition 9.5.3. The group I'. is a complex kissing-Schottky subgroup of
PSL(3,C) with three generators. The discontinuity region in the sense of Kulkarni
is the largest open set where I'c acts properly discontinuously on IP?C and its com-
plement is given by Axw(Te) = UpGA(ES)m’ where A(Xg) is the usual limit set
of a subgroup in PSL(2,C).

Proof. Let rD + p be the Euclidean disc on él,eg with radius r and centre p.
Consider the following disjoint family of open sets

Ri= |J e Si= U &ess

qED+1+1 geED+1—1
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Ry = U 0, e5; Sy = U 0, e%;
geED—1+1 geD—1—1

R3 = U §7€3; 53 = U 5163'
qeD—4 qeD+4

One deduces that
My(Ry) = P2\ Si;
Ms(Ry) = P2\ Sy;
M;c(R3) = P&\ S3;

R, US; # P2.

-

=1

Therefore I'. is a Kissing-Schottky group with three generators. Finally, since
tr?(mg) = 4 and det(M, + Id) = 8, we deduce that My has the following normal
Jordan form:

1
0
0

O~
= o O

Then there is a complex line ¢ such that es € | = Fix(Ms). Hence £ N éq,e5 =
Fix(my) and Tl = Uyepys,) & €5 Thus Uyea. s, 865 C Lo(I'e). Now, by
Proposition 3.3.6 we conclude that Agw(Te) = quAs(Zs) §7e} is the largest open
set on which T'¢ acts discontinuously. O

9.6 The “z00” in dimension 2

We know from Chapter 8 that if a subgroup I' C PSL(3, C) has an invariant region
Q C PZ where it acts properly discontinuously and with compact quotient, then
the group must be either complex hyperbolic, affine or elementary. So it is natural
to ask whether there are any other type of groups when we relax the compactness
condition.

The following is an example of a kissing-Schottky group which is not ele-
mentary and it is not topologically conjugate to either an affine or a complex
hyperbolic group.

Example 9.6.1. Now let us consider the following modification of the previous
example. Let ' = (M7, My, M,.) where € = (€1, €2, €3) € C* x C? and

—1—1 % 0 1—2 —1% 0 i€y 107e1 0
My = —i —1+4i 0 |; My= i 144 0 |; Mc=| de1  3ier O .
0 0 1 0 0 1 €2 €3 6;2

The proof of the following lemma is a straightforward computation.
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Lemma 9.6.2. Let P.(\) denote the characteristic polynomial of M.. Then
PN =-\—e5)N—ie(3— \/E))()\ —ie1 (V10 4 3)).
Thus, if we take e = —(3 + v/10)/3e=im(1+49)/6 yyith 9 € R — Q, we deduce:
—V10 V10 0

(i) The set B=<p1=1] 1 =11 , [ O is an ordered
k- kr 1
basis of eigenvectors, where
Lt i(£V10eg + €3)eim(1+49)/6

€ (3 + \/ﬁ)l/a(g(l — e2imd) \/ﬁ(qil _ ezmﬁ))'

The corresponding eigenvalues are {a_, oy, e*™Pa_}, where

_ i3 V10)(3 + V/10)1/3

Ot oim(1+49)/6

(ii) For every point x € PZ\ (D1, p3 U D1, es U és, p3) the set of cluster points of
{M="(z)}nen is contained in 1, es and is diffeomorphic to S'.

Recall that a kissing-Schottky group is like a Schottky group but allowing
the corresponding mirrors to touch each other tangentially (compare with [158]).

Proposition 9.6.3. The group I'. is a complex kissing-Schottky subgroup of
PSL(3,C) with three generators. The Kulkarni discontinuity region is the largest
open set where I'¢ acts properly discontinuously on IE”(% and its complement is given
by AKul(Fe) = UpGAs(Es) m

Moreover, if we assume €; = —(3 4 /10)}/3e="(1+49)/6 yhere 9 = R — Q,
and k. # k_, then these kissing-Schottky groups I'c are not topologically conjugate
to either an elementary, an affine or a complex hyperbolic group.

Proof. Let us first take p = e3, | = &5,e1. Let 7 = mpe : P2\ {p} — £, be
the canonical projection and II = II,, : I' — Bihol(¢) = PSL(2,C), given
by I(g)(xz) = 7(g(z)), the group morphism associated to m. Then II(M;) =
mq, H(Mg) = ma, H(Me) = ms.
Let us prove that I'. is a kissing-Schottky group. Consider the disjoint family
of open sets
Ri=7n"1D+1+4); Si=nr1D+1-1);
Ro=7n"1(D—-1+4); So=n"1D-1-1);
Ry =7~ 1(D — 4); Sy = 7~ 1(D + 4).

One has:
M, (Ry) = B2\ S;
Ma(Ry) = P2\ Sy;
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Therefore T, is a Kissing-Schottky group with three generators.
Now consider the following properties of I'.:

Property 1. Since tr?(mz) = 4 and det(Mz + Id) = 8 we deduce that M, has the
normal Jordan form

1
0
0

O~
= o O

Then there is a complex line £ such that e3 € | = Fix(Ms). Thus #(I \ {es}) =

Fix(ms) and therefore 'l = quAs(Es) §.€5. Hence quAs(Zs) §eh c Lo(T).
Now, by Theorem 5.8.2, it follows that I'. acts discontinuously on IF’% \

Ugerss.) &, €. By Proposition 3.3.6 we conclude that A, (T.) = Ugerssy) g es.

Property 2. The group I'c is not topologically conjugate to a complex hyperbolic
group. In fact, it is easy to see that Ak, (M) = mu{pg}. On the other hand, by
Theorem 7.3.1 we have that M, cannot be topologically conjugate to an element
of PU(2,1).

Property 3. The group I'c is not topologically conjugate to an affine group. In fact,
assume on the contrary that there is a homeomorphism ¢ : ]P’(?‘: — IP’% such that
¢~ 1Tp(¢) = £ for some complex line ¢. Then ¢(¢) is a I'~invariant 2-sphere. If
there is a point ¢ € ¢(¢) such that ¢ ¢ p1,p3 U pa,e5 U D1, €3, then by (ii) of
Lemma 9.6.2 the set of cluster points of {M_"¢}nen is contained in Pr,e} and is
diffeomorphic to S'. Hence ¢~ (1, e3) N€| > 2. On the other hand, since pr, €5 C
Lo(M.,), it follows that ¢~ (P, €3) is a complex line. Thus ¢(¢) = Py, €4, which is a
contradiction. Therefore ¢(£) C D1, p3Upa, e3UD1, e5. Now, since ¢(£) \ {p1,p2, e3}
is connected we conclude that ¢(¢) = H1ps or o) = Do, e} or o0) = e
Since I'.p1,e5 = L'epo,ei3 = quAs(Es)m with card(Ags(3s)) > 2, we deduce
o) = 1, p5. On the other hand, one can easily check that [1;1;0] and [0;0;1] are
the unique fixed points of M; and its normal Jordan form is

-1 1 0
0 -1 0 |. (9.6.3)
0 0 1

Now, by Corollary 4.3.4 we conclude that éh e5 and [1; 1;0], e3 are the unique
invariant complex lines for Mj. It follows that ﬁl,pg = gl,eg. Thence there are
a, 8 € C such that |a| + |3| # 0 and

—V10a + V10 =1,
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a+pB=0,
kZa+kIp=0,

which is a contradiction since K # K. O

Remark 9.6.4. By Chapter 4 the limit set Axw({[[M]]2)) is not a subset of
Aku(Te) for |e1] > (v/10 4 3)'/3. This shows that the limit set in the sense of
Kulkarni is not monotone. In other words, having discrete subgroups I'y C I'y of
PSL(3,C) does not imply that the Kulkarni limit set of I'; is contained in that of
Is.

9.7 Remarks on the uniformisation of projective 3-folds

In Chapter 8 we discussed projective structures on manifolds, and we spoke about
the uniformisation problem for Riemann surfaces and for complex projective sur-
faces. Of course it is very interesting to study this problem in higher dimensions,
and the constructions we give in this and in the following Chapter 10 point in that
direction: we get subgroups of PSL(n + 1,C) acting properly discontinuously on
an open set 0 C P¢ with compact quotient, and the projection map Q — Q/I" can
be regarded as a uniformisation.

When pursuing this line of ideas, it is important to mention the important
contributions to the subject by M. Kato, particularly in dimension 3 (see references
in the bibliography).

In [111] the author studies compact complex 3-manifolds whose universal
covering is a “large” domain in the projective space P%. A domain in a projective
space P2 is called large if it contains a projective line. So for instance, the disconti-
nuity regions of Schottky groups envisaged in this chapter, are large domains. The
author proves that if a large domain 2 C ]P’(?é is the universal covering of a smooth
compact complex manifold M carrying nonconstant meromorphic functions, then
Q is dense in P2 and its complement is contained in a finite union of hypersurfaces
and a set with Hausdorff dimension < 2. With some extra assumptions on the
structure of IP’%\Q, it is also shown that this complement is actually a disjoint
union of two lines, or a line, or empty. This uses a previous result by the same
author, saying that if  is large, then the fundamental group of M is a subgroup
of PSL(4, C), acting on € as deck transformations.

More recently, in [112] the author refined and improved the results from
[111] studying properly discontinuous actions of discrete subgroups I' C PSL(4, C)
on large open domains in Q C P3(C), and the structure of their quotients. It
is proved that every holomorphic automorphism of a large domain is actually a
restriction of an element in PSL(4,C), so the group Aut(€2) of biholomorphisms
of Q is a subgroup of PSL(4,C), the stabiliser of Q. Using results of P. J. Myrberg
about limit sets of normal sequences, the author shows that if I' acts properly
discontinuously on a large domain 2, then I' must be of the so-called type L,
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which means that there is an open subdomain W C P3, biholomorphic to {[z :
211 29 23] € P3| |20]2 + |21]? < |22|% + |23/}, which satisfies v(W) N W = ( for
any v € I'\{id}.

This is of course reminiscent of the results from [202] explained in this chap-
ter. And as before, one also has for I' C PSL(4,C) of type L a corresponding
concept of a limit set A(I'), which is a union of projective lines and a closed,
nowhere dense I'-invariant subset of P%. The complement Q(I') = P2\ A(T) is a
large domain and IT" acts properly discontinuously on it.

Groups of type L also have the nice property that given two such groups I'y
and I'y, one has a Klein combination I'; * I'y, which is again a group of type L

The quotient (") /T" may have infinitely many components, see M. E. Kapo-
vich and L. D. Potyagailo [Sib. Math. J. 32, No.2, 227-237 (1991; Zbl 0741.30038)].
Let © be a large domain in P? and assume that the quotient X = Q/I', by a
properly discontinuous holomorphic action of ' C Aut(f2) on €, is compact. Then
Q is a connected component of Q(T). If moreover ' acts fixed point free on Q and
the algebraic dimension a(X) of X is positive, then Q = Q(T"), see [K], and the
universal covering space of X is biholomorphic equivalent to the complement of
one or two disjoint projective lines in P3. The latter statement is the main result
of the paper and the extensive proof uses a broad spectrum of classical methods
from algebraic geometry including deformation theory of Kodaira surfaces. The
main difficulty occurs for a(X) = 1 and is solved by a thorough analysis of the
possible singularities of the singular fibres of the algebraic reduction map of X,
added by detailed considerations about free abelian group actions on P? and P3.



Chapter 10

Kleinian Groups and Twistor
Theory

Twistor theory is one of the jewels of mathematics in the 20th Century. A start-
ing point of the celebrated “Penrose twistor programme” is that there is a rich
interplay between the conformal geometry on even-dimensional spheres and the
holomorphic on their twistor spaces. Here we follow [202] and explain how the re-
lations between the geometry of a manifold and the geometry of its twistor space,
can be carried forward to dynamics. In this way we get that the dynamics of
conformal Kleinian groups embeds in the dynamics of complex Kleinian groups.

The prototype of a twistor fibration is P32 — S*, also known as the Calabi-
Penrose fibration, in which the fibre is the 2-sphere. In this case we get that every
Kleinian subgroup of Iso; (H3) embeds canonically in PSL(4,C) as a complex
Kleinian group.

This chapter is based on [202]. In Section 10.1 we review the twistor space
and the twistor fibration associated to Riemannian manifolds. We look in detail
at the case of the 4-sphere, whose twistor space is P%, where we define the twistor
fibration in three equivalent ways. We then discuss the canonical lifting of the
conformal group acting on the base, to a group of holomorphic automorphisms
of the twistor space. We use this information to construct and study complex
Kleinian groups, and finally we use the Patterson-Sullivan measure for conformal
Kleinian groups, to define a measure for these “twistorial” Kleinian groups, and
study their ergodicity and the minimality of the action on their Kulkarni limit set.

10.1 The twistor fibration

In this section we give a definition of the twistor fibration and we explain some of
the basic ideas and results in this respect. We consider first the case of 4-manifolds,
where this fibration was also studied, independently and from a different viewpoint

A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 231
DOI 10.1007/978-3-0348-0481-3_10, © Springer Basel 2013
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in [35, 36]. Here we discuss both viewpoints, and we refer to [10], [12], [174] and
[175] for more about twistor theory. See also [34], [189], [97] for clear accounts on
the subject. We use also the spin representation of the orthogonal group, and we
refer to [11] and [137] for clear accounts of spin geometry.

10.1.1 The twistor fibration in dimension 4

If M is a closed, oriented 4-manifold endowed with a Riemannian metric, its twistor
space 3(M) is by definition the total space of the fibre bundle over M. The fibre
of 3(M) at each & € M is the set 3, (M) of all complex structures on T,, M which
are compatible with the metric and orientation on M.

It is clear that given one such complex structure J on T, M, i.e., an element
in 3;(M), every element in SO(4) transforms J into another complex structure
on T, M compatible with the metric and the orientation. That is, SO(4) acts on
3:(M), and it is an exercise to show that this action is transitive, with isotropy
U(2). Hence the fibre is SO(4)/ U(2).

It is well known that SO(4)/ U(2) is diffeomorphic to the 2-sphere, i.e.,

SO(4)/U(2) = s?.

A way to prove this is by showing that SO(4) acts transitively on S? with fibre
U(2), and the best way to achieve this is via the spin representation. In fact, SO(4)
is isomorphic to SU(2) x SO(3) and its spin representation is the direct sum of
two complex representations of dimension 2, the usual representation of SU(2) as
linear maps in C2. Its projectivisation provides a transitive action of SO(4) on
PL = S? with isotropy U(2) and thence the fibre 3, (M) = SO(4)/ U(2) is actually
PL.
Thus one has a fibre bundle p : 3(M) — M , with fibre P = S%:

Definition 10.1.1. The 2-sphere bundle,
p:3(M)— M,

is called the Calabi-Penrose, or twistor, fibration of the Riemannian manifold M;
its fibres are called the twistor lines.

When M = §* with its canonical metric, the twistor space 3 := 3(S*) turns
out to be the complex projective space IP’%. In fact, it is easy to see that one has

3(s") = 80(5)/ U(2) = S0(6)/ U®3),

and the projectivisation of the spin representation of SO(6) provides a diffeomor-
phism SO(6)/ U(3) = PZ. One thus has the twistor fibration

3(S4> = P(% — S4 )

with fibre S2.
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Let us give an alternative (well-known) construction of this fibration. Let H
be now the quaternionic line. We can think of it as being R* equipped with three
complex structures given by 1, j, k, with 12 = j2 = k2 = —1, which satisfy ij = k;
jk =1; and ki = j.

We now consider the 2-dimensional quaternionic space H2. We leave it as an
exercise to show that S* is diffeomorphic to the space of right quaternionic lines
in % ST =P,

Multiplication in 2 on the right by i determines a complex structure on
H? = R8. In this way, each right quaternionic line L, in H? becomes a 2-dimen-
sional complex space in C? = H. Moreover, given any o € H, multiplication by
« on the right preserves L, := {g\ : A € H,q € H* — {(0,0)} }, so each line
L, is covered by the complex lines [y := {gaX : A € C,} C L,. If we identify
each complex line l,, to a point we obtain P2 = 3(S4), and if we identify each
quaternionic line L, to a point we obtain P%l = S*. This gives the 2-sphere bundle,
the twistor fibration p : P3 — S*, where each fibre is a projective line P¢.

We remark that there is yet another way for thinking of the fibres of this
fibration ]P’% — S§*, which generalises immediately to all oriented, Riemannian 4-
manifolds M. Or rather, there is a natural way for constructing elements in these
fibres, that is complex structures on the tangent space at each point of M. This was
Calabi’s viewpoint. For this, notice that a choice of a metric and an orientation in
R? identifies this space with C: multiplication by i being a rotation of 7/2 degrees
counterclockwise. Now consider R* equipped with an orientation and its usual
metric, and let P be an oriented 2-plane through the origin in R*. Then, by the
previous remark, P is canonically a complex line. On the other hand, the metric
on R* determines a well-defined orthogonal complement P+ of P. The orientation
in R* determines an orientation in P+ compatible with that in P. Hence P~ also
has a canonical complex structure. Since R* = P & P+, one thus has a complex
structure on R*. Thence we have proved:

Lemma 10.1.2. Every oriented 2-plane in R* determines an isomorphism R* = C2.

In other words, given a point € M* and an oriented plane P C T, M, one
has a well-determined element in the twistor fibre 3, (M) =2 S?. Thus one has:

Lemma 10.1.3. Let ¥ be a closed, oriented, C' surface immersed in S*. Then ¥
has a canonical lifting to a surface ¥ in P3.

The problem studied by Calabi and others, was to determine geometric con-
ditions on ¥ to ensure that the lifting ¥ was a complex submanifold of P3. Calabi’s
work is particularly interesting in relation with minimal immersions of 2-spheres
in S*, and that will be used later in this chapter. See [35], [36], and also [54], [34],
[189].
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10.1.2 The twistor fibration in higher dimensions

We now define the twistor fibration in higher dimensions. We consider the unitary
group U(n) := {A € GL(n,C) : A~! = A?}; the columns of each such matrix
define linearly independent vectors in C", so U(n) can be regarded as being the
set of all unitary n-frames in C™. We also consider the special orthogonal group
SO(n), which consists of all orthonormal, oriented n-frames in R™. These are both
compact Lie groups of dimensions n? and n(n — 1)/2, respectively. There are
natural inclusions

U(n) = SO(2n) — SO(2n + 1) and Un) = Un+1).
This gives a map between symmetric spaces,
SO(2n+1)/U(n) — SO(2n+2)/U(n+1), n>0,

which is easily seen to be a diffeomorphism. One also has a natural action of
SO(2n + 1) on the sphere S*", with isotropy SO(2n), so that S?* = SO(2n + 1)/
SO(2n). This induces a projection map

p: 3(S?") :=S0(2n +1)/U(n) — S*",

which is a submersion with fibre £*" = p~(z) = SO(2n)/U(n), the set of
all complex structures on the tangent space T,S?" which are compatible with
the metric and orientation. For n > 1, the fibre an) coincides with the space

3(S2n72).

Definition 10.1.4. The manifold 3(S?") is the twistor space of S, and p: 3(S?"*) —
S27 is its twistor fibration. The fibres of p are the twistor fibres.

More generally one has:

Definition 10.1.5. Let N be an oriented, Riemannian 2n-manifold, n > 0. The
twistor space of N is the total space of the twistor fibration, p : 3(N) — N, whose
fibre at z € N is the twistor space SO(2n)/U(n) of S§?"~2, i.., the set of all
complex structures on T, N compatible with the metric and the orientation on V.

This generalises the twistor fibration studied above in dimension 4. We refer
to Penrose’s articles [174], [175], [176], and to the articles [95], [12], [52], [165] for
more on the subject. See also to [34], [189] for clear accounts of twistor spaces.

The space 3 := 3(V) is always an almost complex manifold. In fact the Levi-
Civita connexion V on N gives rise to a splitting 7'(3) = H & V of the tangent
bundle T'(3), into the horizontal and vertical components, where V' is the bundle
tangent to the fibres of p and H is isomorphic to the pull-back p*(T'N) of TN.

Each T € 3(N) represents a point z := p(Z) in N, together with a complex
structure on T, N; since at each @ in 3(N) one has T3(3) = Hz® V3, and Hj is nat-
urally isomorphic to T, N, one has a tautological complex structure on Hz. Hence
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an almost complex structure on the fibre 3(S?*"~2) = SO(2n)/U(n), determines
an almost complex structure J on 3(N), and an almost complex structure on the
fibre is easily defined by induction: 3(S?"~2) fibres over S?*~2 with fibre 3(S?"~4),
and so on; at each step T'(3(S*)) decomposes as above, into an horizontal and a
vertical component, with the horizontal component having a tautological almost
complex structure.

Hence, the complex structure on PL = 3(S?) determines an almost complex

structure on 3(S*) = P2 and so on, till we get an almost complex structure .J on
3(V). )

The question of the integrability of J is very subtle: it is integrable if IV is
(locally) conformally flat (by [12] for n = 2, by [52], [165] for n > 2). In fact this
condition is also necessary for n > 2, see [189, Th.3.3]. Hence, in particular, 3(S*")
is always a complex manifold with the almost complex structure J. It has complex
dimension n(n + 1)/2.

We summarise the previous discussion in the following well-known theorem.

Theorem 10.1.6. Let N be a closed, oriented, Riemannian 2n-manifold, n > 1,
and let p: 3(N) — N be the twistor fibration of N. Then 3(N) has a (preferred)
almost complex structure J , which is integrable whenever N is conformally flat.
The twistor fibration p: 3(N) — N, is a locally trivial fibre bundle with fibre
3(S?"=2) = SO(2n)/U(n) . In particular,

3(S?) = SO(2n +1)/U(n) = SO(2n+2)/U(n +1).

For n = 2, to have integrability of the almost complex structure J. , one does
not actually need to ask so much: the metric only needs to be anti self-dual.

Another important property of the twistor space 3(S*") is that it always
embeds in a projective space I%V , for some N. We will return to this point later
in the chapter.

10.2 The Canonical Lifting

A key-fact of Penrose’s twistor programme is that every orientation preserving
conformal automorphism of the 2n-sphere lifts canonically to a holomorphic auto-
morphism of its twistor space. Here we briefly explain these liftings, and prove that
these are isometries on the twistor fibres, a fact which is essential for studying,
later in this chapter, the dynamics of these liftings.

10.2.1 Lifting Conf, (S%) to PSL(4,C)

There are several ways for explaining the canonical lifting of (orientation preserv-
ing) conformal automorphisms of S* to holomorphic automorphisms of P?. Here
we give one such description, following [202].
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Let us give a different description of the group Conf (S*) which is appro-
priate for this work. We know already that S* can be thought of as being the
projective quaternionic line ]P’%_[ = §*. This is the space of right quaternionic lines
in M2, i.e., subspaces of the form

Ly:={g\ : A€ H}, qe'H2{(8>},

where H is the space of quaternions and H? := { (g()) : qo,q1 € ’H} . Identify S*
1

with H U {oc} = # via the stereographic projection. Let GL (2,H) := Gl;(2,H)
be the group of all invertible 2 x 2 quaternionic matrices (Z Z) acting on H? by

the left in the obvious way. The space H? is a right module over H and the action
of GL (2,H) on H? commutes with multiplication by the right: for every A € H
and A € GL (2,H) one has

Ao R)\ = R)\ o A7

where R) is multiplication on the right by A. Thus GL (2, ) carries right quater-
nionic lines into right quaternionic lines, so it defines an action of GL (2,#) on
P}, = S*. Now consider the map

()

given by: 1) <Z?> = qoq; *. For each A = CCL Z) € GL(2,H) and a point (qo, q1)
in H? — {(8) }7 one has: T o ¢¥(qo,q1) = Y(A (Zf)), where T is the Mobius
transformation T(q) = (aq + b)(cq +d)~! € S*.

We refer to [4], [5], [10], [133] or [64] for proofs of the following theorem.
Theorem 10.2.1. Let us denote by Mob(2,H) the set of all the quaternionic Mdbius

transformations in H := H U oco = S* of the form

T(q) = (ag+b)(cg+d)™", qeH,

Z is in GL(2,H) . We make
the usual conventions about the point at infinity. Then Mob(2,H) is a group, and
one has the group isomorphisms

where a, b, c,d are quaternions and the matrix

Mbb(2,H) = PSL(2,H) = Conf, (S*) = SO (5,1),

where PSL(2,H) = (SL(8,R) NGL(2,H)) /{xI} and SOy (5,1) is the connected
component of the identity of SO(5,1).
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As before, we endow S* with its usual metric and we consider its twistor
fibration

p:3(SH =Pl — St

with fibre F, & ]P’%: the twistor line at each = € S*; this is the set of all complex
structures on 7, S* which are compatible with the metric and orientation.

We think of S* as being the space of right quaternionic lines in H?, as above.
Recall that to get the twistor fibration in this way we observed that multiplication
on the right by i determines a complex structure on H? = R8, so that each right
quaternionic line L, in H? becomes a 2-dimensional complex space in C* 2 H2.
Moreover, given any o € ‘H, multiplication by o by the right preserves L, :=
{g\ : X € H,qe H?*—{(0,0)}}, so each line L, is covered by the complex lines
lgo ={gqaX : A€ C,} CL,.

If we identify each complex line l,, to a point we obtain P2 = 3(S?), and if
we identify each quaternionic line L, to a point we obtain P;, = S*. This gives
the 2-sphere bundle, p : P2 — S*, where each fibre is a projective line P¢.

Now, given h € Conf, (S?*), its canonical lifting to a holomorphic map

h:3(Sh =P - PE,
can be defined through the above identification

Canf(S“) =~ Moh(2,H) = PSL(2,H) C PSL(4,C).

This also says that Conf, (S%) actually lifts to PSL(4,C) as a group, carrying
twistor lines into twistor lines.

Let us now say something about the way this lifting transforms the twistor
lines.

We recall that P{ has the Fubini-Study metric (see Chapter 2 or [232]),
which coincides with the standard metric on S?. This metric is essentially the
angle between the complex lines in C?. More precisely, we think of S = P} as
being the quotient S*/ U(1), which inherits a metric from the usual metric on S3,
which is U(1)-invariant.

For each line L,, with the above complex structure, we consider the standard
Hermitian metric. Then a transformation A € PSL(2,H) sends the right line
L, isometrically into the right line Ly, because the vectors {q, qi, ¢j, ¢k} form a
real orthonormal basis in Ly, and their image in Ly is the basis {¢’, ¢'i,¢'j, ¢'k}.
Therefore A preserves the angle between complex lines contained in the same
right quaternionic line, so it preserves the Fubini-Study metric on the fibres of the
twistor fibration. We thus arrive at the following theorem of [202]:

Theorem 10.2.2. Let h € Mob(2,H) and let h be its canonical lifting to an au-

tomorphism of IP’%. Then h carries twistor fibres isometrically onto twistor fibres,
with respect to the Fubini-Study metric on the fibres.
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10.2.2 The Canonical lifting in higher dimensions

We now discuss the generalisations of Theorems 10.2.1 and 10.2.2 to higher di-
mensions.

The Lie group SO(2n+1), being compact, has a canonical bi-invariant metric,
that we may think of as being the distance between two frames. This descends
to a metric on 3(S*") = SO(2n +1)/U(n), which is invariant under the left
action of SO(2n + 1) and restricts to the corresponding metric on each twistor
fibre £ 1= p~1(z) = SO(2n)/U(n).

With this, the projection p : 3(S**) — S?" becomes a Riemannian submer-
sion. Furthermore, each element F € SO(2n + 1) can be regarded as being of
the form (z, F2"), where z is a point in S** and F2" = (v1(2),...,v2,(z)) is an
orthonormal basis of the tangent space T,S*".

If v € Conf (S*") is a conformal diffeomorphism, then the derivative of dy

carries F2" into a basis .7-'3&) of T,Y(x)Szn, which is orthonormal up to a scalar

multiple. Thus v lifts canonically to a diffeomorphism 7 of the 3(S??). There is
another way of defining this lifting of v to 3(S?"): at each point z € S?", the basis
F27 provides an identification T}, (S?") = C™, so it endows T},(S*") with a complex
structure J}. Then dy determines the basis d(v),(F2") of Ty ) (S*"), hence an
isomorphism 77, (S*") = C™ and a complex structure Ji(x) on T ;) (S*"). This
gives the lifting 7 of .

More generally, if IV is a closed, oriented Riemannian 2n-manifold, then its
twistor space 3(IN) has a natural metric g, which turns it into an almost Hermi-
tian manifold (following the notation in [189]): this metric is defined locally on
T3(3(N)) = Hz @ Vz as the product of the metric on the horizontal subspace
Hz and the above metric on the fibre 3(S?"~2). It is clear that the constructions
above can be extended to this more general setting. Hence, whenever we have
an orientation preserving conformal automorphism v of N, we have a canonical
lifting of v to an automorphism 7 of 3(V) that carries twistor fibres isometrically
into twistor fibres. Moreover, it is clear that one has: (d3); J; = .7;(5) (d¥)z for
every T € 3(N), so that ¥ is in fact an “almost-holomorphic” automorphism of
3(N), i.e., an automorphism that preserves the almost complex structure. (These
maps are called holomorphic in [189].) If the almost complex structure on 3(N)
is integrable, then 7 is actually holomorphic. One has the following theorem from
[202]. The first statement in it is actually well-known; we include it here for com-
pleteness and to emphasise that the canonical lifting of conformal maps to the
twistor space actually lifts the whole conformal group, as a group, a fact which is
essential for us in the sequel.

Theorem 10.2.3. Let N be as above, a closed, oriented, Riemannian 2n-manifold,
let p: 3(N) — N be its twistor fibration and endow 3(N) with the metric g as
above, i.e., it is locally the product of the metric on N, lifted to the horizontal
distribution given by the Levi-Civita connexion on N, by the metric on the fibre
induced by the bi-invariant metric on SO(2n). Then:
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(i) The group Conf(N), of conformal diffeomorphisms of N that preserve the
orientation, lifts canonically to a subgroup (TC\)}l/f_,_(N) C Autpo(3(N)) of
almost-holomorphic transformations of 3(N). Moreover, if the almost-com-
plex structure J on 3(N) is integrable, then these transformations are indeed
holomorphic.

(ii) Fach element in (Ta/nf_,_(]\/) carries twistor fibres isometrically into twistor

fibres.

10.3 Complex Kleinian groups on P}

We now recall from Chapter 3 that given a subgroup G C PSL(4, C), its Kulkarni

limit set Axy = AKul(G) is the union Lo(G) U Ll(G) U L2(G), where LO(G) is

the closure of the set of points in P with infinite isotropy; L;(G) is the closure

of the set of accumulation points of orbits in P2 \ Lg; and Ly(G) is the closure

of the set of accumulation points of orbits of compact sets in P \ (Lo U L;). The

complement ﬁKul(G) = ]P’(?é \ Akul is the (Kulkarni) region of discontinuity of G.
From now on we essentially follow [202].

Proposition 10.3.1. Let GC PSL(4,C) be the canonical lifting of a discrete sub-
group G of Conf(S?), let p : P — S* be the twistor fibration, and let A(G) C S*
be the limit set of G. Then Axw(G)) = p~*(A(G)), and therefore Qxu(G) =
p HQQ)) , where Q(G) = S*\ A(G) is the discontinuity region of G. Hence, if G
is Kleinian, then Gisa complex Kleinian group.

Proof. Since the action of G on P2 is a lifting of the G-action on S*, it is clear that
one has Ak (G)) C p~*(A(G)). To prove this we observe first that if Z € P2 is
not in p~(A(G)), then there is a neighbourhood U of x = p(Z) totally contained
in 2(G) which meets at most finitely many of its orbits under the action of G on
S*. Hence U := p~(U) meets at most finitely many of its orbits under the action

of G on P3. Therefore p~*(A(G)) contains A(G).

Observe that since G acts discontinuously on p~1(€2(G)) by Proposition 3.3.6,
to prove p~1(A(G)) = A(G) it will be enough to show that p~*(A(G)) = Lo(G) U
L1 (G). For this, let z € A(G), thus there is a sequence of distinct elements v, C G
such that ~,,(y) z, for each y € Q). Let (Fm) C G be the sequence of
the respective canonical liftings of the ,,. Taking 77, = Y |p-1(y), We will deduce
that the family {~,, : m € N} is equicontinuous and pointwise relatively compact;

PR,
m—r o0

this claim is supported by the fact that each element in Conf (N) carries twistor
fibres isometrically into twistor fibres (see theorem 10.2.3) and P? is compact.
Thus for the Arzela-Ascoli theorem, there is a continuous function 4 : p~*(y) — P2

and a subsequence, still denoted by (7;,), such that v;, ———= % uniformly, since

Yo (p~1(y)) is a twistor fibre for each m, we conclude that 4(p~!(y)) is contained in
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a twistor fibre. Moreover, since 7;, is an isometry we conclude that 4 is an isometry
and therefore 4(p~!(y)) is a twistor fibre. By the following commnutative diagram
we conclude that this fibre must be p~!(x).

{v} ——={mW)}

Hence the limit set in ]P’% is as stated. In particular, if G is Kleinian, then G is
complex Kleinian. O

Now consider a discrete subgroup G of Conf (S*); we recall that G is said to
be Fuchsian if it leaves invariant a 3-dimensional round sphere Sg in S* where by
round sphere we mean, a sphere at infinity which is the boundary of a complete
totally geodesic subspace of the hyperbolic space H® (see Subsection 1.2.4). Every
such group is automatically a Kleinian group in S*, because its limit set is con-
tained in S3. The fundamental group of every complete hyperbolic n-orbifold with
n < 5 is a Fuchsian group in S* because the canonical inclusion Iso(H") < Iso(H?®)
leaves invariant a hyperplane in H?, hence this group is also Kleinian.

Theorem 10.3.2. Let G and G be as in Theorem 10.3.1. Then:

(i) If G is the fundamental group of a hyperbolic n-orbifold with n < 4, via the
inclusion Iso(H") < Iso(H?®), then the action of G on P} leaves invariant a
proper submanifold of IP’% and it is not minimal on the limit set.

(ii) If G is the fundamental group of a hyperbolic orbifold of dimension n = 4,5
and A(G) is the whole S"™' C S, then the action of G is minimal on its
limit set Agw = S"~' x P{. Hence the action of G on P2 is algebraically-
mizing, i.e., there is no proper complex submanifold (nor sub-variety) of P2
which is G-invariant.

We recall that the action of a group acting on a topological space is said to
be minimal if each orbit is dense.

To prove Theorem 10.3.2 we need the following theorem, which is of inde-
pendent interest.
Theorem 10.3.3. Let G be a discrete subgroup of Conf (S*). Let G be the canonical

lift of G to P2 and let H C A(G) be a nonempty minimal subset for the action of
G. Then:

i e restriction of p : — to H 1is a locally trivial continuous fibre bundle
i) Th f IP’% S* to H locall [ fibre bundl
over all of A(G).
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(ii) If H # A(é), then each fibre H, of p|u is either a point or a copy of the
round circle S', and there exists a G-invariant continuous section of the
bundle p : P3 — S* over the points in A(G) C S*.

Proof of Theorem 10.3.3. We first note that, because H is compact, nonempty and
the action of G on A(G) is minimal, H intersects every twistor line over A(G). Let
x € A(G) and H, = HNp~'({x}). Then J(H,) = H,(,) for every 5 € G, because
G acts minimally on H and it carries twistor lines onto twistor lines . Moreover,
the action on the twistor lines is by isometries. Thus for every z,y € A(G), H, is
isometric to Hy. Also by minimality, if for a sequence {z;} of A(G) one had

lim x; =2, but lim H,, # H,,
1—>00 T;—T

where H,, converges to F; in the Hausdorff metric, then F, UH, would be isometric
to H,, which is not possible. Thus H, depends continuously on z in the Hausdorff
metric of compact subsets of PZ. Hence, for each € A(G) there exists an open
neighbourhood U, C A(G) and a continuous map v : U, — SO(3), such that if
we consider a trivialisation of the Calabi-Penrose fibration p~1(U,) = U, x S?,
then (y, Hy) = (y,¢¥(y)(Hz)). Thus we can trivialise p|g in U, by the function
(y,w) — (y,¢(y)(w)), w € H, C S?, from U, x H, C U, x S? to p|g " (U,). This
proves statement (i).

Suppose that H # p~'(A(G)), then we also have a fibration p; : PZ — H —
A(G), where the fibres are p; ' ({z}) = p~'({z}) — H, := ., and ¥, is an open
subset of the sphere H;-1((,}). Thus X, is isometric to X, for all z,y € A(G)
and 7 sends ¥, isometrically onto ¥ ;). Suppose that for a fixed x € A(G) the
function y — d(y, H;), from ¥, to R, attains its maximum at a unique point
2z, where d denotes the spherical distance in p~!({x}). Then, by minimality, the
closure of the orbit of z, under G meets every fibre of p;, and it can not meet the
fibre in more than one point because 2, is the unique point at maximal distance
to H;. Hence the closure of the G-orbit of z; is the graph of a continuous section
of p1. The image of this section is a closed set, it is G-invariant, with a minimal
action of G.

Let us now show that, for each z € A(G), H, is homogeneous. Let wy ,wy €
H,. Then there exists a sequence {%;} in G such that Ji(wy) converges to wa,
by minimality, and we can obtain a subsequence 7;; such that the restriction
i, |m, is convergent, because SO(3) is compact. Hence the subgroup of SO(3) that
leaves invariant H, is compact and it acts transitively on H,. Then the connected
component of this group is either trivial and H, is a section of p| AG)r OF else it
is SO(2) or SO(3). If it is SO(2), then H, is a round circle and we can apply the
previous argument to obtain an invariant section (for instance we could take the
set of points which are centres of one of the discs in which the circle divides the
fibre). If this group is SO(3), then H = A(G), which is a contradiction. This proves
statement (ii). O



242 Chapter 10. Kleinian Groups and Twistor Theory

Proof of Theorem 10.3.2. Let us prove statement (i) first. This is done by using
[35], [36] to show that if G is a conformal Kleinian group in S* that leaves invariant
a maximal round sphere S? C S4, then S? lifts to a holomorphic Legendrian curve
in P2, which is G-invariant and it is transversal to all the twistor lines that this
line meets.

We first recall that the bundle normal to the twistor lines in P2, with re-
spect to the Fubini-Study metric, is a complex two-dimensional (holomorphic)
sub-bundle of the tangent bundle of ]P’%. This gives a holomorphic contact struc-
ture to P2 (by [9] or [136, p. 204]). We recall that a complex structure on R?
can be thought of as being a choice of an oriented 2-plane P C R*: the orienta-
tion determines a complex structure on P, and also an orientation and a complex
structure on the orthogonal complement of P. Hence, if ¥ & S* is an immersed
oriented surface in S, then X can be lifted canonically to P2, and by [35], [36], this
is a Legendrian (or horizontal) surface 3 in P, ie., it is tangent to the contact
structure. Moreover, if X is the Riemann sphere, then every minimal immersion
¥ 9+ S lifts to a holomorphic curve X in P2 (see [33, p. 466], also [35], [36], [136]).

Let us now consider a maximal round sphere S? in S* and consider a con-
formal Kleinian group G on S* that leaves invariant this S2. Then S? lifts to a
holomorphic curve L in IF’%, which is horizontal. The action of G on IP’% preserves
L and it also preserves all lines in the Calabi-Penrose fibration that intersect L.
Hence L is a proper complex submanifold of P which is G-invariant and the ac-
tion on A(G) is not minimal, because the action on the fibres is by isometries, so
the points in p~1(S?) — L can never accumulate towards L. This proves statement
(1).

To prove statement (ii) we first observe the standard fact that Zorn’s lemma
implies that there exists a subset H C A(é) C P2 where the action of G is
minimal. We claim that one must have H = A(G). Suppose H # A(G) and n = 4,
so that the limit set A(G) is a round 3-sphere S3 C S*. By statement (ii) in
Theorem 10.3.3, there exists a continuous family of almost complex structures
Iy TpS* — T,S* for all z € S® € S, which is compatible with the metric and the
orientation of S*, and which is G-invariant. Consider the associated 2-plane field
I := {II, := T,$* N J.(T,S*) C T,S*,x € S*}. This plane field is G-invariant.
Let £ be the line field tangent to S® which is orthogonal to II, then £ is also
G-invariant by the conformality of the action, and this is not possible.

In fact, following the idea of the proof of Mostow’s Rigidity Theorem [154], if
a is a geodesic whose endpoints are in S?, then we can use parallel transport along
« to transport the line at one end point of a at infinity, to a line at the other
end point at infinity. The angle of these two lines is a continuous G-invariant
function in S? x S* which must be a constant because, under the hypothesis, G
acts ergodically on pairs of points in S3. This is impossible by Theorem 5.9.10 in
[222], in which Thurston gives a proof of Mostow’s Rigidity Theorem [153, 154]
(see also Chapter 1 above) using the nonexistence of G-invariant measurable line
fields.
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We can also use the following argument: Let §) be the family of all horocycles,
of dimension 1, which are contained in H* C H® and which are tangent at infinity
to the line field £. Since G = 71 (M*?), this family $ determines a proper, closed
and invariant subset for a unipotent one-parameter subgroup of SO(4,1) on the
unit tangent bundle of M. But this is not possible because every such action is
minimal, hence every orbit is dense (see [49]). Therefore H = A(G) and G acts

minimally on A(G) = S3 x IP’}C. Hence the action of G on ]P’% is algebraically mixing,
since any invariant algebraic sub-variety of P? must contain A(G), which has real
dimension 5, so it must have complex dimension 3. This proves statement (ii)
when n = 4. If n = 5 and the action of G on A(G) were not minimal, then, by
Theorem 10.3.3, there would exist a section of the Calabi-Penrose fibration over
all of S*. This is impossible since the sphere S* does not have an almost complex
structure. O

Theorem 10.3.2 implies the following corollary:

Corollary 10.3.4. There exist discrete subgroups of the projective group PSL(4,C)
which act minimally on IP%. More precisely, let G be a discrete subgroup of Iso (HP)

such that H® /G has finite volume. Let G be its canonical lifting to PSL(4, C). Then
G acts minimally on PE.

In fact we will prove later that these groups also act ergodically on P2 with
respect to the geometric measure.

We consider now subgroups G' C Conf, (S*) which are geometrically finite.
Recall (see Chapter 1) that this implies that the group has a fundamental domain
with finitely many faces. The group is Zariski-dense if its Zariski closure is the
whole Conf (S*). The previous Theorem 10.3.2 can be generalised as follows:

Theorem 10.3.5. Let G be a geometrically-finite discrete subgroup of Isoy (H™),
m = 4,5, which is Zariski-dense. Let A be its limit set in S*. Let G be the lifting
of G toP%. Then, G acts minimally on its limit set Axw = A x P& C P3.

Theorem 10.3.5 implies that if we consider a hyperbolic Schottky group acting
on HP, whose Cantor limit set is not contained in any round sphere of dimension
less than 4, then its twistorial lifting acts minimally on its limit set. This is a ques-
tion that C. Series asked, motivating Theorem 10.3.5 and the equivalent statement
in (10.5.3) below, both of them proved in [202]. To prove Theorem 10.3.5 we use a
theorem of L. Flaminio and R. Spatzier (Theorem 1.3 in [59]) stated as Theorem
1.3.20 of this monograph.

Proof of Theorem 10.3.5. Suppose the action is not minimal. Then, by Theorem
10.3.3, there exists a continuous invariant section of the Calabi-Penrose fibration
restricted to A. This section is therefore a G-invariant continuous family of almost
complex structures {J;}zea. If m = 5, let E, be the subspace of dimension 2
of T,S* which is the eigenspace corresponding to the eigenvalue i of .J,. Then,
the family {F;},css is a 2-dimensional G-invariant distribution. This contradicts
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Theorem 1.3.20. If m = 4, for each z € A C S® C S%, let E, be the 2-plane E, =
T (S3) N Jo(T(S?)). Then, the family {E,},ess is a 2-dimensional G-invariant
distribution. This contradicts Theorem 1.3.20. O

Remark 10.3.6. It is worth noting that results of [104] show that Ahlfors’ Finite-
ness Theorem and Sullivan’s Finite Number of Cusps Theorem fail for conformal
groups in S?. More precisely, there exist finitely generated conformal Kleinian
groups G on all S™, n > 2, such that Q(G) is not of finite topological type. Also,
M. Kapovich has examples where Q(G) contains infinitely many connected com-
ponents (personal communication). And there exist finitely generated conformal
Kleinian groups in all spheres S™ ,n > 2, having infinitely many nonequivalent
cusps. Thus the results above show that Ahlfors’ Finiteness Theorem fails for
complex Kleinian groups acting on Pg, for all n > 1. Similarly, Sullivan’s Finite
Number of Cusps Theorem also fails for complex Kleinian groups in P¢, but one
has to make precise what a “cusp” means in this context.

10.4 Kleinian groups and twistor spaces in higher
dimensions

We now consider a subgroup G C Confy(N) and its canonical lifting G C
Autpe(3(N)). Its Kulkarni Limit set Axwy = Axu(G) is defined as in Chapter
3. This is the union of the three sets Lo, L1, Lo. Its complement 3(N) \ A is the
Kulkarni region of discontinuity.

Theorem 10.4.1. Let N be as above, a closed, oriented, Riemannian 2n-manifold,
let p: 3(N) = N be its twistor fibration and endow 3(N) with the metric g as
above, i.e., it is locally the product of the metric on N, lifted to the horizontal
distribution given by the Levi-Civita connexion on N, by the metric on the fibre
induced by the bi-invariant metric on SO(2n). Then:

(i) The group Conf(N), of conformal diffeomorphisms of N that preserve the
orientation, lifts canonically to a subgroup Conf(N) C Autpe(3(N)) of
almost-holomorphic transformations of 3(N). Moreover, if the almost-com-

plex structure J on 3(N) is integrable, then these transformations are indeed
holomorphic.

(ii) Each element in C/(;/anr(N) carries twistor fibres isometrically into twistor

fibres.

(i) If G C Conf (N) is a discrete subgroup acting on N with limit set A, then
its canonical lifting Conf, (N) acts on 3(N) with limit set in the sense of
Kulkarni Axn(G) = p~1(A(G)), so A is a fibre bundle over A with fibre
3(S2n_2>.
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Proof. We already know that every v € Conf, (N) lifts canonically to an element
v € Autpe(3(N)). So the only thing to prove for statement (i) is that Conf, (V)
lifts to Autpe(3(IV)) as a group, i.e., that given any ~;,v2 € Conf (IN), one has
31072 = 71 0 72, but this is evident because the derivative satisfies the chain rule.
We next recall that at each z € N, the derivative dv, : TN — T, )N takes
orthonormal framings into orthogonal framings. In other words, dividing d )
by some positive real number, we obtain an orthogonal automorphism T, N —
T ()N . Hence, given the splitting T3(N) = V@ H, into the vertical and horizontal
components, one has that, for each Z € 3(N), the induced action of the derivative,
d¥(Z)|v; : Vz — V5(@), is by orthogonal transformations. Therefore statement (ii)
follows from the fact that the metric on the fibres comes from the bi-invariant
metric on SO(2n). The proof of (iii) is the same as that of Proposition 10.3.1,
since G acts by isometries on the twistor fibres in 3(N). O

Let us restrict now our attention to the case N = §2.

Definition 10.4.2. A twistorial Kleinian group is a discrete subgroup of the group
Aute(3(S?)) of holomorphic automorphisms, which acts on 3(S?") with non-
empty region of discontinuity.

It follows from Theorem 10.2.3 that if G C Conf (S?") is Kleinian, then its

lifting G to Autpe(3(S2")) is also Kleinian. We have the following generalisation
of Theorem 10.3.2:

Theorem 10.4.3. Let G C Conf (S??), n > 1, be a conformal Kleinian group. We
set 3 := 3(S*") and let G be the canonical lifting of G to Autpe(3), whose limit
set we denote by A. Then one has:

(i) If G leaves invariant an m-sphere S™ C S*", m < 2n — 1, then the action

of G on 3 leaves invariant a copy of each twistor space 3(S*") C 3 for all
r > m/2, which are all complex (algebraic) submanifolds of 3. Hence the

action of G on A C 3 is not minimal.

(ii) If G is a geometrically-finite discrete subgroup of IsoL (H™), m = 2n, 2n+1,
which is Zariski-dense, then G acts minimally on A. Hence, there are no
proper complex submanifolds (nor subvarieties) of 3 which are G-invariant,
i.e., the action ofé on 3 is algebraically-mizing.

(iii) Let G be a geometrically-finite discrete subgroup of Isoy (H?™+1), m < n—1,
which, is Zariski-dense (so G leaves invariant 3(S*™)). Then the action of G
on 3(S*™) C 3 has no invariant complex submanifolds, the restriction of the
projection p: 3 — S*" to Aoy == AN 3(S?™) is a fibre bundle over A(G),
with fibre 3(S?™2), and the action of G on Ny, is minimal.

Proof. If G leaves invariant an m-sphere S™, then it leaves invariant, via the in-
clusion, a sequence of spheres S™ C S™+! C ... c S§?". Hence, for every sphere S?"
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in this sequence, G takes almost complex structures on S?” into almost complex
structures on S?7, so G preserves 3(S*") C 3. Since G takes twistor fibres isomet-
rically into themselves, preserving 3(S?"), one has that the action of G on A is
not minimal, because the orbits can not get too close to AN 3(S?7). This proves
statement (i).

The proof of statement (ii) relies heavily on Theorem 1.3.21, which generalises
the theorem in [59] (Theorem 1.3) about ergodicity of the action of G on the bundle
of frames. In fact, notice that as in Section 10.3, there exists necessarily a compact
set HC A C 3, where G acts minimally. If H = Ak, then there is nothing to
prove. Assume H # Aky, then by Theorem 10.3.3 we know that p|g: H — A is
a fibre bundle.

The set H is a closed subset of the set of pairs (z,J), where x € S™~1 C §??
and J is an almost complex structure on T,S*” compatible with the metric and
orientation. If m = 2n, then H determines a closed family § of hyperplanes of
dimension 2n — 2 tangent to S*"~!, in the same way as in Theorem 10.3.2: § :=
T8> 1N J(T,S*~1), (z,J) € H. This contradicts Theorem 1.3.21, so the action
is minimal on its limit set when m = 2n. If m = 2n+ 1, we consider the families of
n-planes: IIT? := U, A I1F?, where I is the eigenspace in T}, (S?") corresponding
to the multiplication by 4 given by the corresponding complex structure. These
are disjoint, G-invariant families of n-planes over A, contradicting Theorem 1.3.21.
Hence the action of GG is minimal on its limit set.

The second statement in (ii) now follows easily: the minimality of the action
implies that any invariant complex submanifold (or subvariety) of 3 must have the
same dimension as 3, so it must be all of 3. Statement (iii) is an easy combination of
Theorem 10.3.3 with statements (i) and (ii), so we leave the proof to the reader. [

As mentioned before, the twistor space 3 := 3(S?") embeds in a projective
space PY, for some N (see for instance [34]). This can be proved in the usual
way: showing that there exists a holomorphic line bundle £ over 3 with “enough”
sections, which provide a projective embedding of 3.

However, in order to state our next result, we will give a more precise de-
scription of such an embedding, following [99]. For this we first recall some facts
about the spin representation. We refer to [11], [137] or [63, Ch.3] for details.

If V is a real vector space of dimension m, with the usual quadratic form
q, then its Clifford Algebra C(V) is the quotient C(V) := Q" T*(V)/I, of the
complete tensor algebra of V by the ideal generated by elements of the form
(exe + g(e) - 1). As a vector space, C(V') has dimension 2™ and it is isomorphic
to the exterior algebra of V' (see [137] for a nice description of this isomorphism).

For m = 2n even, the group Spin(2n) is defined to be the multiplicative
subgroup of C(V') consisting of all the elements that can be expressed in the form
vy%- -+ kVg,. , where each v; is a vector in V' of unit length. Spin(2n) acts orthogonally
on V, so there is a canonical surjective homomorphism Spin(2n) — SO(2n), whose
kernel is the centre of Spin(2n), which consists of £1. Hence, for all n > 1, Spin(2n)
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is simply connected and it is the universal cover of SO(2n). This group acts linearly
on C(V), so it also acts on the complexification Cc(V) = C(V) ® C, which is a
complex representation space for the spin group, of complex dimension 227. As
a left module, Cc(V) splits as the direct sum of 2™ copies of a left module A of
dimension 2", which is the the spin representation of Spin(2n), by definition.

This is in fact a complex representation space for the whole Clifford algebra
C(V), and it is its unique irreducible complex representation, up to equivalence.
However, as a representation space of the spin group, this is still reducible: A
splits as the direct sum of two irreducible, nonequivalent representations A+ of
dimension 277!, called the (positive and negative) half-spin representations.

Let Po(AT) = IP’%WI_l be the projectivisation of the positive half-spin
representation space AT. Then Spin(2n) acts on Pc(A™) inducing an action of
SO(2n), whose isotropy group at a preferred point 85 is U(n). This gives an
SO(2n)-equivariant embedding of 3(S2”_2) = SO(2n)/U(n) in the projective
space Pc(AT), isomorphic to IP’%" - , see [99], pages 108 and 114. Furthermore,
from [99], Theorem 3.7, we know that this is the projective embedding of 3(S?"~2)
of smallest codimension.

It is clear that the first Betti number of 3 is 0 and H?(3;Z) = Z. Hence, by
[27] or [119, Ch. III-9], given the above embedding 3 < P(an_l, every holomorphic
automorphism of 3 extends to this projective space and, moreover, the group
Autp,(3) can be identified uniquely with the group of holomorphic automorphisms
of P%nd that preserve 3. Thus we arrive at the following theorem:

Theorem 10.4.4. Let G be a conformal Kleinian group on S?™. Then G is a complex
Kleinian group in ]P’ . More precisely, G lifts canonically to a Klez'm'an group

G on the twistor space 3 and, given the natural embedding 3 — ]P’2 m’a the
spin representation, G extends uniquely to a complex Kleinian group in ]13’2

We remark that the only Riemannian manifold which is not a sphere and
whose twistor space is Kéhler is P2, by [95], [208]; its twistor space is the manifold
F3(C) of flags in C3. The above discussion applies also in this case; however, the
group Conf(PZ) is PU(3), which is compact, hence every discrete subgroup of
this group is finite.

10.5 Patterson-Sullivan measures on twistor spaces

It follows from the previous discussion that each Riemannian metric g on S? de-
fines canonically a Riemannian metric g on 3 via the twistor fibration: This is the
unique metric g for which the differential of p, dp, is an isometry in each horizontal
plane H, and which coincides with the metric on each twistor fibre inherited from
the bi-invariant metric on SO(2n). Two conformally equivalent Riemannian met-
rics on S?" lift to two Riemannian metrics on 3 which are horizontally conformal,
i.e., they coincide in the twistor fibres and differ by a conformal factor in the hor-
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izontal distribution. A similar remark holds for other 2n-dimensional Riemannian
manifolds, and also for measures.

Let G be a geometrically-finite Kleinian group on H?"t! n > 1. Let y €
H2" 1 and let u, be the Patterson-Sullivan measure on the sphere at infinity S**
obtained from the orbit of y (See Chapter 1 or [172], [216], [218], [163]). Let G
be the lifted group acting on 3. For each y € H?"*!, let fty be the measure on
3, supported in A(é)7 which is the product of y, on S*" and the measure on the
twistor fibres determined by the metric. This is well defined and the family {z, } is
a horizontally conformal density in A(G) of exponent §, where § := §(A(G)) is the
Hausdorff dimension of A(G) (see Chapter 1 or [163] for the definition of conformal
densities). These measures are all proportional for y € H2"*!. Moreover, since
the limit set of G is the cartesian product of A(G) and a manifold of dimension
(n? — n), Theorem 2 of [24] (see also [142]) says that the Hausdorff dimension

of A(G) is 6(A(G)) = §(A(G)) + n? — n. Thus one can apply known results of
discrete hyperbolic groups to obtain results about the Hausdorff dimension of G.
In particular, by Theorem D in [226] (c.f., [218]) one has the following theorem:

Theorem 10.5.1. Let G_be a geometrically-finite conformal Kleinian group on
H2"H withn > 1. Let G be its lifting to 3. Then §(A(G)) = §(A(G)) + (n? —n) <
n? +n.

Also, by results of R. Bowen [31] and D. Ruelle [188], we obtain:

Theorem 10.5.2. Let {G:} be an analytic family of conformal Kleinian groups
acting on H2*+1 | which are geometrically-finite_and without parabolic elements.
Let Gy be their liftings to 3. Then 6(t) := 0(A(Gy)) is a real analytic function of
t.

It would be interesting to find conditions under which this theorem holds for
general complex Kleinian groups on IP’(]CV .

‘We now recall:

(i) If G is a subgroup of Iso(H™), m < 2n+1, then G is a subgroup of Iso(H?"*1)
via the inclusion Iso(H™) — Iso(H?"+1).

(ii) The Patterson-Sullivan density {u,}, y € H?"*!, associated to G C
Iso4 (H?"*1) is ergodic if for any G-invariant Borel subset A, either 11, (A4) = 0
or fiy(—A) =0, where —A := A(G) — A.

(iii) If a discrete subgroup G C Iso(H?"*1) is geometrically-finite, then the den-
sities {u, },y € H?" !, are all proportional, and so are their liftings {/i,} to
3. Hence, ergodicity for a fixed y,, implies ergodicity for all u,, y € H?"+1.

Theorem 10.5.3. Let G be a group of holomorphic transformations of 3 := 3 which
is the lifting of a geometrically-finite discrete subgroup G C Conf(S*"), n > 1.
Assume G is indeed contained in Isoy (H™*!) = Conf(S™) C Conf (S?"), for
some m < 2n. Let A := A(G) be the limit set of G.



10.5. Patterson-Sullivan measures on twistor spaces 249

(i) If m < 2n — 1, then the action of G on A is not ergodic with respect to the
measures fi, , y € H™TL,

(ii) If m is either 2n — 1 or 2n and A(G) = S™!, then the action of G on A is
ergodic with respect to the measures i, ,y € H™*L.

(iii) In fact, if m is either 2n — 1 or 2n and G is Zariski-dense in Isoy (H™T1),
then [ is ergodic, y € H™*1,

(iv) Let m = 2r < 2n — 1, so that (by Theorem 10.4.3) one has a G-invariant
twistor space S(SQT) i 3, whose intersection with Ais a fibre bundle over A
with fibre 3(S**=2). If G is Zariski-dense in Iso, (H™1), then the action on
AN3(S?) is ergodic for [i,, y € H™,

Notice that statement (iii) implies statement (ii), so we only prove statement
(iii). We also notice that, by [216] and [218], the action of G C Conf (S™) on its
limit set A C S™ is ergodic with respect to the Patterson-Sullivan densities (see
Chapter 1). If A = S™, these measures are constant multiples of the Lebesgue
measure on S™.

Proof. Assume m < 2n — 1 and suppose m = 2r is even. Then, by Theorem
10.4.3, one has a G-invariant twistor space 3(S?") in 3, whose intersection with
A is a fibre bundle over A with fibre 3(S2r~2). Furthermore, by Theorem 10.2.3,
G takes twistor fibres isometrically into twistor fibres. This implies that for every
e > 0, the e-neighbourhood of 3(S?") N G in G, is an invariant set of positive
Hy-measure, whose complement in G has also positive measure if ¢ is small. Hence
these measures are not ergodic, proving i) when m is even. If m < 2n — 1 is odd,
then m 4+ 1 is even and m + 1 < 2n — 1, so we can apply the above arguments
taking the inclusion Conf(S™) < Conf (S™*1), thus proving (i).

Now let m = 2n — 1. Suppose there exists A C A(G) C 3 which is a G-
invariant Borel subset such that fi,(A) # 0 # fi,(—A), where —A is the comple-

ment of A in A(G). The set p(4) C A(G) C $*"~! C §?" is G-invariant. Since
the measure p, is ergodic, by [216], then either s, (p(A)) = 0 or p,(—p(A)) =0,
where —p(A) := §?"~! — p(A). We can assume i, (—p(A)) = 0, so that p(A) has
full measure, 11, (p(A)) = 1. Then, by Fubini’s theorem applied to the fibration p,

the set p~1(p(A)) has full measure in A(G). The set p~!(p(A)) consists of A and
B =p~Y(p(A)) N (—A), which are disjoint sets of, necessarily, positive measure.

The limit set A = p~1(A) is the set of all almost complex structures compat-
ible with the orientation and the canonical metric of T,S*" for x € A C S?»~!. An
almost complex structure J, of T,S?", at a point x € A C S~ !, determines the
oriented (2n — 2)-plane P, := T,S*" 1N J,(T,S?*"~1) , tangent to S>*~1 at = € A.
Let £, be the line in 7,S?"~! orthogonal to P, ; this line determines the family
H., consisting of all horocycles in H?" which are tangent to L.

Let $ be the space of all one-dimensional horocycles in H?"~!. It is clear
that the group Isoy (H?") = Conf, (S?*"~!) acts transitively on $. So § is a ho-
mogeneous space with a unique invariant measure class, which is clearly ergodic,
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because the action of Iso (H?") is transitive. Therefore the restriction of this ac-
tion to G also acts ergodically on $), by Moore’s Ergodicity Theorem (see [233,
Th. 2.2.6] or Theorem 1.3.1 above).

Let H4 and Hp be the subsets of § consisting of all horocycles in H?" C
H2"*t1 which are tangent to the lines determined by the points of x € A which
are in A and B, respectively. Then H 4 and Hp are two disjoint Borel subsets of
$ which are G-invariant and of positive measure, because p(4) = p(B) has full
measure in S?"~1. This is a contradiction and the statement (ii) is proven when
m = 2n — 1. Notice that this would also contradict Theorem 1.3.21 in Chapter 1.

Let now m = 2n. Then the limit set of G is contained in the sphere S?”. Sup-
pose that the action of G is not ergodic. Then, as before, there exists a G-invariant
open set A C 3 such that both A and —A have positive Lebesgue measure. If
z € A, then z corresponds to an almost complex structure .J, at the tangent
space, T,(S*), of the point z := p(z).

The tangent space decomposes as the direct sum: 7,,(S*") = El & E?, where
El and E? are the eigenspaces which correspond to the eigenvalues i and —i,
respectively. Now we use the same argument as before: the set of horocycles which
are tangent to the family {El}.<; is a G-invariant set in the space of all horocycles
which has positive measure and whose complement has also positive measure. This
contradicts both, Moore’s ergodicity theorem and Theorem 1.3.21. This completes
the proof of statement (iii).

The proof of statement (iv) is immediate from the above discussion. 0

10.6 Some remarks

Consider a discrete subgroup I' of Conf (S*) = Iso (H), the group of orientation
preserving conformal automorphisms of the 4-sphere, which has real dimension 15.
One has a canonical embedding of Conf, (S*) in PSL(4,C), which is a Lie group
of complex dimension 15, and we may have deformations of T in PSL(4,C) that
do not come from Conf (S*).

If the group I' is cocompact, then Mostow’s rigidity theorem implies that I’
is rigid. In particular it has no infinitesimal deformations. Since the Lie algebra of
PSL(4,C) is the complexification of the Lie algebra of Conf (S%), it follows that
T is rigid also in PSL(4, C). Yet, when I' C Conf (S*) is not a lattice, then it may
have a rich deformation theory, and it can be interesting to study its deformations
in PSL(4, C). For instance, we can start with a Schottky subgroup of Conf, (S%),
lift it to PSL(4,C) and deform it there. Among other things, this gives a new
method for constructing compact complex 3-folds with a projective structure and
an interesting Teichmiiller-type theory.

We may consider also discrete subgroups of PSL(2,R) C PSL(2,C) 2
Conf 4 (S?), include them in Conf,(S*) and then lift them to PSL(4,C), where
they can have interesting deformations.

Problem. Study deformations in PSL(4,C) of discrete subgroups of Conf, (S*).
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There are indeed many ways in which this problem can be turned into con-
crete questions and problems. Some of these are related with the behaviour of
limit sets under deformations. For instance we know from the work of R. Bowen
and others, that if we start with a cocompact Fuchsian group I' C PSL(2,R) and
we deform it “slightly” in PSL(2,C), then the limit set of the deformed group is
a quasi-circle and the Hausdorff dimension of the limit set depends analytically
on the parameters of the deformation. What if we deform it in PSL(4,C)?, or in
PSL(3,C)? This is of course related to the work done by various authors, studying
deformations of Fuchsian groups in PU(2,1) (see for instance [171]).
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