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Preface

The purpose of this monograph is to lay down the foundations of the theory of
complex Kleinian groups, a concept and a name introduced by José Seade and
Alberto Verjovsky in the late 1990s, though their origin traces back to classical
work by Henri Poincaré, Emile Picard, Georges Giraud and many others. This
brings together several important areas of mathematics, as for instance classical
Kleinian group actions, complex hyperbolic geometry, chrystallographic groups
and the uniformization problem for complex manifolds. Each of these is in itself a
fascinating area of mathematics, with a vast literature, both classical and modern.
In fact, real and complex hyperbolic geometry are indeed at the very roots of the
theory of complex Kleinian groups and therefore we have devoted the first two
chapters of this work to giving a fast overview of these rich areas of mathematics.

A classical Kleinian group is a discrete group of conformal automorphisms
of the Riemann sphere S2, acting on the sphere with a nonempty region of dis-
continuity. Since the Riemann sphere is biholomorphic to the complex projective
line P1

C
, and the orientation preserving conformal automorphisms of S2 are exactly

the elements in PSL(2,C), one has that in this dimension, the classical Kleinian
groups can be regarded too as being groups of holomorphic automorphisms of P1

C
.

When going into higher dimensions, there is a dichotomy: Should we look at
conformal automorphisms of the n-sphere Sn?, or should we look at holomorphic
automorphisms of the complex projective space Pn

C
? These two theories are differ-

ent because in higher dimensions, neither are conformal maps always holomorphic,
nor are holomorphic maps necessarily conformal. In the first case we are talking
about groups of isometries of real hyperbolic spaces, an area of mathematics where
there is a rich body of knowledge thanks to the contributions of people like Ahlfors,
Thurston, Margulis, Sullivan, Mostow, Kapovich, McMullen and many others. In
the second case we are talking about an area of mathematics that still is in its
childhood, and its study is the theme of this work. Complex Kleinian groups are
discrete subgroups of PSL(n+ 1,C), the group of holomorphic automorphisms of
Pn
C
, having a nonempty invariant set where the action is properly discontinuous.

The group PU(n, 1) of holomorphic isometries of complex hyperbolic n-space
consists of the elements in PSL(n+1,C) that preserve a ball, while the affine group
Aff (Cn) ∼= GL (n,C) � Cn consists of the elements in PSL(n + 1,C) that leave
invariant a given projective hyperplane. These are two very important subgroups

vii



viii Preface

of PSL(n + 1,C), but there are others, as for instance all the Lorentz groups
PU(p, q) with p+ q = n+ 1, the groups coming via twistor theory, Schottky type
groups, and many others. Thus we see that the study of complex Kleinian groups
is at the very heart of complex geometry.

An important difference with the classical case springs from the notion of
the limit set. We know that if we consider a Kleinian group G acting on the n-
sphere Sn, then its limit set Λ is the set of accumulation points of the orbits.
Its complement Ω is the region of discontinuity; this is the maximal region where
the action is properly discontinuous, and it is also the equicontinuity set of the
family of transformations defined by the group action. The same definitions and
properties apply to discrete subgroups of PU(n, 1), essentially because when one
looks at the action of isometry groups in real or complex hyperbolic space, one has
the convergence property, in Misha Kapovich’s language. Yet, even in the case of
subgroups of PU(n, 1), when we look at the action on the whole space Pn

C
and not

only on the unit ball, there is not a well-defined notion of the limit set. There are
actually several possible definitions of the limit set, each with its own properties
and characteristics, and their study is one of the main features of this monograph.

Another important point to notice is that, in complex dimension 1, we have
Sullivan’s dictionary (highly enriched by McMullen and others) between the the-
ory of Kleinian groups and the study of iterates of holomorphic functions of the
Riemann sphere. There is currently much interesting work being done on iteration
theory in several complex variables, and it is to be expected that there should
be plenty of analogies (or perhaps a dictionary, to some extent) between iteration
theory of endomorphisms of Pn

C
and the theory of complex Kleinian groups. Recent

work by W. Barrera, A. Cano, J.- P. Navarrete and others, points in this direction,
but there is still a lot to be understood.

We finish this preface by saying that the theory of complex Kleinian groups is
a rich area of mathematics that is waiting to be explored. We believe that anyone
who absorbs the material in this book, will get plenty of ideas and insights about
interesting questions and further lines of research.

Angel Cano,
Juan Pablo Navarrete, and

José Seade.
Cuernavaca and Mérida, México, Spring of 2012.
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1.1.1 Poincaré models for hyperbolic space . . . . . . . . . . . . . 2
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Introduction

Kleinian groups were introduced by Henri Poincaré in the 1880s as the mon-
odromy groups of certain 2nd order differential equations on the complex plane C.
These are, classically, discrete subgroups of PSL(2,C), the group of holomorphic
automorphisms of the complex projective line P1

C
, which act on this space with

nonempty region of discontinuity. Equivalently, these can be regarded as groups of
conformal automorphisms of the sphere S2, or as groups of (orientation preserving)
isometries of the hyperbolic 3-space.

Kleinian groups have played for decades a major role in several fields of math-
ematics, as for example in Riemann surfaces and Teichmüller theory, automorphic
forms, holomorphic dynamics, conformal and hyperbolic geometry, 3-manifolds
theory, iteration theory of rational maps, etc.

Much of the theory of Kleinian groups has been generalised to conformal
Kleinian groups in higher dimensions (also called Möbius or hyperbolic Kleinian
groups), i.e., discrete groups of conformal automorphisms of the sphere Sn. We
refer to [105, 106] for clear accounts on conformal Kleinian groups.

Also, D. P. Sullivan’s dictionary gives remarkable relations between classical
Kleinian groups and the iteration theory of rational maps on P1

C
. Many interesting

results about the dynamics of rational maps on P1
C
in the last decades have been

motivated by the dynamics of Kleinian groups (see for instance the references to
Sullivan’s and McMullen’s work in the bibliography). Further striking relations in
this sense have been also obtained by M. Lyubich, Y. Minsky and others.

On the other hand, the iteration theory of rational maps is being generalised
to higher dimensions by various authors, like J. F. Fornæss, E. Bedford, J. Smillie,
N. Sibony, amongst others, obtaining many interesting results about the dynamics
of rational endomorphisms of Pn

C
(see [51] for a clear account on the subject).

It is thus natural to ask: what about the other side of the dictionary, in
holomorphic dynamics, in higher dimensions? I.e., what about discrete groups of
automorphisms of Pn

C
? That is the subject we explore in this monograph.

As we will see in the sequel, this includes the theory of discrete groups of
isometries in both, real and complex hyperbolic geometry, as well as discrete com-
plex affine groups. There are several other ways and sources from which complex
Kleinian groups arise, and we discuss some of these throughout the text.

xiii



xiv Introduction

This monograph originates in articles about complex Kleinian groups by A.
Verjovsky, J. Seade, J. P. Navarrete and A. Cano (see references in the bibliogra-
phy), enriched through the work of many authors who have studied and written
about real and complex hyperbolic geometry, and also about holomorphic projec-
tive structures on complex manifolds. We have particularly profited from W. Gold-
man’s excellent book on complex hyperbolic geometry, as well as John Parker’s
articles cited in our bibliography. Misha Kapovich’s work has also been very help-
ful and highly inspiring. These and many other works have played a significant
role for us while writing this monograph; throughout the text we indicate the most
significant references on each topic, and each chapter begins with an introduction
that includes references for further reading.

A complex Kleinian group means a discrete group of automorphisms of Pn
C

which acts within a nonempty region of discontinuity. When the group acts on Pn
C

preserving a ball, then it is conjugate to a subgroup of PU(n, 1) and we are in the
framework of complex hyperbolic geometry; the groups one gets in this way are
called complex hyperbolic Kleinian groups. If the group acts on Pn

C
preserving a

projective hyperplane Pn−1
C

, then we are essentially in the realm of complex affine
geometry. On the other hand, whenever a discrete subgroup Γ of PSL(n+1,C) acts
properly discontinuously on an invariant open set Ω ⊂ Pn

C
, the quotient space Ω/Γ

is an orbifold equipped with a projective structure, and the study of holomorphic
projective structures on complex manifolds and orbifolds is in itself a rich area
of current research. This includes the theory of complex hyperbolic and complex
affine manifolds. Thence the theory of complex Kleinian groups provides a means
to study these important fields of mathematics in a unified way.

The study of complex Kleinian groups is indeed still in its childhood, and this
monograph aims to contribute to the laying down of its foundations, studying ba-
sic concepts as for instance that of the limit set; constructions of discrete groups in
higher dimensions; the uniformisation problem for two-dimensional complex orb-
ifolds; classification problems: of the elements in PSL(n+1,C) and their geometry
and dynamics, of its discrete subgroups, of the complex structures one gets on
quotients of open sets of Pn

C
which are invariant under the action of a discrete

group; Teichmüller theory in higher dimensions; relations with twistor theory; etc.

Whenever one has a classical Kleinian group, one has a natural splitting of P1
C

in two invariant subsets: one of these, say Ω, is where the action is discontinuous;
this is also the equicontinuity set of the group, i.e., the points where the group
forms a normal family. The other set Λ, its complement, is where the dynamics
“concentrates”. The set Ω plays a key role in complex geometry, as shown by the
work of Ahlfors, Kra, Bers and many others. And the action on the limit set plays
a key role for holomorphic dynamics, as shown by the work of D. Sullivan, W.
Thurston, C. McMullen, M. Lyubich and many others.

One has a similar picture for conformal Kleinian groups in higher dimensions,
and their study is the content of Chapter 1 of this monograph, which contains well-
known material that we present in a way that supports the remaining chapters.
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We refer to the literature, particularly to the recent articles of M. Kapovich listed
in the bibliography, for a deeper and wider study of this important field of math-
ematics.

Chapter 1 provides a quick glance at the foundations of real hyperbolic ge-
ometry: its various models; its group of isometries; the relation between hyperbolic
space and conformal geometry on the sphere at infinity; discrete groups of isome-
tries; the limit set and discontinuity region; fundamental domains. The literature
on these topics is vast, so we have made no attempt to give a comprehensive ac-
count of the subject. Instead, we give a number of examples and discuss some
of the key ideas that help to get a feeling for this exciting subject. We also ex-
plain briefly some of the most celebrated theorems in the subject that we use in
the sequel, such as Moore’s ergodicity theorem, Mostow’s rigidity, the Patterson-
Sullivan measure, the ergodicity of action on the limit set, and Sullivan’s theorem
of nonexistence on invariant line-fields on the limit set.

In Chapter 2 we look at complex hyperbolic geometry, which is the complex
analogue of real hyperbolic geometry. Its origin traces back to the work of É. Pi-
card on differential equations in several complex variables. Later, G. Giraud made
fundamental contributions to the subject through a series of papers, which are
discussed in an appendix at the end of [67]. This is a fascinating branch of mathe-
matics which has been having a fast development over the last few decades, thanks
to the contributions of many authors as, notably, G. Mostow and P. Deligne, and
more recently W. Goldman, J. Parker, N. Gusevskii, R. Schwartz, E. Falbel, M.
Kapovich and several others. In this chapter we briefly describe the classical mod-
els for complex hyperbolic geometry, its group of holomorphic isometries, which
is the projective Lorentz group PU(n, 1), and methods for constructing discrete
subgroups of it. We describe, following [67], the classification of the elements in
PU(n, 1) according to their geometry and dynamics, and for n = 2 also according
to trace. We finish the chapter by giving the definition and basic properties of the
limit set following [45].

In Chapter 3 we start our discussion on complex Kleinian groups. As men-
tioned earlier, these are, by definition, discrete subgroups of PSL(n+1,C) that act
on Pn

C
with nonempty regions of discontinuity. This naturally includes the discrete

groups of isometries of real and complex hyperbolic n-space, as well as all complex
affine groups, and many more. In this general setting there is no well-defined no-
tion of limit set when n ≥ 2. We give an example in P2

C
, motivated by work of R.

Kulkarni in the late 1970s, that illustrates the diversity of possibilities one has for
defining this notion, unlike the situation in hyperbolic geometry where “the limit
set” is a well-defined notion. There are several possible definitions of this concept,
each with its own properties and characteristics. There is the Chen-Greenberg
limit set for complex hyperbolic groups, i.e., subgroups of PU(n, 1); there is the
Kulkarni limit set; there is the complement of the region of discontinuity; the
complements of the maximal regions where the action is properly discontinuous
(in general there is no largest such region); and the complement of the region of
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equicontinuity. There are also other sets that can play the role of “the limit set”
in different settings (e.g. the closure of the fixed points of loxodromic elements,
whenever this makes sense). These notions are not always equivalent, as we explain
in the text, and each of them has its own interest. Yet, in all cases one has a region
Ω where the dynamics is “tame”, and a set Λ where the dynamics concentrates.

When n = 1 a complex Kleinian group is nothing but a discrete group of
automorphisms of P1

C, which is the Riemann sphere. A natural next step is consid-
ering groups of automorphisms of P2

C and this is our focus of study in Chapters 4
to 8. The material in these chapters is mostly based on work done by Angel Cano
and Juan-Pablo Navarrete, and more recently also in collaboration with Waldemar
Barrera.

In Chapter 4 we look at the geometry and dynamics of the individual ele-
ments in PSL(3,C). In other words, we consider a single automorphism of P2

C and
the cyclic group it generates. We know that, classically, the elements in PSL(2,C)
are of three types: elliptic, parabolic and loxodromic (or hyperbolic). This clas-
sification is done in terms of their geometry and dynamics, and it can also be
done algebraically, in terms of the trace of a lifting to SL(2,C). In fact there is
a similar (geometric-dynamical) classification for the isometries of every Rieman-
nian manifold of nonpositive curvature, and even more generally for isometries of
CAT(0)-spaces (see Remark 2.4.6). In Chapter 4 we show that the elements of
PSL(3,C) can be also naturally classified into these three types, elliptic, parabolic
and loxodromic, although P2

C has positive curvature and the action of PSL(3,C)
is not by isometries. This classification is of course compatible with the classical
one when the elements lie in PU(2, 1). The classification is done in terms of the
geometry and dynamics, and also algebraically. It turns out that all the elliptic
and parabolic elements are actually conjugate to elliptic and parabolic elements
in PU(2, 1). The new phenomena appear when looking at the loxodromic ele-
ments. We remark that the geometric–dynamical classification of the elements in
PSL(3,C) actually extends to higher dimensions, as shown in [39].

The next step in our study is considering in Chapter 5 subgroups of PSL(3,C)
whose dynamics is governed by a subgroup of PSL(2,C). This is natural since the
subgroups of PSL(2,C) are far better understood than the subgroups of PSL(3,C).
The simplest way for doing so is by taking a discrete group Γ in PSL(2,C), lifting it
to SL(2,C) and looking at its canonical inclusion in SL(3,C). This type of groups
were called suspensions in [201] and this construction was generalised in [160],
[41], getting interesting representations in PSL(3,C) of subgroups of PSL(2,C).
Yet, there are many other situations in which one can get a lot of information
about a given group in PSL(3,C) from a lower-dimensional one which “controls”
its dynamics. This is the topic we study in Chapter 5. It is worth remarking
that even if we start with a discrete group in PSL(3,C), it can happen that the
corresponding control group in PSL(2,C) is nondiscrete. We thus make in this
chapter a brief discussion of nondiscrete subgroups of PSL(2,C). Of course it
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makes no sense in this setting to speak of a “discontinuity region”, since this is
empty by definition. Here, it is the equicontinuity region which plays a significant
role.

As we have said before, unlike the situation for subgroups of PSL(2,R),
in higher dimensions there is no unique notion of “the limit set” for complex
Kleinian groups. There are instead several natural such notions, each with its
own properties and characteristics, each providing a different kind of information
about the geometry and dynamics of the group. Yet, in Chapter 6 we see that in
dimension 2, the various natural definitions of limit set coincide generically, i.e.,
for complex Kleinian groups whose Kulkarni limit set has “enough” lines.

This is interesting also from the viewpoint of having a Sullivan dictionary
between Kleinian groups and iteration theory in several complex variables. In fact
we recall the important theorem in [60]), stating that in the space of all rational
maps of degree d in Pn

C
, for n ≥ 2, those whose Fatou set is Kobayashi hyperbolic

form an open dense set with the Zariski topology. Similarly, in this chapter we see
that under certain “generic” conditions, the region of equicontinuity of a complex
Kleinian group in P2

C
coincides with the Kulkarni region of discontinuity, and it

is the largest open invariant set where the group acts properly discontinuously.
And this region is Kobayashi hyperbolic. Hence the results in this chapter, which
are based on work by W. Barrera, A. Cano and J. P. Navarrete, give us a better
understanding of the concept of “the limit set” in dimension 2, and they set down
the first steps of a theory that points towards an analogous concept for Kleinian
groups of the aforementioned theorem of Fornæss-Sibony.

In Chapter 7 we consider again complex hyperbolic Kleinian groups, i.e.,
discrete subgroups of PU(n, 1), but we now look at their action on the whole
projective space Pn

C
, not only at the projective ball that serves as a model for

complex hyperbolic space. We know from Chapter 3 that one has in this setting
several possible definitions of the limit set. Here we compare the Kulkarni limit set
and the complement of the region of equicontinuity, with the limit set in the sense
of Chen-Greenberg. This is a subset of the sphere that bounds the projective ball
that serves as a model for the complex hyperbolic space Hn

C
. This allows us to get

information about the action of the group on all of Pn
C
from its behaviour on the

ball Hn
C
.

In Chapter 8 we bring together the information obtained through Chapters
4, 5 and 7, to study discrete subgroups of PSL(3,C) with a divisible set in P2

C
in

the sense of Y. Benoist. More precisely, we study subgroups of PSL(3,C) acting on
P2
C
so that there is a nonempty open invariant set Ω where the group acts properly

discontinuously and the quotient M = Ω/Γ is compact; we call such actions quasi-
cocompact. This includes the cocompact case: When Γ has a largest region of
discontinuity and the quotient is compact. The surface M is an orbifold naturally
equipped with a projective structure. The material in this chapter is closely related
to previous work by S. Kobayashi, T. Ochiai, Y. Inoue, B. Klingler and others,
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about compact complex surfaces with a projective structure. We give the complete
classification of the divisible sets appearing in this way, the corresponding groups,
the Kulkarni limit set and the topology of the quotient orbifold.

Chapters 9 and 10 focus on complex Kleinian groups in higher dimensions,
and these are essentially based on the articles by José Seade and Alberto Verjovsky
listed in the bibliography. The material in Chapter 9 is actually related to previous
work by M. Nori aimed at construction of new compact complex manifolds. We
also speak in that chapter about work by A. Cano.

Recall that the classical Schottky groups are subgroups of PSL(2,C) obtained
by considering disjoint families of circles in P1

C
∼= S2. These circles play the role of

mirrors that split the sphere in two diffeomorphic halves which are interchanged
by a conformal map, and these maps generate the Schottky group (see Chapter 1
for details). So the idea of constructing Schottky groups in higher dimensions is to
construct mirrors in Pn

C
that split the space in two parts which are interchanged by

a holomorphic authomorphism, and use these to construct discrete subgroups. This
works fine on odd-dimensional projective spaces. One gets Schottky subgroups of
PSL(2n+2,C) whose limit sets are solenoids with rich dynamics. Following [203],
we determine the topology of the compact complex manifolds obtained as quo-
tient MΓ̌ := Ω(Γ̌)/Γ̌ of the region of discontinuity divided by the action. We look
at their Kuranishi space of versal deformations and prove that, for n > 2, every
infinitesimal deformation of MΓ̌ actually corresponds to an infinitesimal deforma-
tion of the group Γ̌ in the projective group PSL(2n + 2,C). This is analogous to
the classical Teichmüller theory for Riemann surfaces. Similar considerations were
observed in [176] for n = 1, studying the so-called Pretzel Twistor spaces.

In even dimensions, one can show that there cannot be Schottky groups (see
the text for a more precise statement). Yet, in these dimensions one does have
mirrors, but unlike the odd-dimensional case, mirrors are now singular varieties,
not smooth submanifolds, and all mirrors must intersect. Thus one gets kissing-
Schottky groups as in the “Indra’s Pearls” of [158], acting on P2

C
and actually on

all projective spaces. The examples of kissing-Schottky groups that we give in
Chapter 9 are interesting because these groups are not elementary (see the text
for the definition), nor affine, nor complex hyperbolic, in contrast with the groups
that appear in Chapter 8.

Finally, Chapter 10 is based on [202]. Here we use twistor theory to con-
struct complex Kleinian groups. Twistor theory is, no doubt, one of the jewels of
mathematics in the 20th Century.

There are two different ways in which twistor theory can be considered.
One is to see twistor theory as providing the geometrical setting for new and
valuable mathematical methods in, for example, the treatment of Yang-Mills and
other nonlinear equations. The other point of view, more ambitious, is the twistor
programme for physics, in which it is held that, if the nature of the physical world
is to be understood, then the usual description of space-time must be superseded
by some form of twistor geometry. The mathematical foundations of this theory
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were developed by R. Penrose and a number of other great mathematicians such
as M. Atiyah, N. Hitchin and others.

The “Penrose twistor programme” springs from the remarkable fact that
there is a rich interplay between the conformal geometry of (even-dimensional) Rie-
mannian manifolds and the complex geometry of their twistor spaces. In Chapter
10 we explain how this interplay can be also “pushed forward” to dynamics, provid-
ing interesting relations between conformal and holomorphic dynamics. One gets
that every conformal Kleinian group can be regarded, canonically, as a complex
Kleinian group via twistor theory. For example in dimension 4, one has a canon-
ical embedding Conf+(S4) ↪→ PSL(4,C) and the dynamics of conformal Kleinian
groups in dimension 4 embeds in the dynamics of complex Kleinian groups in
P3
C
. Furthermore, one can actually see things about conformal Kleinian groups

G ⊂ Conf+(S4) through their action on P3
C
which are not visible through their

action on S4. Similar statements hold in higher dimensions.

As mentioned before, the theory of complex Kleinian groups is still in its
childhood, although its origin traces back to the work of Riemann, Poincaré, Klein,
Picard, Giraud and many other great mathematicians. The knowledge we now
have about classical Kleinian groups, as well as about complex hyperbolic groups,
complex affine groups, geometric structures on complex manifolds, moduli spaces
and Teichmüller theory, potential theory and iteration theory in several complex
variables, inspire many questions and lines of further research in the topic of
discrete subgroups of projective transformations, that are waiting to be explored.

Although the various chapters in this monograph add up to form a coherent
unit, this monograph has been written so that each individual chapter can be read
on its own. No doubt the theory of complex Kleinian groups will eventually become
an important subfield of both, complex geometry and holomorphic dynamics, and
we hope this monograph will help to lay down its foundations, and contribute to
enhancing the interest in this fascinating topic.
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Chapter 1

A Glance at the Classical
Theory

Classical Kleinian groups are discrete subgroups of Möbius transformations which
act on the Riemann sphere with a nonempty region of discontinuity. This includes
Fuchsian groups, Schottky groups and many other interesting families.

Möbius transformations are all obtained as compositions of inversions on cir-
cles on the Riemann sphere S2 ∼= P1

C
, and the group of all Möbius transformations

is isomorphic to the group of orientation preserving isomorphisms of hyperbolic
3-space H3

R
.

When we go into “higher dimensions” there is a dichotomy: one may study
discrete subgroups of isometries of hyperbolic n-space Hn

R
; equivalently, these are

also discrete groups of conformal automorphisms of the sphere at infinity, and
they are all obtained by inversions on spheres of codimension 1. We refer to these
as conformal Kleinian groups and their study is the goal of this chapter. Yet, by
“higher dimensions” one may also mean discrete groups of holomorphic transfor-
mations of the complex projective space Pn

C
acting with a nonempty region of

discontinuity. We call these complex Kleinian groups, following [201], [202], and
their study is the substance of the rest of this monograph. Since we have a group
isomorphism PSL(2,C) ∼= Conf+S2, in the classical setting both concepts coincide:
conformal and complex Kleinian groups are essentially the same thing (provided
the conformal maps preserve also the orientation). In higher dimensions these con-
cepts are different, but there are similarities and the theory we develop here often
uses results and ideas from the conformal setting. Thence we begin this work by
reviewing briefly the conformal Kleinian groups.

This is a fascinating theory with a vast literature. For an introduction to
the subject we refer to the books of Maskit and Beardon. And for more updated
accounts we refer to Misha Kapovich’s book and the excellent notes [105] and
[150].

DOI 10.1007/978-3-0348-0481-3_1, © Springer Basel 2013
1A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303,



2 Chapter 1. A Glance at the Classical Theory

1.1 Isometries of hyperbolic n-space. The conformal

group

1.1.1 Poincaré models for hyperbolic space

We recall that a Riemannian metric g on a smooth manifold M means a choice of
a positive definite quadratic form on each tangent space TxM , varying smoothly
over the points in M . Such a metric determines lengths of curves as usual, and so
defines a metric on M by declaring that the distance between two points is the
infimum of the lengths of curves connecting them.

A (local) isometry between any two such spaces is a map that preserves
distances.

We now construct a model for hyperbolic n-space Hn
R
. We learned this con-

struction from Dennis Sullivan (see [216]) and it is based on work of Jakob Steiner
(in 1825) on inversions in Rm. We start by recalling that the classical inversion

in S1 ∼= R̂ = R ∪ {∞} is the map ι defined by x �→ 1/x, where we are as-
suming 1/0 = ∞ and 1/∞ = 0. This definition extends in the obvious way to
intervals of arbitrary length and centre. Using this, we can define inversions in
Sn ∼= R̂ = Rn ∪ {∞} on arbitrary (n − 1)-spheres in Sn by considering all rays
that emanate from the centre of the sphere and defining the inversion on each ray
as we did in dimension 1. This includes inversions on (n− 1)-spheres of maximal
radius, which correspond to hyperplanes in Rn. In that case the inversion is the
usual Euclidean reflection.

Thus, for instance, if C ⊂ R2 is the circle of finite radius r > 0 and centre at
the origin 0, then the inversion on C is defined by

ιr(x, y) =
r2

‖(x, y)‖2 (x, y) .

It is clear that the inversion in Sn with respect to an (n− 1) sphere S has S
as its fixed point set, and it interchanges the two halves of Sn separated by S. In
other words, S is like a mirror in Sn, a concept that will play a key role later in
Chapter 9.

The following theorem is due to Steiner:

Theorem 1.1.1. Inversions in Sn are conformal maps that preserve spheres of all
dimensions.

Recall that a map between Riemannian manifolds is conformal if it preserves
angles (measured in the usual way). So the theorem claims that inversions preserve
angles and carry each d-sphere S ⊂ Sn into another d-sphere, for all d ≥ 0.

Let Möb(Sn) be the group of diffeomorphisms of Sn ∼= R̂ = Rn ∪ {∞} gener-
ated by inversions on all (n− 1)-spheres in Sn, and let Möb(Bn) be the subgroup
of Möb(Sn) consisting of maps that preserve the unit ball Bn in Rn.

The proof of the following result is left as an exercise:
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Theorem 1.1.2. Let S1 and S2 be two (n− 1)-spheres in Sn, n ≥ 2, and let ιS1 be
the inversion on the first of these spheres. Then ιS1(S2) = S2 if and only if S1 and
S2 intersect orthogonally (with respect to the usual round metric on Sn). Hence
the group Möb(Bn) is generated by inversions in Sn on (n− 1)-spheres that meet
orthogonally the boundary Sn−1 = ∂Bn.

Notice that if the (n − 1)-sphere S1 meets Sn−1 = ∂Bn orthogonally, then
C := S1 ∩ Sn−1 is an (n − 2)-sphere in Sn−1 and the restriction to Sn−1 of the
inversion ιS1 coincides with the inversion on Sn−1 defined by the (n− 2)-sphere C.
In other words one has a canonical group homomorphism Möb(Bn)→ Möb(Sn−1).

Conversely, given an (n−2)-sphere C in Sn−1 there is a unique (n−1)-sphere
S in Sn that meets Sn−1 orthogonally at C. The inversion

ιC : Sn−1 → Sn−1

extends canonically to the inversion

ιS : Bn → Bn ,

thus giving a canonical group homomorphism Möb(Sn−1) → Möb(Bn), which is
obviously the inverse morphism of the previous one. Thus one has:

Lemma 1.1.3. There is a canonical group isomorphism Möb(Bn) ∼= Möb(Sn−1),
∀n ≥ 2.

Remark 1.1.4. It is well-known that every conformal automorphism of a sphere
Sm, m > 1, is a composition of inversions. Thus one also has an isomorphism
Möb(Bn) ∼= Conf(Sn−1), ∀n > 2.

The following result shows that for n ≥ 3, the property of being locally
conformal is very strong and makes a remarkable difference with the holomorphic
case in high dimensions, see [7], [8].

Theorem 1.1.5 (Liouville). Let n ≥ 3, and let U, V ⊂ Sn be open, connected
and nonempty sets. Then every conformal injective function f : U → V is the
restriction of an element in Möb(Sn).

Definition 1.1.6. We call Möb(Bn) (and also Möb(Sn)) the general Möbius group
of the ball (or of the sphere).

The subgroup Möb+(Bn) of Möb(Bn) of words of even length consists of the
elements in Möb(Bn) that preserve the orientation. This is an index 2 subgroup
of Möb(Bn). Similar considerations apply to Möb(Sn). We call Möb+(Bn) and
Möb+(Sn) Möbius groups (of the ball and of the sphere, respectively).

We have:

Theorem 1.1.7. The group Möb(Sn) of Möbius transformations is generated by the
following transformations:
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(i) Translations: t(x) = x+ a, where a ∈ Rn ;

(ii) Dilatations (or homotecies): t(x) = λx, where λ ∈ (0,∞) ;

(iii) Rotations: t(x) = Ox, where O ∈ SO(n) ;

(iv) The inversion: t(x) = x/‖x‖2.

In particular one has that Möb+(Bn) contains the orthogonal group SO(n)
as the stabiliser (or isotropy) subgroup at the origin 0 of its action on the open ball
Bn. The stabiliser of 0 under the action of the full group Möb(Bn) is O(n). This
implies that Möb+(Bn) acts transitively on the space of lines through the origin
in Bn. Moreover, Möb+(Bn) clearly acts also transitively on the intersection with
Bn of each ray through the origin. Thus it follows that Möb+(Bn) acts transitively
on Bn.

Now consider the tangent space T0Bn and fix the usual Riemannian metric
on it, which is invariant under the action of O(n). Given a point x ∈ Bn, consider
an element γ ∈ Möb(Bn) with γ(0) = x. Let Dγ0 denote the derivative at 0 of
the automorphism γ : Bn → Bn. This defines an isomorphism of vector spaces
Dγ0 : T0Bn → TxBn and allows us to define a Riemannian metric on TxBn. In
this way we get a Riemannian metric at each tangent space of Bn, which a priori
might depend on the choices involved.

We claim that the above construction of a metric on the open ball is well
defined, i.e., that the metric one gets on TxBn does not depend on the choice of the
element γ ∈ Möb(Bn) taking 0 into x. In fact, if η ∈ Möb(Bn) is another element
taking 0 into x, then (η)−1 ◦ γ leaves 0 invariant and is therefore an element in
O(n). Since the orthogonal group O(n) preserves the metric at T0Bn, it follows
that both maps, γ and η, induce the same metric on TxBn. Hence this construction
yields to a well-defined Riemannian metric on Bn.

It is easy to see that this metric is complete and homogeneous with respect
to points, directions and 2-planes. That is, given points x, y ∈ Bn, lines �x, �y and
2-planes Px,Py, through these points, there is an element in Möb(Bn) carrying x
to y and �x to �y and an element taking x to y and Px to Py. Hence this metric
has constant (negative) sectional curvature.

Definition 1.1.8. The open unit ball Bn ⊂ Rn equipped with the above metric
serves as a model for the hyperbolic n-space Hn

R
. The group Möb(Bn) is its group

of isometries, also denoted by Iso(Hn
R
), and its index 2 subgroup Möb+(Bn) is the

group of orientation preserving isometries of Hn
R
, Iso+(Hn

R
).

Since Iso+(Hn
R
) acts transitively on Bn with isotropy SO(n), and the tan-

gent bundle of Bn is obviously trivial, one has that, as a manifold, Iso+(Hn
R
) is

diffeomorphic to SO(n)×Bn. In particular Iso+(H2
R
) is an open solid torus S1×B2.

This is the open disc model of Poincaré for hyperbolic geometry. We now
describe the upper half-space model, also due to Poincaré, that we use in the
sequel too. For this consider the closed ball B

n ⊂ Rn, endow its interior with the
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hyperbolic metric as above, and think of Rn as the set of points in Rn+1 with 0
in the last coordinate. Now project B

n
into the the upper half sphere,

Sn+1
+ = {(x1, . . . , xn+1) ∈ Rn+1

∣∣x2
1 + · · ·+ x2

n+1 = 1 and xn+1 ≥ 0}

via stereographic projection in Rn+1 from the South pole (0, . . . , 0,−1) ∈ Sn+1.
Now project Sn+1

+ into the upper half space

Rn
+ = {(x1, . . . , xn+1) ∈ Rn+1

∣∣x1 = 1 and xn+1 ≥ 0} ,

via stereographic projection from the point (−1, 0, . . . , 0). The composition of these
two maps identifies the open ball Bn with the interior Hn

+ of Rn
+. Equipping Hn

+

with the induced (hyperbolic) metric we get Poincare’s upper half-space model for
hyperbolic n-space.

We finish this subsection with the following theorem, which summarises part
of the previous discussion.

Theorem 1.1.9. The Möbius group Möb(Bn), generated by inversions on (n− 1)-
spheres in Sn ∼= Rn ∪ ∞ which intersect transversally the boundary of the unit
sphere Sn−1 = ∂Bn (with nonempty intersection), is isomorphic to the group
Iso(Hn) of isometries of the n-dimensional hyperbolic space Hn. This group is
canonically isomorphic to Conf(Sn−1), the group of conformal automorphisms of
the (n− 1)-sphere. As a manifold, Iso(Hn) is diffeomorphic to O(n)×Bn, so it is

a noncompact Lie group of real dimension n (n−1)
2 + n. The words in Iso(Hn) with

even length form the index 2 subgroup Iso+(Hn) of Iso(Hn) consisting of orienta-
tion preserving maps, which is canonically isomorphic to Conf+(Sn−1).

In the sequel we denote the real hyperbolic space by Hn
R
, to distinguish it from

the complex hyperbolic space Hn
C
(of real dimension 2n) that we will consider in

later chapters. Also, we denote by Sn−1
∞ the sphere at infinity, that is, the boundary

of Hn
R
in Sn. We set H

n

R := Hn
R
∪ Sn−1

∞ .

Remark 1.1.10 (Models for real hyperbolic geometry). There are several other
classical models for real hyperbolic geometry: the projective ball model, the hy-
perboloid model, the upper-half sphere model and the Siegel domain model. The
upper-half sphere model was briefly mentioned above and serves, among other
things, to pass geometrically from the disc model to the upper-half space model
and back. We refer to Thurston’s book for descriptions of several other models for
the hyperbolic n-space. These are briefly discussed below.

The hyperboloid model, also called Lorentz or Minkowski model, is very much
related to the models we use in the sequel to study complex hyperbolic geometry
(and so are the projective ball and the Siegel domain models that we describe
below). For this we look at the upper hyperboloid P of the two-sheeted hyperboloid
defined by the quadratic function

x2
1 + · · ·+ x2

n − x2
n+1 = −1 .
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Its group of isometries is now O(n, 1)o, the subgroup of the Lorentz group O(n, 1)
consisting of transformations that preserve P. This model is generally credited
to Poincaré too, though it seems that K. Weierstrass (and probably others) used
it before. Its geodesics are the intersections of P with linear 2-planes in Rn+1

passing through the origin; every linear space passing through the origin meets P
in a totally geodesic subspace.

The projective ball model is also called the Klein, or Beltrami-Klein, model.
For this we look at the disc D in Rn+1 defined by

D := {(x1, · · · , xn+1)
∣∣x2

1 + · · ·+ x2
n < 1 and xn+1 = 1 } .

That is, we look at the points in Rn+1 where the quadratic form Q(x) = x2
1+ · · ·+

x2
n−x2

n+1 is negative and xn+1 = 1. Notice that stereographic projection from the
origin determines a bijection between D and P.

Finally, the Siegel domain (or paraboloid) model for Hn
R
is obtained by looking

at the points (x1, . . . , xn) in Rn that satisfy 2xn > x2
1+· · ·+x2

n−1. This is bounded
by a paraboloid, and it is equivalent to the upper half-space model. The Cayley
transform provides an equivalence between this domain and the unit ball in Rn.
This is done in Chapter 2 for complex hyperbolic geometry.

1.1.2 Möbius groups in dimensions 2 and 3

The two- and three-dimensional cases are classical and can be regarded simulta-
neously. Consider the open 3-ball B3 and its boundary ∂B3, which is the 2-sphere,
that we regard as being the Riemann sphere S2, i.e., the usual 2-sphere equipped
with a complex structure, making it biholomorphic to the extended complex plane
Ĉ = C ∪∞, also called the Cauchy plane.

It is explained in many text books that in this dimension, an orientation
preserving diffeomorphism of S2 is conformal if and only if it is holomorphic. This
is essentially a consequence of the Cauchy-Riemann equations. Moreover, every
holomorphic automorphism of the Riemann sphere is a Möbius transformation
z �→ az+b

cz+d , where a, b, c, d are complex numbers such that ad− bc = 1.
Let us look now at the group SL(2,C) of 2 × 2 complex matrices with de-

terminant 1. This group acts linearly on C2, so it acts on the complex projective
line P1

C
which is biholomorphic to the Riemann sphere S2 ∼= C ∪ ∞ := Ĉ . The

induced action of SL(2,C) on P1
C
is via the Möbius transformations:

z �→ az + b

cz + d
.

Thus one has a natural projection

SL(2,C) −→ Conf+(S2) ∼= Iso+(H3
R),

given by

(
a b
c d

)
�→ az + b

cz + d
. This is in fact a homomorphism of groups: the product
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of two matrices in SL(2,C) maps to the composition of the corresponding Möbius
transformations.

It is clear that the above projection is surjective. Furthermore, two matrices
in SL(2,C) define the same Möbius transformation if and only if they differ by
multiplication by ±1. Hence the group PSL(2,C) ∼= SL(2,C)/{±I} can be iden-
tified with the group of all Möbius transformations

{
az+b
cz+d

}
, which is isomorphic

to the group of orientation preserving isometries of the hyperbolic 3-space. This
coincides with the group of holomorphic automorphisms of the Riemann sphere;
it also coincides with Conf+(S2), the group of orientation preserving conformal
automorphisms on S2.

Summarizing:

Theorem 1.1.11. One has the following isomorphisms of groups:

Iso+(H3
R)
∼= Möb

+
(B3) ∼= Conf+(S2)

∼=
{ az + b

cz + d
; a, b, c, d,∈ C , ad− bc = 1

}
∼= PSL(2,C) .

Now recall that a Möbius transformation az+b
cz+d with ad−bc = 1 preserves the

upper half plane H ⊂ C if and only if a, b, c, d are real numbers. These correspond
to compositions of inversions in Ĉ = C ∪∞ on circles (or lines) orthogonal to the
x-axis. Hence these are isometries of H2

R
and one has:

Theorem 1.1.12.

Iso+(H2
R)
∼= Möb

+
(B2) ∼=

{ az + b

cz + d
; a, b, c, d,∈ R , ad−bc = 1

}
∼= PSL(2,R) .

1.1.3 Geometric classification of the elements in Iso+(Hn
R)

We now classify the elements of Iso+(Hn
R
) in terms of their fixed points. We start

with the case n = 2 which is classical and there is a vast literature about this
topic (see for instance [144], [19], [184]). By the theorem above, an isometry of the
hyperbolic plane can be regarded as a Möbius transformation T given by z �→ az+b

cz+d
with a, b, c, d,∈ R and ad − bc = 1. The fixed points of T are the points where
T (z) = z. These are the solutions of the equation

z =
(a− d)±

√
(d− a)2 + 4bc

2c
.

Since the coefficients a, b, c, d are all real numbers we have the following three
possibilities:

(i) (d− a)2 + 4bc < 0 ;

(ii) (d− a)2 + 4bc = 0 ;
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(iii) (d− a)2 + 4bc > 0 .

Assuming, as we do, ad− bc = 1, we have:

(d− a)2 + 4bc = (a+ d)2 − 4 ,

and a+ d is the trace of the matrix

(
a b
c d

)
, so we call Tr(T ) := a+ d the trace

of T . Then the three cases above can be written as::

(i) 0 ≤ Tr2(T ) < 4. The map T is called elliptic;

(ii) Tr2(T ) = 4. The map T is called parabolic

(iii) Tr2(T ) > 4. The map T is called hyperbolic.

In the first case the map T has one fixed point in H2
R
, regarded as the upper

half-plane H = {� z > 0}; the other fixed point is the complex conjugate of the
previous one, so it is in the lower half-plane. In the second case T has only one
fixed point (of multiplicity 2) and this is contained in the x-axis (union∞), which
is the “boundary” of the hyperbolic plane, the sphere at infinity. In the third case
T has two distinct fixed points, both contained in the sphere at infinity.

If T is elliptic, then one can conjugate it by an automorphism of the Riemann
sphere to make it have its fixed points at 0 and ∞, and T becomes a rotation
around the origin, T (z) = eiθz.

If T is parabolic, then it is conjugate in PSL(2,C) to a map of the form
S(z) = z + k , with k ∈ R constant. This map is a translation and has ∞ as its
fixed point.

If T is hyperbolic, then it is conjugate in PSL(2,C) to a map of the form
S(z) = λ2z , with λ real and �= ±1. This map has 0 and ∞ as fixed points and all
other points move along straight lines through the origin. This description is good
in some sense, but it is not satisfactory because the map S does not preserve H,
which is our model for H2

R
. To describe its dynamics in H it is better to consider

its fixed points x1, x2, and assume for simplicity that both are finite and contained
in the real-axis. These two points determine a unique geodesic in H2

R
, namely the

unique half-circle in H with end-points x1, x2 and meeting orthogonally the x-axis.
This geodesic is invariant under T . Moreover, given any other point x ∈ H, there is
a unique circle passing through x1, x2 and x. These circles fill out the whole space
C and they are invariant under T , so they are unions of orbits. When the fixed
points are taken to be 0 and ∞, these circles become the straight lines through
the origin, or the meridians through the North and South poles if we think of T
as acting on the Riemann sphere.

If we consider now an isometry T of H3
R

and we think of it as a Möbius
transformation with (possibly) complex coefficients, then we have again three pos-
sibilities:

(i) The map T has two distinct fixed points which are both complex conjugate
numbers. In this case T is said to be elliptic, as before. Again, T is conjugate
in PSL(2,C) to a rotation.
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(ii) The map T has only one fixed point which is real. In this case T is said to
be parabolic and it is conjugate in PSL(2,C) to a translation.

(iii) The map T has two distinct fixed points which are both real numbers. In this
case, as before, T is conjugate in PSL(2,C) to a map of the form z �→ λ2z,
but this time λ can be a complex number with |λ| �= 1. In this case T is
said to be loxodromic. Now T leaves invariant the geodesic in H3 that has
end-points at the fixed points of T and the dynamics of all other points is
a translation along that geodesic, together with a rotation around it. The
number λ is called the multiplier of T . When this number is real the map is
said to be hyperbolic, and in that case there is no rotation, only translation
along the geodesic.

In order to give a similar classification in higher dimensions it is convenient
to look at these transformations “from the inside” of the hyperbolic space Hn

R

(see [105] for a deeper and more complete description of this classification). Let
T be an isometry of Hn

R
and pick up a point p ∈ Hn

R
such that the points p, T (p)

and T 2(p) are not in a Euclidean straight line. Let L be the line that bisects the
angle that they form, and look at the lines T−1(L), L and T (L). There are three
possibilities:

(i) These three lines intersect in Hn
R
.

(ii) These three lines intersect at the (n− 1)-sphere at infinity of Hn
R
.

(iii) These three lines do not intersect, neither in Hn
R
nor at the sphere at infinity.

Figure 1.1: The three types of isometries

In the first case T has a fixed point at the meeting point of the three lines.
The map T is said to be elliptic. These maps form an open set in Iso(Hn

R
).

In the second situation the three lines are parallel in hyperbolic space and
one has a fixed point at infinity. The map is a translation and it is said to be
parabolic; this can be regarded as a limit case between the other two.
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The last case is when the lines are ultra-parallel, i.e., they do not meet in H
n

R

(see Thurston’s book for more on the topic). Now T leaves invariant the geodesic
γ that minimises the length between the lines L and T (L). In this case T is a
translation along γ and a rotation around it. The end-points of γ are fixed points
of T . These maps are called loxodromic (or just hyperbolic) and they also form an
open set in Iso(Hn

R
).

Remark 1.1.13. In Chapter 2 we will see that in the case of the complex hyper-
bolic space, one has a similar classification of its isometries into elliptic, parabolic
and loxodromic (or hyperbolic), depending on their dynamics. Actually the clas-
sification of the isometries into these three categories holds in the more general
setting of the isometries of spaces of nonpositive curvature, and even more gener-
ally (for instance for CAT(0)-spaces, see Remark 2.4.6). We refer to [13], [32] for
clear accounts on this subject.

1.1.4 Isometric spheres

An isometric sphere for a Möbius transformation g is an sphere S ⊂ Sn\{∞} where
g behaves like an isometry with respect to the euclidian metric. Such a geometric
object helps to the understanding of the dynamics of the transformation, as for
instance for the construction of fundamental domains and to proving important
convergence properties when we iterate the map.

More precisely, let us think of the n-sphere as being Rn ∪ {∞} and assume
g satisfies g(∞) �=∞, which we can always do up to conjugation. Set p = g−1(∞)
and q = g(∞). If p �= q we let τ be the reflection through the hyperplane which
contains the point (p + q)/2 and is orthogonal to the line which passes through
p and q. Otherwise, if p = q, we define τ = Id. For each R > 0, let SR be the
sphere with centre p and radius R, let σR be the inversion with respect to SR, and
consider the map

b = g−1 τ σR .

Then b(∞) =∞ and b(p) = p. Thus b is of the form

b(x) = λR OR(x− p) + p, (1.1.13)

for some λR > 0 and OR ∈ O(n). Hence g(SR) is a sphere with radius RλR and
centre q. So g carries the spheres with centre at p into spheres with centre at q.

Now take R = 1, then from (1.1.13) one gets

g(λ1O1(x− p) + p) = τσ1.

Thence the image under g of the sphere with centre p and radius r is the sphere
with centre q and radius λ1/r, so we arrive at the following proposition-definition
(we refer to [19] for a proof of this proposition).

Definition-Proposition 1.1.14. The unique sphere centred at p whose image under
g is a sphere with the same radius is called the isometric sphere. It will be denoted
by Ig.
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We recall that a transformation g is said to be an involution if g2 is the
identity.

Proposition 1.1.15. Let g be a Möbius transformation different from the identity
and such that ∞ is not fixed by g. Then g is of the form

g = τ σ O ,

where O is a rotation with centre at g−1(∞), σ is the reflection on the isometric
sphere, τ is the identity if g is an involution or else it is the reflection on the
plane orthogonal to the line which joins g(∞) and g−1(∞) and contains the point
(g(∞) + g−1(∞))/2.

The following result enables us to measure the “distortion” of sets under the
action of Möbius transformations, see [19] for a proof.

Theorem 1.1.16. Let g be a Möbius transformation such that g(∞) �= ∞ and let
Rg be the radius of the corresponding isometric sphere. If E is a closed set such
that g−1(∞) /∈ E, we have:

diamEucl(g(E)) ≤ 2R2
g/ρ ,

where ρ denotes the Euclidean distance between g−1(∞) and E. Moreover, if ∞ ∈
E we also have

diamEucl(g(E)) ≥ R2
g/ρ .

As a consequence of this theorem one gets:

Theorem 1.1.17. Let (gm) be a sequence of Möbius transformations acting on Sn

such that there is an r > 0 so that if we set U = {x ∈ Rn : |x| > r}, then the
sequence satisfies that g−1

k (gm(U)) ∩ U = ∅ for each k �= m. Let rm denote the
radius of the isometric sphere of gm. Then

lim
m→∞ rm = 0.

Proof. Let δm be the distance between U and g−1
m (∞). Thus

diam(gm(U)) ≥ r2m/δm ≥ r2m/r.

Since gm(U) is an Euclidean ball, we deduce that its radius should be at least
r2m/2r. In particular,

VolEucl(gm(U)) ≥ (1/2mrm)r2mm .

We now observe that the balls gm(U) form a bounded set and they are pairwise
disjoint. This implies that

∞ >
∑
m>1

VolEucl(gm(U)) ≥
∑
m>1

(1/2mrm)r2mm ,

and the result follows. �
The above results will be used in the sequel for studying convergence prop-

erties of the orbits of points under the action of a discrete group.
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1.2 Discrete subgroups

In this section we look at discrete subgroups of Iso(Hn
R
), i.e., subgroups of Iso(Hn

R
)

which are discrete as topological subspaces. This is equivalent to saying that the
identity element has a neighbourhood in Iso(Hn

R
) which has no element of the

subgroup other than the identity. Every such subgroup is necessarily countable.

We give some basic definitions and several important examples of such groups.
We start the section with a discussion on discontinuous actions.

1.2.1 Properly Discontinuous Actions

In this subsection G is assumed to be a group acting on a smooth manifold M
by diffeomorphisms. Recall that the stabiliser of a point x ∈ M , also called the
isotropy, is the subgroup Gx ⊂ G defined by

Gx = {g ∈ G | g(x) = x} ;

The orbit of x under the action of G is the set:

Gx = {y ∈M | y = g(x) for some g ∈ G} .

Definition 1.2.1. The action of G is discontinuous at x ∈ M if there is a neigh-
bourhood U of x such that the set

{g ∈ G | gU ∩ U �= ∅}

is finite. The set of points in M at which G acts discontinuously is called the region
of discontinuity. This set is also called the regular set of the action. The action is
discontinuous on M if it is discontinuous at every point in M .

The following proposition provides an equivalent definition of discontinuous
actions.

Proposition 1.2.2. The group G acts discontinuously on M if and only if for each
x ∈M the isotropy group is finite and for every compact subset K of M if follows
that

card(K ∩Gx) <∞ .

We have the following well-known result.

Proposition 1.2.3. If the G-action on M is discontinuous, then the G-orbits have
no accumulation points in M . That is, if (gm) is a sequence of distinct elements
of G and x ∈M , then the sequence (gm(x)) has no limit points. Conversely, if G
satisfies this condition, then G acts discontinuously on M .

One gets the following corollary, which is specially relevant for this mono-
graph since it applies to all the cases we envisage:
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Corollary 1.2.4. Let Diff (M) denote the group of diffeomorphisms of M endowed
with the compact-open topology. If G acts discontinuously on M by diffeomor-
phisms, then G is a discrete subset of Diff (M).

Notice that for the case when f : M → M is a diffeomorphism of a smooth
manifold, G. D. Birkhoff introduced in 1927 the notion of wandering and nonwan-
dering points of f (see [26] or [209, p. 749]). By definition, x ∈M is called a wander-
ing point of f when there is a neighbourhood U of x such that ∪|m|>of

m(U)∩U =

∅, where for m > 0, fm denotes the mth iterate f ◦ · · · ◦ f , while for m < 1, fm

denotes the mth iterate of f−1. A point is called nonwandering if it is not a wan-
dering point. Of course we can think of the family of diffeomorphisms {fm}m∈Z as
defining an action of the integers Z on M , with f0 ≡ Id. In this case the wandering
points are precisely the points in M where the action is discontinuous.

Definition 1.2.5. Let G be as before and consider a subgroup H ⊂ G. We say that
a set Y ⊂M is precisely invariant under H if for all h ∈ H and for all g ∈ G \H
one has

h(Y ) = Y and g(Y ) ∩ Y = ∅ .
Proposition 1.2.6. The group G acts discontinuously on M if and only if for all
x ∈M one has that the stabiliser Gx is finite and there exists a neighbourhood U
of x that is precisely invariant under Gx.

Proof. It is clear that if for all x ∈M one has that the stabiliser Gx is finite and
there exists a neighbourhood U of x that is precisely invariant under Gx, then the
action is discontinuous. Conversely, let us assume that G acts discontinuously on
M and let x ∈ M . Then there is a neighbourhood U of x such that Hx = {g ∈
G|gU ∩ U �= ∅} is finite. Trivially the stabliser Gx is finite and contained in Hx.
Now, since M is a Hausdorff space, for each g ∈ Hx \Gx let Ug and Ugx be open
neighbourhoods of x and gx respectively, such that Ug ∩ Ugx = ∅. Set

W =
⋂

g∈Hx\Gx

(U ∩ Ug) ∩ g−1(Ugx ∩ gU) .

Then W is an open neighbourhood of x which satisfies

{g ∈ G | gW ∩W �= ∅} = Gx.

Finally, set W̃ =
⋂

g∈Gx
gW . Clearly W̃ is an open neighbourhood of x which is

precisely invariant under Gx. �
Remark 1.2.7. Some authors use the name properly discontinuous actions for group
actions satisfying that for all x ∈ X one has that the stabiliser Gx is finite and
there exists a neighbourhood U of x that is precisely invariant under Gx. It is clear
that such an action is necessarily discontinuous. However, it is easy to construct
examples of discontinuous actions which fail to satisfy that all points have a neigh-
bourhood which is precisely invariant under the stabiliser. For this statement to
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be true we need to impose certain conditions on the topology of X. We remark
too that in some places in the literature, the term properly discontinuous actions
actually means a discontinuous action which is also free, i.e., all the stabilisers are
trivial (see for instance [114] and [211]). Yet, in the modern literature the term
“properly discontinuous actions” has a different meaning, that we explain in the
definition below. This is what we will understand in this monograph by a properly
discontinuous action.

Definition 1.2.8. Let G act on the manifold M by diffeomorphisms. The action is
said to be properly discontinuous if for each nonempty compact set K ⊂ M the
set

{g ∈ G | gK ∩K �= ∅} ,

is finite.

It is clear that every properly discontinuous action is a fortiori discontinuous.
In Example 1.2.11 below we show that the converse statement is false generally
speaking. Notice also that in the literature, some authors say that an action sat-
isfies the Sperner’s condition if it satisfies the condition stated in Definition 1.2.8
(see for instance [114]).

The following propositions provide equivalent ways of defining properly dis-
continuous actions:

Proposition 1.2.9. The group G acts properly discontinuously on M if and only if
for every pair of compact subsets K1, K2 of M , there are only a finite number of
elements g ∈ G such that g(K1) ∩K2 �= ∅.

Proposition 1.2.10. Let G act properly discontinuously on M . Then the orbits of
the action on compact sets have no accumulation points. That is, if (gm) is a
sequence of distinct elements of G and K ⊂ M is a nonempty compact set, then
the sequence (gm(K)) has no limit points. Conversely, if G satisfies this condition,
then G acts properly discontinuously on M .

It is clear that the second proposition implies the previous one. We refer to
[114] for the proof of Proposition 1.2.10.

The following example shows that discontinuous actions are not necessarily
properly discontinuous:

Example 1.2.11. Let G be the cyclic group induced by the transformation g : C2 →
C2 given by g(z, w) = ( 12z, 2w). Clearly G acts discontinuously on C2 \ {0}, but if
we let S be the set

S = {(z, w) ∈ C2
∣∣ |z| = |w| = 1} ,

then the set of cluster points of its orbit is {(z, w) ∈ C2 | z = 0}∪{(z, w) ∈ C2|w =
0}, the union of the two coordinate axis.
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Notice that if G acts discontinuously and freely on a manifold M , then the
quotient map π : M → M/G is a covering map and the group of automorphisms
of the covering is G itself, Aut(M → M/G) = G. Yet, the example above shows
that the quotient M/G may not be a Hausdorff space, even if the action is free
and discontinuous. We notice that in this same example, the axis is the set of
accumulation points of the orbits of compact sets in C2 \ {(0, 0)}. If we remove
the axis, we get a a properly discontinuous action on their complement, and in
that case the quotient is indeed Hausdorff. This is a general fact for properly
discontinuous actions (see [114], [132]).

The proposition below says that in the case of conformal automorphisms of
the n-sphere, every discontinuous action is a fortiori properly discontinuous. That
is, in this setting both concepts are equivalent (we refer to [185] for a proof).

Proposition 1.2.12. Let M be an n-sphere and G a discrete group of conformal
maps of M . Then the regular set of G is the largest open set of M where the
action of G is properly discontinuous.

In the next chapter we will see that similar statements hold for discrete sub-
groups of isometries of complex hyperbolic space. Similar, but weaker, statements
hold also for discrete subgroups of PSL(n,C) provided one considers the appro-
priate region of discontinuity (see Chapter 3).

1.2.2 The limit set and the discontinuity region.

We consider again a subgroup G of Iso(Hn+1
R

), and we think of it as acting on

H
n+1

R := Hn+1
R

∪ Sn∞. In this case Definition 1.2.1 becomes:

Definition 1.2.13. The region of discontinuity of G is the set Ω = Ω(G) of all points

in H
n+1

R which have a neighbourhood that intersects only finitely many copies of
its G-orbit.

The following result is in some sense analogous to Montel’s theorem. This is
the convergence property in M. Kapovich’s language (see for instance [105] or [106,
p. 495]), and it enables us to prove basic properties about actions of groups on
the hyperbolic space. We will see later that the same property holds in complex
hyperbolic geometry and this is why the Chen-Greenberg limit set of complex
hyperbolic discrete groups shares most of the properties one has for the limit set
of discrete groups in real hyperbolic geometry.

Lemma 1.2.14. Let (γm) be a sequence of distinct elements of a discrete group
G ⊂ Möb(Sn). Then either it contains a convergent subsequence, or it converges
to a constant map away from a point in Sn. That is, there exist a subsequence,
still denoted by (γm), and points x, y ∈ Sn such that:

(i) γm converges uniformly to the constant function y on compact sets of Sn −
{x}.
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(ii) γ−1
m converges uniformly to the constant function x on compact sets of Sn −
{y}.

To prove this result we use the following lemma:

Lemma 1.2.15. Think of hyperbolic space Hn+1
R

as being the unit (n + 1)-ball
equipped with the hyperbolic metric; its boundary is Sn. Let (γm) be a sequence
of distinct elements of a discrete group G ⊂ Iso(Hn+1

R
). Then the set of accumu-

lation points of the orbits (γm)(x) is contained in Sn.

Proof. Let us assume that the lemma is false and there is a subsequence of (γm),
still denoted by (γm), and y ∈ Hn+1 such that γm(∞)

n→∞ �� y.

We can equip Hn+1
− = {x ∈ Rn+1 | |x| > 1} ∪ {∞} with a metric of constant

curvature −1 for which the group of preserving orientation isometries is given by
Möb(Hn+1

R
); denote such metric by d. Now let z ∈ Hn+1

− , then

d(γm(z), y) ≤ d(γm(z), γm(∞)) + d(y, γm(∞)) = d(z, x) + d(y, γm(x)) .

Thus the set {γm(z) : m ∈ N} is relatively compact. Since (γm) ⊂ Iso(Hn+1
− )

the Arzelà-Ascoli theorem yields that there is a subsequence of (γm), still denoted
by (γm), and γ : Hn+1

− → Hn+1
− such that γm n→∞ �� γ in the compact-open

topology. Clearly γ is an isometry and therefore G is nondiscrete. Which is a
contradiction. �

Proof of Lemma 1.2.14. By Lemma 1.1.3 we may assume that G ⊂ Iso(Hn+1
R

).
Now consider the centres of the isometric spheres Im of γm and I−m of γ−1

m ,
i.e., γ−1(∞) and γm(∞). By Lemma 1.2.15 we can assume these sequences are
convergent and if we say that that g1m(∞) converges to y and gm(∞) converges to x,
we must have that x, y ∈ ∂(Hn+1

R
). Let z ∈ Rn+1 \{y} and W be a neighbourhood

of z such that dEuc(W, y) > 0. By Theorem 1.1.17 and Lemma 1.2.15, the radius of
the isometric spheres tends to zero. Thus we can assume that W is in the outside
of all the isometric spheres. Finally, by Proposition 1.1.15 we know that gm sends
the outside of Im to the inside of I−m, so the result follows. �

Theorem 1.2.16. Let G be a subgroup of Iso(Hn+1
R

). The following three conditions
are equivalent:

(i) The subgroup G ⊂ Iso(Hn+1
R

) is discrete.

(ii) The region of discontinuity of G in Hn+1
R

is all of Hn+1
R

.

(iii) The region of discontinuity of G in Hn+1
R

is nonempty.

Proof. It is clear that (ii) =⇒ (iii) =⇒ (i). Let us prove that (i) implies (ii). Let
K be a compact set and assume that K(G) = {γ ∈ G : γK ∩K �= ∅} is countable.
Then by Lemma 1.2.14 there is a sequence (γm) ⊂ K(G) and points x, y ∈ ∂Hn+1

R

such that γm converges uniformly to y on compact sets of H
n+1

R −{x}. Let U be a
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neighbourhood of y disjoint from K. Then there is a natural number no such that
γm(K) ⊂ U for m > no. In particular we deduce γm(K) ∩K = ∅ for all m > n0,
which is a contradiction, and the result follows. �

Notice that by continuity, it is clear that if the region of discontinuity of G
in Sn is nonempty, then the region of discontinuity of G in Hn+1

R
is nonempty and

therefore G is discrete.

Definition 1.2.17. Let G be a discrete subgroup of Iso(Hn+1). The limit set of G,

denoted by Λ(G) or simply Λ, is the set of accumulation points in H
n+1

R of orbits
of points in Hn+1

R
.

One has:

Theorem 1.2.18. Let G be as above. Then the limit set is contained in the sphere
at infinity Sn∞ = ∂Hn+1

R
and is independent of the choice of orbit.

Proof. Let x, y ∈ Hn+1
R

and p a cluster point of Gy. Then there exists a sequence
(gm) ⊂ G such that gm(y) converges to p. By Lemma 1.2.14 it follows that q also
is a cluster point of (gm(x)), which ends the proof. �
Theorem 1.2.19. Let G be a discrete subgroup of Iso(Hn+1

R
). The limit set of G is

the complement of the region of discontinuity in Sn∞.

Proof. First we show that Λ lies in the complement of the region of discontinuity.
Let y ∈ Λ(G), then there is a point p ∈ Hn+1

R
and a sequence (γm) such that

γm(p) → x. From Lemma 1.2.14 we conclude that there exists x ∈ ∂Hn+1
R

such
that we can assume that γm converges uniformly to the constant y on compact

sets of H
n+1

R − {x}. Let U be any neighbourhood of y. Then there is a natural
number m0 for which γm(y) ∈ U for m ≥ m0.

Now let q ∈ ∂Hn+1
R

be a point in the discontinuity region, and assume that
q ∈ Λ(G). By the previous argument we deduce that q does not belong to the
discontinuity region, which is a contradiction. Hence the discontinuity region is
contained in the complement of Λ(G). In others words, the complement of the
discontinuity region is contained in Λ(G). �

It is clear from its definition that the limit set Λ(G) is a closed G-invariant
set, and it is empty if and only if G is finite (since every sequence in a compact
set contains convergent subsequences).

Definition 1.2.20. Let G be a group acting on a manifold X. The equicontinuity
region of G, denoted Eq (G), is the set of points z ∈ X for which there is an open
neighbourhood U of z such that G |U is a normal family.

Recall that a collection of transformations is a normal family if and only if
every sequence of distinct elements has a subsequence which converges uniformly
on compact sets.

One has:
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Theorem 1.2.21. Let G be a discrete subgroup of Iso(Hn+1
R

). Then the equiconti-
nuity region of G coincides with the discontinuity region Sn \ Λ(G).

Proof. Observe that by Lemma 1.2.14, it is enough to show that Eq (G) ⊂ Ω(G).
Let x ∈ Eq (G) and assume that x ∈ Λ(G), thus by Lemma 1.2.14 there is a
sequence (γm) and a point y such that γm converges uniformly to the constant

function y on compact sets of H
n+1

R − {x}. Since x ∈ Eq (G), it follows that

γm converges uniformly to the constant function y on H
n+1

R . Let q ∈ Hn+1
R

and
U be a neighbourhood of y such that U ∩ Hn+1

R
⊂ Hn+1

R
− {q}. The uniform

convergence implies that there is a natural number n0 such that γm(H
n+1

R ) ⊂
U ∩ Hn+1

R
⊂ Hn+1

R
− {q} for each m > m0. This is a contradiction since each γm

is a homeomorphism. �

We have:

Theorem 1.2.22. Let G be discrete group such that its limit set has more than two
points, then it has infinitely many points.

Proof. Assume that Λ(G) is finite with at least three points. Thus

G̃ =
⋂

x∈Λ(G)

Isot(x,G)

is a normal subgroup of G with finite index. Moreover, since each element in
Iso(Hn+1

R
) has at most two fixed points in ∂Hn+1

C
we conclude that G̃ is trivial and

therefore G is finite, which is a contradiction. �

Definition 1.2.23. The group G is elementary if its limit set has at most two points.

Theorem 1.2.24. If G is not an elementary group, then its action on the limit set
is minimal. That is, the closure of every orbit in Λ(G) is all of Λ(G).

Proof. Let x, y ∈ Λ(G), then there is a sequence (gm) ⊂ G and a point p ∈ Hn+1
R

such that gm(p) converges to y. By Lemma 1.2.14 there is a point q ∈ ∂Hn+1
R

, such

that we can assume that gm converges uniformly to y on compact sets of H
n+1

R .
Now, it is well know (see [19]) that there is a transformation g ∈ G such that
g(x) �= x. thus we can assume that x �= q and therefore we conclude that gm(x)
converges to y. �

Corollary 1.2.25. If G a nonelementary Kleinian group, then Λ(G) is a nowhere
dense perfect set.

In other words, if G is nonelementary, then Λ(G) has empty interior and
every orbit in the limit set is dense in Λ(G).

Remark 1.2.26. It is noticed in [202] that if the limit set of a nonelementary
conformal group acting on Sn is a compact smooth k-manifold N , for some 0 <
k ≤ n, then N is a round sphere Sk. The proof, by Livio Flaminio, is a direct
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consequence, via stereographic projection of Sn into the tangent plane of Sn at
a hyperbolic fixed point of the group, of the following fact: if M is a closed k-
submanifold of Rn which is invariant under a homothetic transformation, then M
is a k-dimensional subspace of Rn.

1.2.3 Fundamental domains

Given a discrete subgroup G of Iso(Hn+1
R

) one has:

Definition 1.2.27. A fundamental domain for the action of G on Hn+1
R

is an open
set F ⊂ Hn+1

R
satisfying the following two conditions:

(i) If F̄ denotes the (topological) closure of F in Hn+1
R

, then for arbitrary distinct
elements g1, g2 in G one has that g1(F ) and g2(F̄ ) do not meet, i.e., g1(F )∩
g2(F̄ ) = ∅.

(ii) The union ∪g∈G g(F̄ ) of all the sets g(F̄ ) for all g ∈ G, is the whole space
Hn+1

R
.

In other words, the various images of F̄ by the elements of G cover the whole
space and they are pairwise disjoint except for points in the boundary of F̄ .

Fundamental domains appear frequently in various contexts in geometry and
dynamics, not only in hyperbolic geometry, and the definition is the same. They
are important for various reasons, but basically for the fact that we can know
essentially everything about the action of the group on the region of discontinuity
just by looking at the fundamental domain and the way the group relates the
points in its boundary. This should become clear in the sequel.

Observe that a fundamental domain for a group G is by no means unique.
In particular, if F is a fundamental domain, then every translate g(F ) of it by an
element in G is also a fundamental domain. In fact there can be entirely distinct
fundamental domains for a certain group action.

There are several methods for constructing fundamental domains for discrete
group actions, and we refer to [19] for more on this subject. Here we give a method
for constructing a fundamental domain for G ⊂ Iso(Hn+1

R
) which is rather simple.

The same method works in general whenever we have a topological group acting
on a locally compact metric space where the metric satisfies that, given any two
points x1, x2, there is a third “middle” point x0 of same distance to both points
x1, x2. In the case we envisage here the sides of the fundamental domain F we get
are pieces of hyperbolic n− 1-planes, so F is said to be polyhedral, and it is called
a Dirichlet fundamental domain, or a Dirichlet region, for G.

The construction is easy: we select a point xo ∈ Hn+1
R

which is not fixed by
any element of G, and consider the set F of those points in Hn+1

R
whose hyperbolic

distance dh to xo is strictly less than its distance to every other point in the G-orbit
of xo. That is,

F = {x ∈ Hn+1
R

| dh(x, x0) < dh(x, g(x0)) for all g ∈ G } .
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One can show that F is indeed a fundamental domain for G.
This region F is convex in the hyperbolic sense, being the intersection of half

spaces. Its boundary is a countable collection of (n − 1)-dimensional faces which
are G-related in pairs, and the face-pairing transforms are a set of generators for
G.

We now introduce the important concept of geometrically finite groups. We
refer to [105] for a deeper discussion of the subject. For this, we recall that if H is

a closed subset of the sphere at infinity Sn∞ := H
n+1 \Hn+1, then its convex hull,

Hull(H), is the smallest convex subset of Hn+1 whose closure in H
n+1

meets Sn∞
exactly at H. When H is the limit set Λ(G) of a discrete subgroup G of Iso(Hn+1),
and the cardinality of Λ(G) is not 1, then Hull(Λ(G)) is an invariant set. Now, for
all ε > 0 we may consider the ε-neighbourhood Hullε(Λ(G)) of the convex hull;
this is also an invariant set.

Definition 1.2.28. A discrete subgroup G of Iso(Hn+1) is geometrically finite if:

• G is finitely generated; and

• The quotient Hullε(Λ(G))/G has finite hyperbolic volume, for some ε > 0.

One has the following theorem due to Marden and Thurston in dimension 2.
The proof in general is given in [30]:

Theorem 1.2.29. A discrete subgroup G ⊂ Iso(Hn+1
R

) is geometrically finite if it
has a convex fundamental domain (not necessarily a Dirichlet domain) with finitely
many faces.

Perhaps because of this important result, often in the literature one finds
that geometrically finite groups are defined as those having a convex fundamental
domain with finitely many faces. Yet, there are examples in [7] of geometrically
finite subgroups of Iso(H4) that do not admit convex fundamental domains with
finitely many faces.

It is clear that if a Dirichlet region has finitely many faces, then the group is
finitely generated. Furthermore, in dimensions 2 and 3, if a group is geometrically
finite, then every fundamental domain for it has finitely many faces and the group
is finitely generated (see [140]). In dimension 2 the converse is true: every finitely
generated group is geometrically finite. However this is false in dimension 3, by
[77]. Moreover, in higher dimensions there are discrete groups for which some
fundamental domain is a convex polyhedron with finitely many faces, but there
is some other fundamental domain which is a convex polyhedron with infinitely
many faces. We will not deal with these situations in this monograph; we refer to
the literature for more on the subject (see for instance [6], [7]).

1.2.4 Fuchsian groups

Our first examples of discrete subgroups of isometries of hyperbolic space are the
Fuchsian groups:
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Definition 1.2.30. A (classical) Fuchsian group is a discrete subgroup of PSL(2,R).

From the previous section we know that a Fuchsian group can be equiva-
lently defined to be a discrete subgroup of orientation preserving isometries of the
hyperbolic plane H2

R
.

Example 1.2.31 (Surface groups brummel). Let S be a Riemann surface of genus
g > 1. By the Riemann-Kobe uniformisation theorem, S is of the form H2

R
/G where

G is a Fuchsian group which acts freely on H2
R
, so it has no elliptic elements. The

group G is isomorphic to the fundamental group π1(S), acting on H2
R
by deck

transformations.

Let us give other examples of Fuchsian groups. We think of PSL(2,R) as
the group of orientation preserving isometries on the 2-disc D equipped with the
hyperbolic metric.

Example 1.2.32 (Triangle groups). Given integers p, q, r ≥ 2 such that

1/p+ 1/q + 1/r < 1 ,

let T = Tp,q,r be a triangle in D bounded by geodesics, with angles π/p, π/q

and π/r. Recall these geodesics are segments of circles in R̂2 orthogonal to the
boundary of D, so we have isometries of H2

R
defined by the inversions on these

three circles, the “sides” of T .
Let G∗ be the group of isometries of H2

R
generated by the inversions on the

three sides of T . Then it is easy to see that G∗ is a discrete subgroup of isometries
of H2

R
and T is a fundamental domain for this action. However G∗ is not a subgroup

of PSL(2,R); to get a Fuchsian group one must take the index 2 subgroup G of
G∗ of orientation preserving maps, i.e., words of even length. In this case, if g1 is
the inversion on one of the sides of T , then the double triangle F = T ∪ g1(T ) is
a fundamental domain for G.

The action of G has three orbits of fixed points in H2
R
, which correspond to

the three vertices of T . The corresponding isotropy subgroups are cyclic of orders
p, q, r respectively. The quotient space H2

R
/G, which equals F/G, is the 2-sphere

with three marked points; it has an orbifold structure. (See Chapter 8.)
Of course one could start with a geodesic polygon P with r sides in H2

R
having

rational angles, and get a corresponding Fuchsian group with fundamental domain
a double polygon. The corresponding quotient space is always the 2-sphere with r
marked points.

Notice that in all these examples the corresponding limit set is the whole
circle at infinity.

Example 1.2.33 (Ideal Triangle groups). Now take three points in the boundary
S1 of the disc D and think of it as the sphere at infinity of the hyperbolic plane.
Select three distinct (arbitrary) points in this circle S1 and join them by geodesics
in H2

R
. We get an ideal triangle in H2

R
, that is a triangle T ⊂ H2

R
with vertices at

infinity; each pair of sides converging to a vertex are therefore parallel. Now make
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Figure 1.2: The triangle group 〈2, 3, 7〉

the same construction as in the previous example to get a corresponding triangle
group G which is Fuchsian, with fundamental domain a double ideal triangle. The
quotient space H2

R
/G is now the Riemann sphere with three punctures. Notice also

that just as in the previous example, the limit set is the whole circle at infinity.
However, the closure of F is not compact in H2

R
, as it was in the previous example;

yet, F has finite hyperbolic area.

We remark that one can think of this example as a limiting case of the
previous one, in which we are gradually moving away the circles that define the
edges of T , keeping them orthogonal to the boundary S1, until the circles meet
tangentially at three points in S1. More generally, given the circle S1, consider an
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Figure 1.3: An ideal triangle group

arbitrary family of circles orthogonal to S1 and such that each circle is tangent
to the two adjacent circles, forming a “necklace of pearls”. Then the inversions
in these circles leave invariant the disc D and give rise to a Fuchsian group with
fundamental domain the union of the polyhedron in H2

R
that they bound union a

copy of it by one of the inversions.

Example 1.2.34. Now continue to “deform” the previous example and separate the
circles, so that they are still orthogonal to S1 but they are pairwise disjoint. Now
the fundamental domain of the full group of inversions is the “polygon” bounded
by the circles; it hits the circle S1 at infinity in a fundamental domain for its action
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Figure 1.4: A necklace of pearls

on the region of discontinuity in this circle. The limit set is now a Cantor set in the
circle. The double polygon is a fundamental domain for the corresponding Fuchsian
group, and its limit set coincides with that of the full group of inversions. In this
case the region of discontinuity in the circle is nonempty and the fundamental
domain in H2

R
has infinite hyperbolic area.

In general, given a Fuchsian group G and a fundamental domain F one has
the following three possibilities, as illustrated by the previous examples:

Case I. The closure of the fundamental domain is compact in H2
R
. The group is

said to be cocompact.
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Case II. The fundamental domain has finite area but its closure hits the circle at
infinity at isolated points. The group is said to be cofinite.

Groups of the two types described in cases I and II are called Fuchsian groups
of the first kind. They all have in common that the limit set is the whole circle S1.

Case III. The fundamental domain has infinite area and its closure hits the sphere
at infinity in a fundamental domain for its action there.

This type of groups are called Fuchsian groups of the second kind. Their limit
set is a Cantor set contained in the circle S1.

This motivates the following more general definition of a Fuchsian group.

Definition 1.2.35. A Fuchsian group is a discrete subgroup of isometries of the
hyperbolic n-space, whose limit set is contained in a (round) (n−2)-sphere, which
is necessarily contained in the sphere at infinity. The group is said to be quasi-
Fuchsian if its limit set is contained in a quasi-sphere of dimension n− 2, (i.e., a
topological manifold which is a sphere up to a quasi-conformal homeomorphism).

A “round” sphere means a sphere which bounds a totally geodesic (n−1)-disc
in Hn. We may also think of a Fuchsian group as a discrete group of conformal
automorphisms of the (n−1)-sphere (the sphere at infinity) such that its limit set
is contained in an equator.

1.2.5 Kleinian and Schottky groups

Another classical example of discrete subgroups of hyperbolic isometries is pro-
vided by the Schottky groups that we now discuss (see [143] for details). As a
historical fact we mention that the classical Schottky groups were introduced by
Friederich Schottky in the late 1880s (see [192]), before Klein and Poincaré began
the general theory of Kleinian groups. The name Schottky group was coined by
Poincaré.

A Schottky group is a group generated by Möbius transformations A1, . . . , Ag,
g ≥ 1, with the following geometric restriction: there is a collection of 2g pairwise
disjoint regions in Ĉ, say R1, S1, . . . , Rg, Sg, bounded by Jordan curves, so that

Aj(Rj) = Ĉ − Sj for all j = 1, . . . , g. The generators A1, . . . , Ag are called a
Schottky set of generators; the domains R1, S1, . . . , Rg, Sg are a fundamental set
of domains, and the integer g is the genus of the Schottky group. A Schottky group
is classical if all the Jordan curves corresponding to some set of generators can be
chosen to be circles.

All Schottky groups are finitely generated free groups such that all nontrivial
elements are loxodromic. Conversely Maskit showed that any finitely generated
free Kleininan group such that all nontrivial elements are loxodromic is a Schottky
group.

If we denote by G a Schottky group of genus g, then for g > 2 one has that
Λ(G) is a Cantor set, and the quotient Ω(G)/G is a closed Riemann surface of
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genus g. The converse holds and it is known as the Koebe retrosection theorem
(see [124]):

Theorem 1.2.36 (Retrosection theorem). Every closed Riemann surface of genus
greater than 1 can be uniformised by a suitable Schottky group.

Let us mention that Schottky groups may also be characterised as follows:

Theorem 1.2.37 (Maskit, 1967). A group G ⊂ PSL(2,C) is a Schottky group if
and only if G is a finitely generated, purely loxodromic Kleinian group which is
isomorphic to a free group.

The notion of a Schottky group has also been extended in the following geo-
metric way, which is the starting point for Chapter 9 of this monograph. Consider
an arbitrary family of pairwise disjoint 2-discs D1, . . . , Dr in the 2-sphere with
boundaries the circles C1, . . . , Cr. Let ι1, . . . , ιr be the inversions on these r cir-
cles, and let G be the subgroup of Iso(H3

R
) ∼= Möb(B3) ∼= Conf(S2) generated by

these maps. Then G is called a Schottky group. Its index 2 subgroup of words of
even length is a classical Schottky group in the previous sense.

Notice that G has a nonempty region of discontinuity and the complement
in S2 of the union D1 ∪ · · · ∪Dr is a fundamental domain for G.

Definition 1.2.38. A discrete subgroup of Iso(Hn+1) ∼= Conf(Sn) is Kleinian if it
acts on Sn (the sphere at infinity) with a nonempty region of discontinuity. We
refer to these as Conformal Kleinian groups.

So, the previous discussion shows that Fuchsian and Schottky groups are
special types of Kleinian groups.

Remark 1.2.39. Nowadays the term “Kleinian group” is being often used for an
arbitrary discrete subgroup of hyperbolic motions, regardless of whether or not
the region of discontinuity is empty.

Continuing with the previous Example 1.2.33, choose circles C1, . . . , Cr in Ĉ
so that there is a common circle C orthogonal to all of them and, moreover, they
form a “necklace of pearls” as at the end of that example. The limit set is the
whole circle C. Now slightly perturb the circles C1, . . . , Cr, keeping them round
but dropping the condition that they have a common orthogonal circle.

We consider two settings:

(i) We perturb the circles slightly, so that each circle overlaps with its neigh-
bors. Then one has (this is not obvious) that the limit set becomes a fractal curve
of Hausdorff dimension between 1 and 2, and choosing appropriate deformations
one can cover the whole range of Hausdorff dimension between 1 and 2. This
beautiful example is a special case of a more general result in [31].

A limiting case would be when the circles are tangent to its two neighbors
(as initially) but there is no common orthogonal circle, in this case we say that
the group G is a Kissing-Schottky group (cf. [158]).
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Figure 1.5: Deformations of a Fuchsian group: The limit set is a quasi-circle

(ii) We perturb the circles so that they become pairwise disjoint. Then the
limit set is a Cantor set. We get a Schottky group as above. If we preserve the
condition that there is a common orthogonal circle which is orthogonal to all circles
C1, . . . , Cr, then the group is Fuchsian and we are in the situation envisaged in
Example 1.2.34.

These are all examples of Kleinian groups.

Recall there is a canonical inclusion Conf(Sn) ↪→ Conf(Sn+1) and every sub-
group G of Conf(Sn) can be regarded as acting on Sn+1 leaving invariant an
equator, which contains its limit set. Hence one has:

Proposition 1.2.40. Every discrete subgroup of Conf(Sn) is Kleinian when regarded
as a subgroup of Conf(Sn+1).

This justifies the modern use of the term “Kleinian” to denote simply a
discrete subgroup of Conf(Sn), with no condition on its limit set.

Remark 1.2.41. The previous examples obtained by reflections on circles in S2

that form a “necklace of pearls” give as limit set a fractal circle in the 2-sphere.
Many other fractal curves can be obtained in this way, showing that the limit sets
of Schottky (and kissing-Schottky) groups provide a dynamical method to obtain
fractal sets of remarkable beauty and complexity.

A natural question is whether a topological n-sphere (n ≥ 1) which is not
a round sphere can be the limit set of a higher-dimensional geometrically finite
Kleinian group. In this case one can show that the sphere is necessarily fractal
(possibly unknotted) and self-similar. Examples of wild knots in S3 which are limit
sets of geometrically finite Kleinian groups have been obtained in [144], [105], [90]
and [79]. In [91] the author gives an example of a wild 2-sphere in S4 which is the
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limit set of a geometrically finite Kleinian group. In [28] the authors construct an
infinite number of wild knots Sn ↪→ Sn+2 for n = 1, . . . , 5, which are limit sets of
geometrically finite Kleinian groups. Also, in [92] the authors construct an action
of a Kleinian group on S3, whose limit set Λ is a wild Cantor set, which is a kind
of Antoine’s necklace. This construction can be generalised to all odd-dimensional
spheres, and it is shown that there exist discrete, real analytic actions on S2n+1

whose limit set is a Cantor set wildly embedded in S2n+1.

1.3 Rigidity and ergodicity

In this section we briefly discuss several rigidity and ergodicity theorems which
play a very important role in the theory of actions of discrete groups. There are
other important contributions along the lines of “rigidity and ergodicity”, as for
instance: the ergodicity of the geodesic flow on compact manifolds of constant
negative curvature, proved by Eberhard Hopf; Ragunathan’s conjecture, proved
by Marina Ratner; Birkhoff’s Ergodic theorem, and several others that we will not
discuss here, restricting our discussion to the results that we use in this monograph.

1.3.1 Moore’s Ergodicity Theorem

Important research on the theory of surfaces of constant negative curvature was
carried out around the turn of the 19th century by F. Klein, H. Poincaré and
others, in connection with complex function theory. This gave rise to the theory
of Kleinian and Fuchsian groups. If Γ is a discrete subgroup of PSL(2,R) with
no torsion elements, then the quotient M := H2

R
/Γ is a hyperbolic 2-dimensional

manifold, which is naturally equipped with the hyperbolic metric. Thus one has
the geodesics in M , and a well-defined geodesic flow on the unit tangent bundle
T1(M) of M .

The metric on M , being PSL(2,R)-invariant, defines an invariant measure on
M ; so one has an invariant measure also on T1(M), and one can look at the geodesic
flow from a measure-theoretical point of view. This was done by E. Hopf in 1939,
proving that for compact hyperbolic surfaces, the geodesic flow is ergodic. This
theorem was generalised by Hopf himself and by many other authors, in several
directions. One can mention for instance the remarkable works of M. Ratner, S.
G. Dani, G. A. Margulis, M. Raghunathan, S. V. Fomin, I. M. Gelfand, D. V.
Anosov, Y. G. Sinai and many others (see for instance Zimmer’s book for more
on the subject).

Moore’s Ergodicity Theorem (1966) can be thought of as belonging to this
class of results. It is well known that if G is a Lie group and H ⊂ G is a closed
subgroup, then there is a unique invariant measure class on the quotient manifold
G/H (where two measures are said to be in the same measure class if they have the
same zero-measure sets). Moore’s theorem answers the following natural question:
If G is a semisimple Lie group and H,Γ are closed subgroups, when is the action
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of H on G/Γ ergodic? Recall that a (connected) Lie group is said to be semisimple
if it has no nontrivial abelian connected normal closed subgroup.

Moore’s proof makes use of the power of representation theory of Lie groups
in the study of certain classes of flows on manifolds. The starting point is the
so-called “Mautner phenomenon” for unitary representations. This is a general
assertion of the form that “if γ(t) is a one-parameter subgroup of a Lie group G,
ρ is a unitary representation of G on a Hilbert space H and v is a vector in H
which is fixed by γ(t), i.e., ρ(γ(t))v = v for all t, then v must also be fixed by a
generally much larger subgroup H of G”. The existence of pairs (G,H) satisfying
the Mautner phenomenon was first exhibited in [204] and [62], and then studied
and clarified in [145].

Moore refined the notion of a Mautner phenomenon in various ways, one of
these leading to the ergodicity theorem. He proved that if G is a connected, semi-
simple Lie group with no compact factors, and H is a noncompact subgroup, then
the pair (G,H) satisfies that for any unitary representation ρ of G and a vector
x in the representation space of ρ, the equation ρ(h)x = x for all h ∈ H implies
that ρ(g)x = x for all g ∈ G. Then he showed that given (G,H) as above, if Γ is
a closed subgroup of G such that G/Γ has finite invariant measure, then H acts
ergodically on G/Γ.

More generally, Moore’s theorem can be stated as follows (we refer to [233,
2.2.15] for a proof of this theorem):

Theorem 1.3.1 (Moore’s Ergodicity Theorem). Let G =
∏

Gi be a finite product
where each Gi is a connected noncompact simple Lie group with finite centre.
Suppose S is an irreducible ergodic G-space with a finite invariant measure. If
H ⊂ G is a closed noncompact subgroup, then H is ergodic on S.

For instance, if Γ ⊂ SL(2,R) is a discrete subgroup which is cofinite (i.e.
H2

R
/Γ has finite area), then Γ acts ergodically on S1 ∼= SL(2,R)/P where P is the

noncompact subgroup of upper triangulable matrices. In this case S1 is the limit
set of Γ and we obtain that the action of Γ on its limit set is ergodic. This is a
special case of a more general theorem, that we briefly explain below, due to S. J.
Patterson in dimension 2 and to D. P. Sullivan in higher dimensions.

1.3.2 Mostow’s rigidity theorem

It has been known since Riemann that compact Riemann surfaces of genus > 0
have a rich deformation theory. Indeed, the conformal equivalence classes of com-
pact Riemann surfaces of genus g > 1 make up a complex manifold of dimension
3g− 3. This implies that the fundamental group Γ of one such surface, considered
as a subgroup of PSL(2,R) via the uniformisation theorem, admits a continuous
family of deformations which are not conjugate to Γ.

In 1960 Selberg made the remarkable discovery that certain higher-dimen-
sional symmetric compact manifolds of negative curvature behave very differently
in the sense that their fundamental groups, treated as discrete subgroups of the
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Lie groups of isometries of their universal covering, cannot be deformed nontriv-
ially. This led eventually to Mostow’s Rigidity Theorem for compact hyperbolic
manifolds [153], and more generally for simply connected Riemannian symmetric
spaces of negative curvature having no factors of rank 1 [154]:

Theorem 1.3.2 (Mostow Rigidity Theorem). Let Γ1 and Γ2 be discrete subgroups
of Iso(Hn

R
) with compact quotients Mi := Iso(Hn

R
)/Γi, i = 1, 2, with n ≥ 3. If Γ1

is isomorphic to Γ2, then Γ1 and Γ2 are conjugate in Iso(Hn
R
).

In other words, the mere fact that Γ1 and Γ2 are isomorphic as abstract
groups implies that they are actually conjugate in Iso(Hn

R
), which is remarkable.

We refer to Section 5 in [105] for a discussion on the relations amongst several
types of equivalences for discrete subgroups of Iso(Hn

R
) as well as for a wider view

of Mostow’s rigidity theorem and the known ways for proving it.
This theorem can be reformulated geometrically by saying that every iso-

morphism φ : π1(M1) → π1(M2) between the fundamental groups of compact
hyperbolic manifolds (or orbifolds) of dimension 3 or more, can be realised as
being induced by an isometry h : M1 → M2. In particular M1 and M2 are dif-
feomorphic. Furthermore, the hypothesis of the manifolds being compact can be
relaxed, just demanding that they have finite-volume. We refer to [150] for a short
and clear proof of Mostow’s rigidity theorem, which is along the same lines of
Mostow’s original proof. Here we sketch the main ideas.

The manifolds M1,M2, being of the form Iso(Hn
R
)/Γi, are Eilenberg-MacLane

spaces of type K(Γi, 1). Therefore the isomorphism φ between their fundamental
groups can be realised by a homotopy equivalence Φ : M1 →M2. One then has a
lifting Φ̃ of Φ to the universal covering:

Φ̃ : Hn
R → Hn

R .

Then one can show [150, Lemma 6.15] that Φ̃ is a quasi-isometric isomorphism
of Hn

R
. Next we observe that every quasi-isometric isomorphism f of Hn

R
extends

to a self-map F of the sphere at infinity Sn−1
∞ , the extension being defined as

follows: given x ∈ Sn−1
∞ , take a geodesic ray γ landing at x; consider the curve

f ◦γ, this is a “quasi-geodesic”. Let δ be a geodesic ray that “shadows” the quasi-
geodesic f ◦γ (i.e., δ is bounded distance away from f ◦γ). Then define F (x) as the
endpoint of δ. The next step is to show [150, theorems 6.12 and 6.14] that since
f is a quasi-isometry, then F is a quasi-conformal homeomorphism of Sn−1

∞ , and
it conjugates the action of Γ1 to that of Γ2. Moreover, the map F is differentiable
almost everywhere, by fundamental results on quasi-conformal mappings. In fact
McMullen points out that all these arguments work equally well for n = 2: it
is in the final step that we need the hypothesis n > 2 in order to prove, using
the ergodicity of the geodesic flow, that F is actually conformal and therefore
corresponds to an isometry of Hn

R
.

The following remarkable theorem from [228] extends Mostow’s theorem for
noncompact manifolds. The proof is based on work on quasi-conformal homeo-
morphisms of Sn−1 due to Mostow, Tukia and others.
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Theorem 1.3.3 (Tukia’s Rigidity Theorem). Let Hn
R
denote the n-dimensional hy-

perbolic space. Suppose that n > 2 and let Γ1 be a discrete subgroup of Iso+Hn
R
. Let

f be a quasi-conformal homeomorphism of Hn
R
inducing a conjugation ϕ between

Γ1 and another subgroup Γ2 ⊂ Iso+Hn
R
. Suppose that for every k > 0 there exists

a compact set D ⊂ Hn
R
such that f is k-quasi-conformal outside the orbit of D.

Then the extension of f to the boundary Sn−1 of Hn
R
is a conformal map, and ϕ

is a conjugation by a Möbius transformation.

Mostow’s Rigidity Theorem is a deep and fundamental theorem in the theory
of hyperbolic geometry and Kleinian groups, opening a gate for striking rigidity
theorems, as sketched above. We may consider, more generally, discrete groups Γ
of semisimple Lie groups G. Recall that the rank of G is the maximal dimension
of an abelian subgroup which can be diagonalised (over R or C, as the case may
be). A discrete subgroup Γ ⊂ G is called a lattice if the quotient G/Γ has finite
volume; the lattice is cocompact (or uniform) if G/Γ is actually compact. For
instance SL(n,R) has rank n− 1 over R. Mostow’s rigidity theorem was extended
in [154] for uniform lattices in semisimple groups of rank > 1 with trivial centre
and no compact factors, and then in [141] for the nonuniform case. This is known
as the Mostow-Margulis Rigidity Theorem. The theorem also holds for groups of
rank 1 excluding PSL(2,R), by [154] in the uniform case and by [179] for general
lattices. In [150] there is a version of Mostow rigidity that works for hyperbolic
surfaces.

We refer to Raghunathan’s book “Discrete subgroups of Lie groups” for a
clear and comprehensive account on the topic with material known by the early
1970’s. This is also discussed in R. J. Zimmer’s book “Ergodic theory and semisim-
ple groups”, published in 1984, which includes Margulis’ work on rigidity and
arithmeticity of lattices in semisimple groups. Of course there is also Margulis’
book, published in 1991, which gives a coherent presentation of the theory of lat-
tices, their structure and their classification. Margulis superrigidity theorem is a
striking result stating that all lattices in any simple Lie group of R-rank ≥ 2 are
superrigid. This means that given such a Lie group G, a lattice Γ in it, and a
homomorphism φΓ → GL (n,R), for any n, then φ actually extends (virtually)

to a homomorphism φ̃ → GL (n,R) so that its image is contained in the Zariski
closure of φ(Γ). As usual, “virtually” means that for this statement to hold we
may possibly have to restrict our attention to a subgroup of finite index in Γ.
Superrigidity is so strong that Margulis theorem implies that all lattices in such a
group G are arithmetic.

1.3.3 On the Patterson-Sullivan measure

At the end of the 1970s, S. J. Patterson in [172] gave a geometric construction of a
family (σx)x∈Hn+1 of measures associated to every discrete subgroup Γ ⊂ IsoH2

R
,

with support in the limit set, which are quasi-invariant under the action of Γ and
δΓ-conformal. D. P. Sullivan in [213] extended Patterson’s construction to higher
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dimensions. In some sense, the Patterson-Sullivan measures give the proportion
of elements of the orbit Γx that go to a given zone in Sn. This construction laid
down the foundations for a measure theoretical study of the limit sets arising from
discrete groups.

From our knowledge of ergodic theory, we know that quasi-invariant mea-
sures, rather than the invariant ones, are the correct type of measures to look
for in the study of the dynamics of discrete groups (c.f. Subsection 1.3.1). The re-
markable construction of the Patterson-Sullivan measures, that we briefly describe
below, fits along this line of ideas.

We consider a discrete group Γ ⊂ Iso(Hn+1) acting on the hyperbolic space,
that we think of as being the unit ball Bn+1 endowed with the hyperbolic metric.
We are interested in the distribution of the orbits in Hn+1 and the way in which
they approach the sphere at infinity. For each x ∈ Bn+1, we denote by B(x,R) the
ball of radius R centred at x. We use the orbital counting function defined by:

N(R, x) = card({B(x,R) ∩ Γx}) .

One has that there exists a constant A depending on Γ, such that

N(R, x) < A · ern .

This orbital counting function plays an important role in the sequel, and it is very
much related to the so-called critical exponent of the group, and to the Hausdorff
dimension of the limit set. The critical exponent is a concept, a number, associated
to the rate at which the orbits tend to the sphere at infinity Sn∞, which is the unit
sphere in Rn+1. In fact, notice that given any point x ∈ Bn+1, a way to study how
its orbit tends to Sn∞ is by looking at the numbers 1− |γ(x)| for γ ∈ Γ, or in other
words, by looking at the distance to the centre 0 of points in the orbit . If dh(x, y)
denotes the hyperbolic distance, then it is not hard to see that one has

dh(0, x) = log
(1 + |x|
1− |x|

)
. (1.3.4)

Together with the triangle inequality, this implies that for all x, y ∈ Bn+1, one has

1− |γ(x)| ≤ 2 edh(x,y) (1− |γ(y)|) ,

which implies that the ratios

1− |γ(x)|
1− |γ(y)| , with γ ∈ Γ ,

are comparable in the sense that they lie between finite limits. Hence, a good way
to study the rate at which the orbits tend to ∞ is to consider the convergence of
the series ∑

γ∈Γ

(1− |γ(0)|)α , (1.3.5)
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for various α > 0. Since the hyperbolic distance to 0 is given by equation (1.3.4),
it is an exercise to see that the convergence or divergence of the series in equation
(1.3.5) coincides with the convergence or divergence of the Poincaré series∑

γ∈Γ

e−αdh(0,γ(0)) . (1.3.6)

And this latter series is often easier to handle than the previous one. In fact,
using the orbital counting function it is easy to see that the series (1.3.6) always
converges for α > n. So it makes sense to define:

Definition 1.3.7. The critical exponent of the group Γ ⊂ Iso(Hn+1) is the number
defined by:

δΓ = inf
{
α ∈ R

∣∣ ∑
γ∈Γ

e−αdh(0,γ(0)) <∞
}
.

The critical exponent depends only on Γ and it can be expressed in terms of
the orbital counting function as:

δΓ = lim sup
R

R→∞
��

1

R
logN(R, 0).

This is a nonnegative number which is at most n. The Poincaré series in equation
(1.3.6) converges for α > δΓ and diverges for α < δΓ. For α = δΓ, the series may
converge or not. The group Γ is said to be of convergence type if the above series
converges when α is the critical exponent. Otherwise the group is said to be of
divergence type.

One has (see for instance [57] or [163, 1.6.2 and 1.6.3]):

Theorem 1.3.8. If the group Γ is such that its limit set is not the whole sphere Sn∞,
then the series (1.3.6) converges at the exponent n. If the limit set is all of Sn∞ and
Γ is cofinite, then its critical exponent is δΓ = n and the group is of divergence
type.

For x, y ∈ Bn+1 and s > δΓ, set

gs(x, y) =
∑
γ∈Γ

e−s dh(x,γ(y)) .

The idea now is to construct a measure for x, y, s by placing a Dirac point mass of

weight e−s dh(x,γ(y)

gs(x,y)
at each point in the orbit of y. One then aims to get a measure

in the limit as s → δ+γ . It turns out that if the group is of divergence type, this
procedure works fine. However, if the group is of convergence type, one does not
get anything interesting.
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To overcome this difficulty, the point masses are multiplied by a factor
h(dh(x, γ(y))) which does not change the critical exponent of the series, but en-
sures divergence at that exponent. Then one has the corresponding Poincaré series

P (s, x) =
∑
γ∈Γ

h(dh(x, γ(x)))e
−sdh(x,γ(x)) ,

and one may argue as for groups of divergence type. The function h : R+ → R
must be continuous, nondecreasing and with the following properties:

(i) The corresponding Poincaré series converges for s > δΓ and diverges for
s ≤ δΓ.

(ii) For every ε > 0 there exists r0 such that if r > r0, t > 1, then h(t + r) ≤
eεth(r).

(iii) h(r + t) ≤ h(r)h(t).

Now one has:

Definition 1.3.9. Let Γ be a discrete subgroup of Möbius transformations acting
on the unit ball Bn+1 and let x ∈ Bn+1. Define the Patterson-Sullivan measure μx

associated to Γ at x as the weak limit of the series,

1

P (s, x)

∑
γ∈Γ

h(dh(x, γ(x))) e
−sd(x,γ(x)) D(γ x) , (1.3.9)

as s tends by the above to the critical exponent δΓ, where D(γ x) is the Dirac
point mass of weight 1 at γ x.

Theorem 1.3.10. Let Γ be a nonelementary group of Möbius transformations of
Hn+1

R
, n ≥ 1. Then for each x ∈ Hn+1

R
there exists a Patterson-Sullivan measure

μx associated to Γ.

In fact, if the group is convex cocompact, then its critical exponent equals
the Hausdorff dimension of the limit set ([163, Theorem 4.6.4]).

The following result describes basic properties of the Patterson-Sullivan mea-
sures (we refer to [218] or [163]) for the proof of these statements).

Theorem 1.3.11. Let Γ be a nonelementary group of Möbius transformations of
Hn+1

R
. For every x ∈ Hn+1

R
, let μx be a Patterson-Sullivan measure associated to

Γ. Then:

(i) The measure μx is concentrated in the limit set Λ(Γ).

(ii) For each γ ∈ Γ one has: γ∗μx = μγ−1(x).

(iii) For each γ ∈ Γ one has: γ∗μx = |γ′
x|δΓ μx.
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(iv) For every x, y ∈ Hn+1
R

the measures μx, μy are absolutely continuous with
respect to each other and the Radon-Nikodym derivative satisfies

dμx

dμy
(z) =

(
P (x, z)

P (y, z)

)δΓ

where P (x, z) = 1−|x|2
|x−z|2 is the Poisson kernel.

(v) If Γ is nonelementary and geometrically finite, then the measure μx has no
atomic part.

(vi) For each Borel set A and each γ ∈ Γ it follows that:

μ(γ(A)) =

∫
A

|γ′|δΓdμ, (1.3.12)

where |γ′ denotes the unique positive number making γ′

|γ′ an orthogonal ma-
trix.

Any quasi-invariant, finite, positive Borel measure with support on the limit
set and satisfying items (ii) and (iv), with δΓ replaced by an α, is said to be a
conformal measure (or density) of dimension α for Γ. And every conformal density
satisfies equation (1.3.12).

Conformal measures were introduced by Patterson in dimension 2, and then
by Sullivan in general. These appear as powerful tools in several major appli-
cations. One of these is the investigation of the geodesic flow of the quotient
manifold. These appear also in relation with some rigidity problems connected to
the barycentre method; see for instance the characterization of symmetric spaces
due to [138] and [25]. Conformal measures appear as well in the study of several
geometric and number-theoretic problems related to fractal sets in holomorphic
dynamics, see for instance [149].

Now we look at the action of the group Γ ⊂ Iso(Hn+1
R

) on the sphere Sn∞.
We know from the previous discussion that if Γ is nonelementary, then one has
the conformal densities μx of dimension δΓ, the critical exponent of the group.
These define conformal measures on the sphere, with support on the limit set of
the group. One has the following theorem from [218]:

Theorem 1.3.13. Assume a discrete group Γ ⊂ Iso(Hn+1
R

) admits a Γ-invariant
conformal density σ of dimension α > 0. Then the action of Γ on Sn∞ is ergodic
with respect to the measure class defined by σ if and only if the only Γ-invariant
conformal densities of dimension α are constant multiples of σ.

Theorem 1.3.14. Let Γ ⊂ Iso(Hn+1
R

) be a geometriclly finite group and σ a con-
formal invariant density of dimension α > 0, then Γ is ergodic on Sn × Sn with
respect to σx × σx.
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In analogy with the theorem of E. Hopf about ergodicity of the geodesic flow
with respect to a certain measure, associated to the Lebesgue measure, D. Sullivan
discovered that the Patterson-Sullivan measures determine an invariant measure
for the geodesic flow on the unit tangent bundle of the manifold Hn+1/Γ. More
precisely:

Let U be the unitary tangent bundle of Hn+1, that is,

U = {(x, η) : x ∈ Hn+1, η ∈ Tx(Hn+1) is unitary} .

This space can be described as follows: given any (x, η) ∈ U , there is exactly one
geodesic ν passing through x whose velocity vector at x is η. Set ν+ and ν− for
the beginning and the end points of this geodesic and let z be the euclidean mid
point of the geodesic ν. Notice that the geodesics in Hn+1 correspond bijectively
with the pairs of distinct point in the sphere at infinity Sn = Sn∞. Thus we can
define a homeomorphism

φ : U → ((Sn × Sn) \ {(y, y) ∈ Sn × Sn})× R ,

by

φ(z, x) =

{
(ν−, ν+, d(x, z)) if x ∈ z̃, ν+,

(ν−, ν+,−d(x, z)) if x ∈ z̃, ν−

where x̃, ν± is the connected component of ν \ {z} containing ν±.
From now on the spaces U and φ(U) both will be represented by U .
Now we can define the flow gt on U which serves as basis for the geodesic

flow

gt(ν−, ν+, s) = (ν−, ν+, t+ s).

Observe that the group of Möbius transformations leaving invariant Hn+1
R

acts naturally on U by

γ(x, η) =

(
γ(x),

γ′(x)
|γ′(x)|η

)
.

Using this equation it is easy to show that:

(i) The action of Möb(Hn+1
R

) commutes with the flow gt.

(ii) Whenever Γ ∈ Möb(Hn+1
R

) is a discrete group, the action of Γ on U is properly
discontinuous.

(iii) Given a Patterson-Sullivan measure μx for Γ we have a Γ-invariant measure
mσ on U defined by the following differential (see [163, Chapter 8] for details):

dmσ(ν−, ν+, s) =
dμx(η−)dμx(η+)ds

|ν+ − ν − |2δγ .
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Now consider the quotient U/Γ. Since gt commutes with the action of the
group Möb(Hn+1

R
), it follows that gt induces a flow g′t on the manifold U/Γ, which

is called the geodesic flow and mσ induces a measure m′
σ on U/Γ which is g′t-

invariant.
Recall that the geodesic flow on U is said to be conservative if for every set

A ⊂ U with μx(A) > 0, we have mux(A∩ gt(A)) > 0 for an infinite sequence (tn).

Let us now recall the definition of the conical limit set of Γ:

Definition 1.3.15. A point z ∈ Sn in the limit set Λ of Γ is said to be a conical
limit point if for each x ∈ Hn+1

R
, regarded as the unit ball, there is a sequence

(γm) ⊂ Γ such that the sequence

|z − γm(x)|
1− |γm(x)| ,

remains bounded.

Intuitively, conical points are the points in the limit set which are approxi-
mated by orbits within a cone. More precisely, a point z ∈ Sn is a conical limit
point for Γ if there is a geodesic σ in Hn+1

R
ending at z and such that for every

x ∈ Hn+1
R

, there are infinitely many Γ-images of x within a bounded hyperbolic
distance from σ.

For instance, it is clear that every fixed point of a loxodromic element in Γ is
a conical limit point. On the contrary, a fixed point of a parabolic element in Γ is a
limit point which cannot be conical, since every parabolic element is conjugate to
a translation. In fact one has that for geometrically finite groups, the whole limit
set Λ consists fully of conical limit points and fixed points of parabolic elements.

The following theorem can be stated for conformal densities in general (see
[163]), however for the sake of simplicity we state it only for the Patterson-Sullivan
measures.

Theorem 1.3.16. Let Γ be a Möbius group preserving Hn+1
R

, μx a Patterson-
Sullivan measure for Γ of exponent δΓ, and g′t the geodesic flow on U/Γ. Let m′

μx

be the invariant measure on U constructed above. Then the following statements
are equivalent:

(i) The geodesic flow g′t is m′
μx
-conservative.

(ii) The geodesic flow g′t is m′
μx
-ergodic.

(iii) ∑
(1− |γ(0)|)δΓ =∞.

(iv) Γ is (σ × σ)-ergodic on Sn × Sn.

(v) The conical limit set has full μx-measure.
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Remark 1.3.17. The construction of conformal densities (and Patterson-Sullivan
measures) generalises to the case of complex hyperbolic groups, that we study in
the sequel. This generalises also to quaternionic hyperbolic groups and actually for
every nonelementary discrete group of isometries of a simply connected complete
Riemannian manifold with negative curvature, see for instance [180, 181].

1.3.4 Sullivan’s theorem on nonexistence of invariant lines

D. P. Sullivan in [215] proved the following remarkable theorem:

Theorem 1.3.18. Let Γ be a finitely generated discrete group of isometries of the
hyperbolic space H3, so that Γ is also a group of conformal transformations of the
sphere S2. Then there is no Γ-invariant measurable vector field on the conservative
part of S2 for the action with respect to Lebesgue measure. Hence there is no
measurable Γ-invariant field of tangent lines supported on the limit set.

A measurable version of the Riemann mapping theorem due to Ahlfors and
Bers gives a one-to-one correspondence between measurable vector fields and
quasi-conformal homeomorphisms, up to composition with a conformal homeo-
morphism. Hence Sullivan’s theorem says that on the conservative part of S2 there
are no quasi-conformal deformations of Γ. Hence this theorem of Sullivan is in the
same spirit as Mostow’s rigidity theorem.

This theorem has important applications in geometry and dynamics, and we
refer to [148] and [166] for more on the topic. In the sequel we use (in Chapter 10)
a generalization of Sullivan’s theorem proved in [202], which is based on a deep
theorem by L. Flaminio and R. J. Spatzier that we explain below.

It is worth saying that it is not known whether or not the equivalent of
Theorem 1.3.18 holds for rational maps on the Riemann sphere. This would have
important applications to iteration theory and there are several people working
on that problem.

Recall that a subset of Iso(Hn
R
), regarded as an algebraic variety, is said to

be Zariski closed if it is the set of solutions (zeroes) of a collection of polynomial
equations on Iso(Hn

R
). Given a subset V of Iso(Hn

R
), its Zariski closure is the

(unique) smallest algebraic subset of Iso(Hn
R
) that contains V . It is not hard to

see that if V is a group, then its Zariski closure is also a group.

Definition 1.3.19. A discrete subgroup Γ of Iso+(Hn
R
) is said to be Zariski-dense

in Iso+(Hn
R
) if its Zariski closure is all of Iso+(Hn

R
).

We know from the previous section that if Γ is a geometrically-finite discrete
subgroup of Iso+(Hn

R
), then there is a unique Patterson-Sullivan measure, up to

constant multiples. We denote this by μ. One has:

Theorem 1.3.20 ([59]). Let Γ be a geometrically-finite discrete subgroup of Iso+(Hn
R
)

which is Zariski-dense. Let μ be the Patterson-Sullivan measure on the limit set
Λ of Γ. Then every Γ-invariant measurable distribution on Λ ⊂ Sn−1 by subspaces
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of dimension d is μ-almost everywhere trivial, i.e., either d = n − 1 or d = 0.
Furthermore, the restriction to Λ of the bundle of orthonormal n-frames on Sn

is locally Ux × SO(n), with Ux an open set in Λ, so we can endow it with the
measure μ̃ which is (locally) the product of μ with the invariant measure measure
on SO(n). Then Γ acts on this bundle, via the differential, and this action is
ergodic with respect to μ̃ .

This theorem is used in [59] to study rigidity properties of the horospherical
foliations of geometrically finite hyperbolic manifolds, generalizing Marina Rat-
ner’s theorem.

One also has the following theorem of [202], which improves Theorem 1.3.20.
This result will be used in the sequel, in Chapter 10.

Theorem 1.3.21. Let Γ be a geometrically-finite and Zariski-dense discrete sub-
group of Iso(Hn+1

R
). Let μ be the Patterson-Sullivan measure on the limit set Λ.

Let 0 < p < n. Let ΓΛ,p be the the restriction to Λ of the Grassmannian fibre
bundle, Gn,p(Sn), of p-dimensional subspaces of TSn. Then Γ acts, via the differ-
ential, minimally on GΛ,p. Furthermore, Γ acts ergodically on GΛ,p with respect to
the measure μ̃ which is (locally) the product of μ with the homogeneous measure
on Gn,p = SO(n)/(SO(p)× SO(n− p)).

The proof of ergodicity in Theorem 1.3.21 follows easily from Theorem 1.3.20
above. In fact, notice that locally one has a product structure: given any point
x ∈ Λ, there is an open neighbourhood Ux of x in Sn such that, GΛ,p|Ux

∼=
(Λ ∩ Ux) × Gn,p

∼= (Λ ∩ Ux) × (SO(n)/(SO(p)× SO(n− p))). Furthermore, the
action of Γ on GΛ,p sends a fibre isometrically onto a fibre, since Γ preserves angles.
The action of Γ on GΛ,p is a factor of the action of Γ on FΛ,n, the restriction to Λ
of the bundle of orthonormal n-frames on Sn, which locally is Ux × SO(n). This
action is ergodic with respect to μ̃ by [59]. Hence the action on GΛ,p is also ergodic.

In order to prove the minimality of the action stated in the theorem above,
the next step, once we have the ergodicity, is to show that the action of Γ on GΛ,p

carries fibres isometrically into fibres. This is an exercise and we refer to [202]
for details. Then the minimality of the action follows from the ergodicity together
with the following general theorem (2.3.1 in [202]): (Only the first statement below
is needed for Theorem 1.3.21, but the second statement will be used in Chapter
10.)

Theorem 1.3.22. Let X and Y be compact metric spaces, and let G be a compact
group which acts minimally on X. Let π : E → X be a locally trivial fibre bundle
with fibre Y , such that G acts on E as a skew-product, g(x, y) = (g(x), F(g,x)(y)),
where F(g,x) : Y → Y is an isometry for each (g, x) ∈ G×X. Let H be a minimal
subset of E for the action of G. Then:

(i) The restriction of π to H, π|H : H → X, is a locally trivial fibre bundle,
whose fibres are homogeneous spaces on which G acts transitively.

(ii) If the space Y is the 2-sphere, then either the minimal set H is all of E, or
else the bundle π : E → X admits a section.
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This theorem implies that if the action of Γ on GΛ,p is not minimal, then
there exists a minimal set F ⊂ GΛ,p which is a fibre bundle over Λ and whose fibre
Fx, at x ∈ Λ, is a proper submanifold of the fibre {x} × Gn,p. All submanifolds
Fx are isometric. Consider a small tubular neighbourhood Ux of Fx in the fibre
{x} × Gn,p consisting of points at distance less than ε > 0 of Fx. Then, for ε
small, the union U := ∪x∈ΛUx is a measurable set of positive measure which is
Γ-invariant and whose measure varies with ε. This contradicts ergodicity, so the
action is minimal. �



Chapter 2

Complex Hyperbolic Geometry

In complex hyperbolic geometry we consider an open set biholomorphic to an
open ball in Cn, and we equip it with a particular metric that makes it have
constant negative holomorphic curvature. This is analogous to but different from
the real hyperbolic space. In the complex case, the sectional curvature is constant
on complex lines, but it changes when we consider real 2-planes which are not
complex lines.

Complex hyperbolic geometry contains in it the real version: while every
complex Ck-plane in Hn

C
is biholomorphically isometric to Hk

C
, every totally real k-

plane in Hn
C
is isometric to the real hyperbolic space Hk

R
. Moreover, every complex

line in Hn
C
is biholomorphically isometric to H2

R
.

There are three classical models for complex hyperbolic space Hn
C
: the unit

ball model in Cn, the projective ball model in Pn
C
and the Siegel domain model.

In this monograph we normally use the projective ball model, and the symbol
Hn

C
will be reserved for that. These models for complex hyperbolic n-space are

briefly discussed in Sections 2 and 3, where we also explain and define some basic
notions which are used in the sequel, such as chains, bisectors and spinal spheres,
horospherical coordinates and the Heisenberg geometry at infinity. We refer to
[67], [71], [168], [200], [169] for rich accounts on complex hyperbolic geometry.

In Section 4 we discuss the geometry, dynamics and algebraic properties of
the elements in the projective Lorentz group PU(n, 1), which is the group of holo-
morphic isometries of Hn

C
. We give in detail Goldman’s proof of the classification

according to trace, since this paves the ground for the discussion in Chapter 4.
In Section 5 we discuss methods and sources for constructing complex hy-

perbolic Kleinian groups, i.e., discrete subgroups of PU(n, 1). For further reading
on this we refer to the excellent survey articles [105], [168] and the bibliography
in them. As explained in [168], the methods for constructing complex hyperbolic
lattices can be roughly classified into four types: i) Arithmetic constructions; ii)
reflection groups and construction of appropriate fundamental domains; iii) al-
gebraic constructions, via the Yau-Miyaoka uniformisation theorem; and iv) as

DOI 10.1007/978-3-0348-0481-3_2, © Springer Basel 2013
A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 41
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monodromy groups of certain hypergeometric functions. In fact, a fundamental
problem in complex hyperbolic geometry is whether or not there are nonarith-
metic lattices in dimensions ≥ 3 (see for instance [50]).

Finally, Section 6 is based on [45]. Here we discuss the definition of limit set
for complex hyperbolic Kleinian groups and give some of its properties. This is
analogous to the corresponding definition in real hyperbolic geometry. The simi-
larities in both settings spring from the fact that in both situations one has the
convergence property (see [105, §3.2]): every sequence of isometries either contains
a convergent subsequence or contains a subsequence which converges to a constant
map away from a point on the sphere at infinity. This property is not satisfied by
discrete subgroups of PSL(n + 1,C) in general, and this is why even the concept
of limit set becomes intriguing in that general setting. This will be explored in the
following chapters.

2.1 Some basic facts on Projective geometry

We recall that the complex projective space Pn
C
is defined as

Pn
C = (Cn+1 − {0})/ ∼ ,

where “∼” denotes the equivalence relation given by x ∼ y if and only if x =
λy for some nonzero complex scalar λ. This is a compact connected complex n-
dimensional manifold, diffeomorphic to the orbit space S2n+1/U(1), where U(1)
is acting coordinate-wise on the unit sphere in Cn+1.

We notice that the usual Riemannian metric on S2n+1 is invariant under the
action of U(1) and therefore descends to a Riemannian metric on Pn

C
, which is

known as the Fubini-Study metric.
If [ ]n : Cn+1 − {0} → Pn

C
represents the quotient map, then a nonempty set

H ⊂ Pn
C
is said to be a projective subspace of dimension k if there is a C-linear

subspace H̃ ⊂ Cn+1 of dimension k+1 such that [H̃]n = H. If no confusion arises,
we will denote the map [ ]n just by [ ]. Given a subset P in Pn

C
, we define

〈P 〉 =
⋂
{l ⊂ Pn

C | l is a projective subspace and P ⊂ l}.

Then 〈P 〉 is a projective subspace of Pn
C
, see for instance [125]. In particular, given

p, q ∈ Pn
C
distinct points, 〈{p, q}〉 is the unique proper complex projective subspace

passing through p and q. Such a subspace will be called a complex (projective)
line and denoted by ←→p, q; this is the image under [ ]n of a two-dimensional linear
subspace of Cn+1. Observe that if �1, �2 are different complex lines in P2

C
, then

�1 ∩ �2 consists of exactly one point.
If e1, . . . , en+1 denotes the elements of the standard basis in Cn+1, we will

use the same symbols to denote their images under [ ]n.

It is clear that every linear automorphism of Cn+1 defines a holomorphic
automorphism of Pn

C
, and it is well known (see for instance [37]) that every auto-

morphism of Pn
C
arises in this way. Thus one has
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Theorem 2.1.1. The group of projective automorphisms is:

PSL(n+ 1,C) := GL (n+ 1,C)/(C∗)n+1 ∼= SL(n+ 1,C)/Zn+1 ,

where (C∗)n+1 is being regarded as the subgroup of diagonal matrices with a single
nonzero eigenvalue, and we consider the action of Zn+1 (viewed as the roots of the
unity) on SL(n+ 1,C) given by the usual scalar multiplication.

This result is in fact a special case of a more general, well-known theorem,
stating that every holomorphic endomorphism f : Pn

C
→ Pn

C
is induced by a poly-

nomial self-map F = (F0, . . . , Fn) of Cn+1 such that F−1(0) = {0} and the com-
ponents Fi are all homogeneous polynomials of the same degree. The case we
envisage here is when these polynomials are actually linear.

We denote by [[ ]]n+1 : SL(n+1,C)→ PSL(n+1,C) the quotient map. Given
γ ∈ PSL(n+ 1,C) we say that γ̃ ∈ GL (n+ 1,C) is a lift of γ if there is an scalar
r ∈ C∗ such that rγ̃ ∈ SL(n,C) and [[rγ̃]]n+1 = γ.

Notice that PSL(n + 1,C) acts transitively, effectively and by biholomor-
phisms on Pn

C
, taking projective subspaces into projective subspaces.

There are two classical ways of decomposing the projective space that will
play a significant role in the sequel; each provides a rich source of discrete sub-
groups of PSL(n + 1,C). The first is by thinking of Pn

C
as being the union of Cn

and the “hyperplane at infinity”:

Pn
C = Cn ∪ Pn−1

C
.

A way for doing so is by writing

Cn+1 = Cn × C = {(Z, zn+1) |Z = (z1, . . . , zn) ∈ Cn and zn+1 ∈ C} .

Then every point in the hyperplane {(Z, 1)} determines a unique line through
the origin in Cn+1, i.e., a point in Pn

C
; and every point in Pn

C
is obtained in this

way except for those corresponding to lines (or “directions”) in the hyperplane
{(Z, 0)}, which form the “hyperplane at infinity” Pn−1

C
.

It is clear that every affine map of Cn+1 leaves invariant the hyperplane at
infinity Pn−1

C
. Furthermore, every such map carries lines in Cn+1 into lines in Cn+1,

so the map naturally extends to the hyperplane at infinity. This gives a natural
inclusion of the affine group

Aff (Cn) ∼= GL (n,C)�Cn ,

in the projective group PSL(n+ 1,C). Hence every discrete subgroup of Aff (Cn)
is a discrete subgroup of PSL(n+ 1,C).

The second classical way of decomposing the projective space that plays a
significant role in this monograph leads to complex hyperbolic geometry, which
we study in the following section. For this we think of Cn+1 as being a union
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V− ∪ V0 ∪ V+, where each of these sets consists of the points (Z, zn+1) ∈ Cn+1

satisfying that ‖Z‖2 is respectively smaller, equal to or larger than |zn+1|.
We will see in the following section that the projectivisation of V− is an

open (2n)-ball B in Pn
C
, bounded by [V0], which is a sphere. This ball B serves as

model for complex hyperbolic geometry. Its full group of holomorphic isometries is
PU(n, 1), the subgroup of PSL(n+1,C) of projective automorphisms that preserve
B. This gives a second natural source of discrete subgroups of PSL(n+1,C), those
coming from complex hyperbolic geometry.

We finish this section with some results about subgroups of PSL(n + 1,C)
that will be used later in the text.

Proposition 2.1.2. Let Γ ⊂ PSL(n + 1,C) be a discrete group. Then Γ is finite if
and only if every element in Γ has finite order.

This proposition follows from the theorem below (see [182, Theorem 8.29])
and its corollary; see [160], [41] for details.

Theorem 2.1.3 (Jordan). For any n ∈ N there is an integer S(n) with the following
property: If G ⊂ GL(n,C) is a finite subgroup, then G admits an abelian normal
subgroup N such that card(G) ≤ S(n)card(N).

Corollary 2.1.4. Let G be a countable subgroup of GL(3,C), then there is an infinite
commutative subgroup N of G.

Proof of Proposition 2.1.2. If every element in G has finite order, then by Selberg’s
lemma (see for instance [186]) it follows that G has an infinite set of generators,
say {γm}m∈N. Define

Am = 〈γ1, . . . , γm〉,

then by Selberg’s lemma Am is finite and by Theorem 2.1.3 there is a normal
commutative subgroup N(Am) of Am such that

card(Am) ≤ S(3)card(N(Am)).

Assume, without loss of generality, that card(Am) = k0card(N(Am)) for some k0
and every m. Set

nm = max{o(g) : g ∈ N(Am)},

where o(g) represents the order of g, and consider the following cases:

Case 1. The sequence (nm)m∈N is unbounded.

In this case we can assume that

k0nj < nj+1 for all j.

Now for each m, consider γm ∈ N(Am) such that o(γm) = nm. Thus γk0
m ∈⋂

m≤j N(Aj) and γk0
m �= γk0

j . Hence 〈γk0
m : m ∈ N〉 is an infinite commutative

subgroup of G.
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Case 2. The sequence (nm)m∈N is bounded.

We may assume that nm = c0 for every index m. Let us construct the following
sequence:

Step 1. Assume that card(N(A1)) > k0c
3
o. For each m > 1, consider the map

φ1,m : N(A1) −→ Am/N(Am)

given by l �→ N(Am)l. Since card(N(A1)) > card(Am/N(Am)) = k0, we deduce
that φ1,m is not injective. Then there is an element w1 �= id and a subsequence
(Bn)n∈N ⊂ (An)n∈N such that card(N(B1)) > k0c

4
o and w1 ∈

⋂
m∈N

N(Bm).

Step 2. For everym∈N consider the map φ2,m : N(B1)/〈w1〉 −→ Bm/N(Bm)
given by 〈w1〉l �→ N(Bm)l. As in step 1 we can deduce that there is an element
w2 and a subsequence (Cn)n∈N ⊂ (Bn)n∈N such that card(N(C1)) > k0c

5
o and

w2 ∈
⋂

m∈N
N(Cm)− 〈w1〉.

Step 3. For m ∈ N consider the map φ3,m : N(C1)/〈w1, w2〉 −→ Cm/N(Cm)
given by 〈w1, w2〉l �→ N(Cm)l. As in step 2 we deduce that there is an element
w3 and a subsequence (Dn)n∈N ⊂ (Cn)n∈N such that card(N(A1)) > k0c

6
o and

w3 ∈
⋂

m∈N
N(Dm)− 〈w1, w2〉.

Continuing this process ad infinitum we deduce that 〈wm : m ∈ N〉 is an
infinite commutative subgroup. �

2.2 Complex hyperbolic geometry. The ball model

There are three classical models for complex hyperbolic n-space, namely:

(i) the unit ball model in Cn;

(ii) the projective ball model in Pn
C
; and

(iii) the Siegel domain model in Cn.

Let us discuss first the ball models for complex hyperbolic space. For this, let
Cn,1 denote the vector space Cn+1 equipped with the Hermitian form 〈 , 〉 given
by

〈u, v〉 = u1v1 + · · ·+ unvn − un+1vn+1 ,

where u = (u1, u2, . . . , un+1) and v = (v1, v2, . . . , vn+1). This form corresponds to
the Hermitian matrix

H =

⎛⎝ 1 0 0
0 1 0
0 0 −1

⎞⎠ .

One obviously has 〈u, v〉 = uHv∗, where v∗ is the Hermitian adjoint of v, i.e., it
is the column vector with entries v̄1, i = 1, . . . , n + 1. Notice H has n positive
eigenvalues and a negative one, so it has signature (n, 1).
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As before, we think of Cn+1 ≈ Cn,1 as being the union V− ∪ V0 ∪ V+ of
negative, null and positive vectors z, depending respectively (in the obvious way)
on the sign of 〈z, z〉 = |z1|2+ · · ·+ |zn|2− |zn+1|2. It is clear that each of the three
sets V− ∪ V0 ∪ V+ is a union of complex lines; that is, if a vector v is in V−, then
every complex multiple of v is a negative vector, and similarly for V0 and V+. The
set V0 is often called the cone of light, or the space of null vectors for the quadratic
form Q(z) = 〈z, z〉.

We now look at the intersection of V0 and V− with the hyperplane in Cn,1

defined by zn+1 = 1. For V0 we get the (2n− 1)-sphere

S := {(z1, . . . , zn+1) ∈ Cn+1
∣∣ |z1|2 + · · ·+ |zn|2 = 1 } .

For V− we get the ball B bounded by S:

B := {(z1, . . . , zn+1) ∈ Cn+1
∣∣ |z1|2 + · · ·+ |zn|2 < 1 } .

This ball, equipped with the complex hyperbolic metric serves as a model for
complex hyperbolic geometry, this is the unit ball model of complex hyperbolic
space. We refer to [169] for details on this model and for beautiful explanations
about the way in which it relates to the Siegel domain model that we explain in
the following section.

To get the complex hyperbolic space we must endow B with the appropriate
metric. We do so in a similar way to how we did it in Chapter 1 for the real
hyperbolic space. Consider the group U(n, 1) of elements in GL (n + 1,C) that
preserve the above Hermitian form. That is, we consider matrices A satisfying
A∗HA = H, where A∗ is the Hermitian transpose of A (that is, each column
vector v with entries v0, v1, . . . , vn, is replaced by its transpose v∗, the row vector
(v̄0, v̄1, . . . , v̄n)). It is easy to see that U(n, 1) acts transitively on B with isotropy

U(n) (see [67, Lemma 3.1.3]). In fact U(n, 1) acts transitively on the space of
negative lines in Cn,1.

Let 0 = (0, . . . , 0, 1) denote the centre of the ball B, consider the space
T0B ∼= Cn tangent to B at 0, and put on it the usual Hermitian metric on Cn. Now
we use the action of U(n, 1) to spread the metric to all tangent spaces TxHn

C
, using

that the action is transitive and the isotropy is U(n), which preserves the usual
metric on Cn. We thus get a Hermitian metric on B, which is clearly homogeneous.
This is the complex hyperbolic metric, and the ball B, equipped with this metric,
serves as a model for complex hyperbolic n-space Hn

C
. This is the unit ball model

for complex hyperbolic space. The boundary ∂Hn
C
is called the sphere at infinity (it

is called the absolute in [67]).

Notice that this way of constructing a model for the complex hyperbolic
space Hn

C
is entirely analogous to the method used in Chapter 1 to construct

the real hyperbolic space Hn
R
. Yet, there is one significant difference. In the real

case the action of Iso(Hn
R
) on the unit ball has isotropy O(n) and this group acts

transitively on the spaces of lines and 2-planes through a given point. Thence Hn
R

has constant sectional curvature. In the complex case, the corresponding isotropy
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group is U(n), which acts transitively on the space of complex lines through a
given point, but it does not act transitively on the space of real 2-planes: a totally
real plane cannot be taken into a complex line by an element in U(n). Therefore
the sectional curvature of Hn

C
is not constant, though it has constant holomorphic

curvature.
Observe that for n = 1 one gets the complex hyperbolic line H1

C
. This corre-

sponds to the unit ball

{(z1, z2) ∈ C2
∣∣ |z1| < 1 and z2 = 1 } .

Notice that U(1) is isomorphic to SO(2), hence H1
C
is biholomorphically isometric

to the open ball model of the real hyperbolic space H2
R
. Moreover, since U(n, 1)

acts transitively on the space of negative lines in Cn,1, every such line can be
taken into the line spanned by the vector {(0, . . . , 0, 1)} ⊂ Cn,1 and the above
considerations essentially show that the induced metric on the unit ball in this
complex line corresponds to the usual real hyperbolic metric on the ball model for
H2

R
. That is: every complex line that meets Hn

C
determines an embedded copy of

H1
C
∼= H2

R
(see [67, §1.4] or [169, §5.2] for clear accounts on H1

C
).

It is now easy to construct the projective ball model for complex hyperbolic
space, which is the model we actually use in the sequel. For this we notice that if a
complex line through the origin 0 ∈ Cn+1 is null, then it meets the above sphere S
at exactly one point. Hence the projectivisation (V0\{0})/C∗ of V0 is diffeomorphic
to the (2n−1)-sphere S. Similar considerations apply for the negative lines, so the
projectivisation [V−] is the open 2n-ball [B] bounded by the sphere [S] = [V−].

The ball [B] in Pn
C
can be equipped with the metric coming from the complex

hyperbolic metric in B, and we get the projective ball model for complex hyperbolic
space. From now on, unless it is stated otherwise, the symbol Hn

C
will denote this

model for complex hyperbolic space. The corresponding Hermitian metric is the
Bergmann metric, up to multiplication by a constant. It is clear from the above
construction that the projective Lorentz group PU(n, 1) acts on Hn

C
as its the

group of holomorphic isometries.
In [67, 3.1.7] there is an algebraic expression for the distance function in

complex hyperbolic space which is useful, among other things, for making com-
putations. For this, recall first that in Euclidean space the distance function is
determined by the usual inner product, and this is closely related with the angle
between vectors x, y:

cos(∠(x, y)) =
|x · y|
‖x‖‖y‖ =

√
δ̂(x, y) ,

where δ̂(x, y) = (x·y)(y·x)
(x·x)(y·y) . Similarly, the Bergmann metric can be expressed (up to

multiplication by a constant) as follows: given points [x], [y] ∈ Hn
C
, their complex

hyperbolic distance ρ is:

ρ([x], [y]) = 2 cosh−1(
√

δ(x, y));
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δ(x, y) =
〈x, y〉〈y, x〉
〈x, x〉〈y, y〉 ,

where 〈 , 〉 is now the Hermitian product given by the quadratic form Q used to
construct Hn

C
.

2.2.1 Totally geodesic subspaces

Given a point z ∈ Hn
C

one wishes to know what the geodesics through z, and
more generally the totally geodesic subspaces of Hn

C
, look like. Here is a first

answer. Consider a complex projective line L in Pn
C
passing by z. Then L∩Hn

C
is a

holomorphic submanifold of Hn
C
and we already know (see the previous section or

[67, Theorem 3.1.10]) that L ∩ Hn
C
is isometric to H1

C
; the latter can be regarded

as H2
R
equipped with Poincare’s ball model for real hyperbolic geometry. This “2-

plane” L ∩Hn
C
is totally geodesic, i.e., every geodesic in Hn

C
joining two points in

L ∩ Hn
C
is actually contained in L ∩ Hn

C
∼= H1

C
. This type of surfaces in Hn

C
are

called complex geodesics (they are also called complex slices). They have constant
negative curvature for the Bergman metric, and we assume this metric has been
scaled so that these slices have constant sectional curvature −1 (see [67]). The
intersection of the projective line L with the boundary ∂Hn

C
is a circle S1. This

kind of circles in the sphere at infinity, which bound a complex slice, are called
chains.

Notice that two distinct points z1, z2 in Hn
C
determine a unique line in Pn

C
, so

there is a unique complex geodesic L passing through them. There is also a unique
real geodesic in L ∼= H2

R
passing through these points. Of course this statement

can be easily adapted to include the case when either one, or both, of these points
is in the boundary ∂Hn

C
.

Each real geodesic in Hn
C
is determined by its end points in the sphere ∂Hn

C
.

For each point q ∈ ∂Hn
C
, the real geodesics in Hn

C
which end at q are parametrised

by the points in R2n−1 ≈ ∂Hn
C
\q and they form a parabolic pencil (see [67, Sections

7.27, 7.28]). Each of these real geodesics σ is contained in a complex geodesic Σ
asymptotic to q, and the set of all complex geodesics end at q has the natural
structure of an (n− 1)-dimensional complex affine plane.

In fact, since each complex geodesic Σ corresponds to the intersection of the
ball Hn

C
with a complex projective line L, one has that Σ is asymptotic to all

points in L ∩ ∂Hn
C
, which form a circle S1. If the complex geodesic Σ ends at

q ∈ ∂Hn
C
, it follows that the real geodesics in Σ asymptotic to q are parametrised

by R ≈ (L ∩ ∂Hn
C
) \ {q}.

More generally, if P is a complex projective subspace of Pn
C

of dimension
k that passes through the point z ∈ Hn

C
, then P ∩ Hn

C
is obviously a complex

holomorphic submanifold of Hn
C
. Then Theorem 3.1.10 in [67] tells us that P ∩Hn

C

is actually a totally geodesic subspace of Hn
C
which is biholomorphically isometric

to Hk
C
. Such a holomorphic submanifold of Hn

C
is called a Ck-plane; so a Ck-plane

is a complex geodesic. The boundary of a Ck-plane is a sphere of real dimension
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2k−1 called a Ck-chain. This is the set of points where the corresponding projective
plane meets the sphere at infinity ∂Hn

C
. A C1-chain is simply a chain.

Goldman shows in his book that behind Ck-planes, there is only another type
of totally geodesic subspaces in Hn

C
: The totally real projective subspaces:

Definition 2.2.1. Let R̃k+1 be a linear real subspace of Cn,1 of real dimension k+1
which contains negative vectors. We say that R̃k+1 is totally real with respect to the
Hermitian form Q if J(R̃k+1) is Q-orthogonal to R̃k+1, where J denotes complex
multiplication by i. A totally real subspace of Hn

C
means the intersection with Hn

C

of the projectivisation Rk := [R̃k+1] of a totally real projective subspace R̃k+1 of
Cn,1. Such a plane in Hn

C
is called an Rk-plane. (Of course this can only happen if

k ≤ n.) An R2-plane is called a real slice.

It is easy to see that PU(n, 1) acts transitively on the set of all Rk-planes in
Hn

C
, for every k. One has (see [67, Section 3.1]):

Theorem 2.2.2. Every totally geodesic submanifold of Hn
C
is either a Ck-plane or an

Rk-plane. In particular Hn
C
has no totally geodesic real submanifolds of codimension

1 (for n > 1). Furthermore:

(i) Every Ck-plane, with its induced metric, is biholomorphically isometric to
Hk

C
. Every complex line in Hn

C
is biholomorphically isometric to Poincaré’s

ball model of H2
R
.

(ii) Ever Rk-plane, with its induced metric, is isometric to the real hyperbolic
space Hk

R
equipped with the Beltrami-Klein model for hyperbolic geometry.

(iii) In particular, Hn
C
has two types of real 2-planes which are both totally geodesic:

complex slices, and real slices. Furthermore, it is at these two types of 2-planes
where Hn

C
attains its bounds regarding sectional curvature: the sectional cur-

vature in Hn
C
varies in the interval [−1,− 1

4 ] with the upper bound correspond-
ing to the curvature of real slices and the lower one being attained at complex
slices.

2.2.2 Bisectors and spines

Recall that in real hyperbolic geometry the group of isometries is generated by
inversions on spheres of codimension 1 that meet orthogonally the sphere at in-
finity. This type of spheres are totally geodesic. These spheres also determine the
sides of the Dirichlet fundamental domains. In complex hyperbolic space, there
are no totally real submanifolds of codimension 1, and a reasonable substitute
are the bisectors (or equidistant hypersurfaces), that we now define. These were
introduced by Giraud (see [67]) and also used by Moser, who called them spinal
surfaces, to construct the first examples of nonarithmetic lattices in PU(n, 1).

Given points z1, z2 in Hn
C
, we denote by ρ(z1, z2) their complex hyperbolic

distance.
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Definition 2.2.3. Let z1, z2 be two distinct points in Hn
C
.

(i) The bisector of z1 and z2 is the set

E{z1, z2} = {z ∈ Hn
C

∣∣ ρ(z, z1) = ρ(z, z2) } .

(ii) The boundary of a bisector is called a spinal sphere in ∂Hn
C
.

(iii) The complex geodesic Σ = Σ(z1, z2) in Hn
C
spanned by z1, z2 is called the

complex spine (or simply the C-spine) of the bisector E{z1, z2} with respect
to z1 and z2.

(iv) The spine σ = σ(z1, z2) of E{z1, z2} with respect to z1 and z2 is the inter-
section of the bisector with the complex spine of z1 and z2:

σ := E{z1, z2} ∩ Σ = {z ∈ Σ
∣∣ ρ(z, z1) = ρ(z, z2) } .

Notice that by the above discussion, the complex spine Σ is the intersection
with Hn

C
of projectivisation of a complex linear 2-space in Cn,1. Thence one has

a (holomorphic) orthogonal projection πΣ : Hn
C
→ Σ induced by the orthogonal

projection in Cn,1 (with respect to the corresponding quadratic form). Then one
has the following theorem, which is essentially the Slice Decomposition Theorem
of Giraud and Mostow (see Theorem 5.1, its corollary 5.1.3 and lemma 5.1.4 in
[67]). Recall that a bisector is a real hypersurface in the complex manifold Hn

C
and

therefore comes equipped with a natural CR-structure and a Levi-form.

Theorem 2.2.4. The bisector E is a real analytic hypersurface in Hn
C
diffeomor-

phic to R2n−1, which fibres analytically over the spine σ with projection being the
restriction to E of the orthogonal projection πΣ : Hn

C
→ Σ:

E = π−1
Σ (σ) =

⋃
s∈σ

π−1
Σ ((s) .

Furthermore, each bisector E is Levi-flat and the slices π−1
Σ ((s) ⊂ E are its maximal

holomorphic submanifolds. Hence E, the spine, the complex spine and the slices
are independent of the choice of points z1, z2 used to define them.

Of course, spinal spheres are diffeomorphic to S2n−2. We remark too [67,
Theorem 5.1.6] that the above association E � σ defines a bijective correspondence
between bisectors and geodesics in Hn

C
: every real geodesic σ is contained in a

unique complex geodesic Σ; then one has an orthogonal projection πΣ : Hn
C
→ Σ

and the bisector is E = π−1
Σ (σ).

Another nice property of bisectors is that just as they decompose natu-
rally into complex hyperplanes, as described by the Slice Decomposition Theo-
rem above, they also decompose naturally into totally real geodesic subspaces and
one has the corresponding Meridianal Decomposition Theorem (see [67, Theorem
5.1.10]).
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2.3 The Siegel domain model

There is another classical model for complex hyperbolic geometry, the Siegel do-
main (or paraboloid) model. While the ball models describe complex projective
space regarded from within, the Siegel domain model describes this space as re-
garded from a point at infinity. Thence it is in some sense analogous to the upper-
half plane model for real hyperbolic geometry. The basic references for this section
are [67], [71] and [169].

Consider Cn as Cn−1×C with coordinates (w′, wn), w
′ ∈ Cn−1, and let 〈〈 , 〉〉

be the usual Hermitian product in Cn−1. So 〈〈w′, w′〉〉 = w′
1w̄

′
1 + · · ·+w′

n−1w̄
′
n−1.

The Siegel domain Sn consists of the points in Cn satisfying

2Re(wn) > 〈〈w′, w′〉〉 .

Its boundary is a paraboloid in Cn.
Now consider the embedding of Sn in Pn

C
given by

(w′, wn)
B�→ [w′,

1

2
− wn,

1

2
+ wn] .

We claim that the image B(Sn) is the ball B of negative points that serves as
a model for complex hyperbolic Hn

C
. To see this, notice that given points w =

(w′, wn), z = (z′, zn) ∈ Cn, the Hermitian product of their image in Pn
C
(induced

by the product 〈 , 〉 in Cn,1) takes the form

〈B(w), B(z)〉 = 〈〈w′, z′〉〉 − wn − zn .

In particular 〈B(w), B(w)〉 = 〈〈w′, w′〉〉 − Rewn . Hence B(w) is a negative point
in Pn

C
if and only if w is in Sn.
Now consider the null vector p̃∞ := (0′,−1, 1) ∈ Cn,1 and its image p∞ in

Pn
C
. Let H∞ be the unique complex projective hyperplane in Pn

C
which is tangent

to Hn
C
at p∞. This hyperplane consists of all points [z] ∈ Pn

C
whose homogeneous

coordinates [z1 : . . . : zn+1] satisfy zn = zn+1. Therefore the image of B does not
meet H∞ and B provides an affine coordinate chart for Pn

C
\ H∞, carrying the

Siegel domain Sn into the ball Hn
C
.

Notice that the boundary of Sn is the paraboloid {2Re(wn) = 〈〈w′, w′〉〉},
and its image under B is the sphere ∂Hn

C
minus the null point p∞ := [0′,−1, 1] ∈

Pn
C
, where 0′ := (0, . . . , 0) ∈ Cn−1. That is:

∂Sn ∼= ∂Hn
C \ {q∞} .

One thus has an induced complex hyperbolic metric on Sn, induced by the
Bergman metric on Hn

C
(see [71, p. 520] for the explicit formula).

Definition 2.3.1. For each positive real number u, the horosphere in Sn (centred
at q∞) of level u is the set

Hu := {w = (w′, wn) ∈ Sn
∣∣Rewn − 〈〈w′, w′〉〉 = u } .

We also set H0 := ∂Sn.
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Hence, horospheres in Sn are paraboloids, the translates of the boundary.
When regarded in Hn

C
they become spheres, tangent to ∂Hn

C
at q∞ = [0′,−1, 1.

This definition can be easily adapted horospheres in Hn
C
centred at every point in

∂Hn
C
.

2.3.1 Heisenberg geometry and horospherical coordinates

Recall that the classical Heisenberg group is the group of 3×3 triangular matrices
of the form

H =

⎛⎝ 1 a t
0 1 b
0 0 1

⎞⎠
where the coefficients are real numbers. This is a 3-dimensional nilpotent Lie
group diffeomorphic to R3. Its group structure, coming from the multiplication of
matrices, is a semi-direct product C � R where C and R are being regarded as
additive groups:(

(a, b), t
)
·
(
(a′, b′), t′

)
�→

(
(a+ a′, b+ b′), t+ t′ + a · b′

)
,(

v, t
)
·
(
v′, t′

)
�→

(
v + v′, t+ t′ + a · b′

)
,

where v = (a, b) and v′ = (a′, b′).
More generally, let V be a finite-dimensional real vector space, equipped

with a symplectic form ω. This means that ω is a nondegenerate skew symmetric
bilinear form on V . One has a Heisenberg group H = H(V, ω) associated with the
pair (V, ω). This group is a semi-direct product V �R, where the group structure
is given by the following law:

(v1, t1) · (v2, t2) = (v1 + v2, t1 + t2 + 2ω(v1, v2)) ;

the factor 2 is included for conventional reasons. This group is a central extension
of the additive group V and there is an exact sequence

0 −→ R −→ H(V, ω) −→ V −→ 0 .

A Heisenberg space is a principal H(V, ω)-homogeneous space N , say a
smooth manifold, for some Heisenberg group as above. In other words, H acts (say
by the left) transitively on N with trivial isotropy. So N is actually parametrised
by H and it can be equipped with a Lie group structure coming from that in H.

Consider now the isotropy subgroup G∞ of the null point p∞ := [0′,−1, 1] ∈
∂Hn

C
under the action of PU(n, 1). Let N be the set of unipotent elements in G∞.

It is proved in [67, §4.2] (see also [71]) that N is isomorphic to a Heisenberg group
as above. This group is a semidirect product Cn−1 � R and consists of the so-
called Heisenberg translations {Tζ,t}. These are more easily defined in Sn. For
each ζ ∈ Cn−1, t ∈ R and (w′, wn) ∈ Sn ⊂ Cn one has:

(w′, wn)
Tζ,u−→

(
w′ + ζ , wn + 〈〈w′, ζ〉〉 + 1

2
〈〈ζ, ζ〉〉 − 1

2
it
)
.
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Notice that each orbit in Sn is a horosphere Hu, and N acts simply transitively
on H0 := ∂Sn.

One also has the one-parameter group D = {Du} of real Heisenberg dilata-
tions: For each u > 0 define

(w′, w) Dt−→
(√

uw′ , uwn

)
.

Each dilatation carries horospheres into horospheres.
These two groups of transformations were used in [71] to equip the complex

hyperbolic space with horospherical coordinates, obtained by identifying Sn with
the orbit of a “marked point” under the action of the group N ·D generated by
Heisenberg translations and Heisenberg dilatations. The choice of “marked point”
is the obvious one: (0′, 1

2 ) ∈ Sn, the inverse image under the map B of the centre
0 = [0′, 0, 1] ∈ Hn

C
.

We thus get an identification (Cn−1 × R× R+)
∼=−→ Hn

C
given by

(ζ, t, u) �→
(
ζ ,

1

2

(
1− 〈〈ζ, ζ〉〉 − u+ it

)
,

1

2

(
1− 〈〈ζ, ζ〉〉 − u+ it

))
.

Following [71] we call (ζ, t, u) ∈ Cn−1 × R × R+ the horospherical coordinates of
the corresponding point in Hn

C
.

From the previous discussion we also get a specific identification of ∂Hn
C
\

q∞ ∼= N. Thence the sphere at infinity can be thought of as being “the horosphere”
of level 0, and if we remove from it the point q∞, then it carries the structure of
a Heisenberg space Cn−1 × R where the group operation is

(ζ, t) · (ζ ′, t′) =
(
ζ + ζ ′ , t+ t′ + 2�(〈〈ζ, ζ ′〉〉

)
.

We now consider a point q ∈ ∂Hn
C
, the family {Hu(q)} of horospheres cen-

tred at q, and the pencil of all real geodesics in Hn
C
ending at q. Just as in real

hyperbolic geometry, one has (see [67, §4.2] or [71, §1.3]) that every such geodesic
is orthogonal to every horosphere Hu(q). Thence, for every u, u′ ≥ 0, the geodesic
from q to a point x ∈ Hu(q) meets the horosphere Hu′(q) at exactly one point. This
gives a canonical identification Π : Hu(q)→ Hu′(q) called the geodesic perspective
map. In particular we get an identification between ∂Hn

C
= H0(q) and every other

horosphere.

2.3.2 The geometry at infinity

Just as there is a deep relation between real hyperbolic geometry and the conformal
geometry on the sphere at infinity (as described in Chapter 1), so too there is a
deep relation between the geometry of complex hyperbolic space and a geometry
on its sphere at infinity. In this case the relevant geometry is the spherical CR (or
Heisenberg) geometry. In both cases (real and complex hyperbolic geometry) this
relation can be explained by means of the geodesic perspective introduced above.
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In real hyperbolic geometry, geodesic perspective from a point q in the sphere
at infinity identifies the various horospheres centred at q, and the corresponding
maps between these spheres are conformal. This yields to the fact (explained
in Chapter 1) that real hyperbolic geometry in the open ball degenerates into
conformal geometry in the sphere at infinity. There is an analogous phenomenon
in complex hyperbolic space, which we now briefly explain.

Recall that a CR-structure on a manifold means a codimension 1 sub-bundle
of its tangent bundle which is complex and satisfies certain integrability conditions.
In general, CR-manifolds arise as boundaries of complex manifolds, as for instance
real hypersurfaces in complex manifolds, which carry a natural CR-structure.

In our setting, every horosphere, including ∂Hn
C
= H0, is a real hypersurface in

Pn
C
and therefore carries a natural CR-structure. This is determined at each point

by the unique complex (n−1)-dimensional subspace subspace of the bundle tangent
to the corresponding horosphere. In fact, since real geodesics are orthogonal to all
horospheres, the CR-structure can be regarded as corresponding to the Hermitian
orthogonal complement of the line field tangent to the geodesics emanating from
q, the centre of the horosphere in question. Therefore, it is clear that the geodesic
perspective maps preserve the CR-structures on horospheres.

We are in fact interested in a refinement of this notion: spherical CR-struc-
tures:

Definition 2.3.2. A manifold M of dimension 2n− 1 has a spherical CR-structure
if it has an atlas which is locally modeled on the sphere S2n−1 with coordinate
changes lying in the group PU(n, 1).

Amongst CR-manifolds, the spherical CR-manifolds are characterised as be-
ing those for which the Cartan connection on the CR-bundle has vanishing curva-
ture.

Now consider the sphere S2n−1 ∼= ∂Hn
C
. Then one has that PU(n, 1) acts on

it by automorphisms that preserve the spherical CR-structure, and one actually
has that every CR-automorphism of the sphere is an element in PU(n, 1). Thus
one has that every CR-automorphism of the sphere at infinity corresponds to a
holomorphic isometry of Hn

C
.

In particular, the Heissenberg group N acts by left multiplication on the
sphere at infinity, and by holomorphic isometries on complex hyperbolic space.

2.4 Isometries of the complex hyperbolic space

This section is based on [67]. We consider the ball model for Hn
C
⊂ Pn

C
, equipped

with the Bergman metric, and we recall that PU(n, 1) is the group of holomorphic
isometries of the complex hyperbolic n-space Hn

C
. When n = 1 the space H1

C

coincides with H2
R
, the group PU(n, 1) is PSL(2,R), and we know that its elements

are classified into three types: elliptic, parabolic and hyperbolic. This classification
is determined by their dynamics (the number and location of their fixed points),
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and also according to their trace. We will see that a similar classification holds for
isometries of H2

C
, and to some extent also for those of Hn

C
.

2.4.1 Complex reflections

Recall that in Euclidean geometry reflections play a fundamental role. Given a
hyperplane H ⊂ Rn, a way for defining the reflection on H is to look at its
orthogonal complement H⊥, and consider the orthogonal projections,

πH : Rn → H and πH⊥ : Rn → H⊥ .

Then the reflection on H is the map

x �→ πH(x)− πH⊥(x) .

This notion extends naturally to complex geometry in the obvious way. Yet,
in complex geometry this definition is too rigid and it is convenient to make it
more flexible. For instance a hyperplane in C is just a point, say the origin 0, and
the reflection above yields to the antipodal map, while we would like to get the
full group U(1). Thus, more generally, given a complex hyperplane H ⊂ Cn, to
define a reflection on H we consider the orthogonal projections

πH : Rn → H and πH⊥ : Rn → H⊥ ,

as before, but now with respect to the usual Hermitian product in Cn. Then a
reflection on H is any map of the form

x �→ πH(x) + ζ · πH⊥(x) ,

where ζ is a unit complex number. In this way we get, for instance, that the group
of such reflections in C2 is U(2) ∼= SU(2)×U(1) ∼= S3 × S1 .

Sometimes the name “complex reflection” requires also that the complex
number ζ be a root of unity, so that the corresponding automorphism has finite
order. And it is also usual to extend this concept so that complex reflection means
an automorphism of Cn that leaves a hyperplane fix-point invariant. This includes
for instance, automorphisms constructed as above but considering different Her-
mitian products, and this brings us closer to the subject we envisage here.

Denote by 〈 , 〉 the Hermitian product on Cn,1 corresponding to the quadratic
formQ of signature (n, 1). Let F be a complex linear subspace of Cn,1 such that the
restriction of the product 〈 , 〉 to F is nondegenerate. Then there is an orthogonal
direct-sum decomposition

Cn,1 = F ⊕ F⊥ ,

where F⊥ is the Q-orthogonal complement of F :

F⊥ := {z ∈ Cn,1
∣∣ 〈z, f〉 = 0 ∀ f ∈ F } .

Let πF , πF⊥ be the corresponding orthogonal projections of Cn,1 into F and F⊥

respectively, so one has πF⊥(z) = z − πF (z). Then following [67, p. 68] we have:
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Definition 2.4.1. For each unit complex number ζ, define the complex reflection in
F with reflection factor ζ to be the element in U(n, 1) defined by

�ζF (z) = πF (x) + ζ πF⊥(z) .

When ζ = −1 the complex reflection is said to be an inversion.

For instance, if F is 1-dimensional and V is a nonzero vector in this linear
space, then

πF (z) =
〈z, V 〉
〈V, V 〉 V ,

and therefore the complex reflection in F with reflection factor ζ is

�ζF (z) = ζz + (1− ζ)
〈z, V 〉
〈V, V 〉 V .

In particular, every complex reflection is conjugate to an inversion and in this case
the formula is

IF (z) = −z + 2
〈z, V 〉
〈V, V 〉 V . (2.4.1)

Notice that classically reflections are taken with respect to a hyperplane,
which is not required here: We now have reflections with respect to points, lines,
etc., which is in fact a concept coming from classical geometry, where one speaks
of symmetries with respect to points, lines, planes, etc.

Of course our interest is in looking at the projectivisations of these maps,
that we call complex reflections as well.

Example 2.4.2. Consider in C2,1 the vector v = (−1, 1, 0), which is positive for the
Hermitian product

〈z, w〉 = z1w̄1 + z2w̄2 − z3w̄3 .

The inversion on the line F spanned by v is the map

Iv(z1, z2, z3) = (−z2,−z1,−z3).

Notice that H2
C

is contained in the coordinate patch of P2
C

with homogeneous
coordinates
[u1 : u2 : 1]. In these coordinates the automorphism of H2

C
determined by Iv is

the map [u1 : u2 : 1] �→ [u2 : u1 : 1]. Notice also that in this example the points
in H2

C
with homogeneous coordinates [u : u : 1] are obviously fixed points of the

inversion Iv. Indeed these points form a complex geodesic in H2
C
, which is the

projectivisation of the orthogonal complement of F :

F⊥ = {(w1, w2, w3) ∈ C2,1 |w1 = −w2} .

Now consider in C2 the inversion with respect to the negative vector w = (0, 0, 1).
The inversion is: Iw(z) = (−1 + 2z3) z . Its fixed point set in P2

C
consists of the
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point [0 : 0 : 1], which is the centre of the ball H2
C
, together with the complex line

in P2
C
consisting of points with homogeneous coordinates [u1 : u2 : 0]. These points

are the projectivisation of the orthogonal complement of the line spanned by w;
they are all positive vectors (or the origin).

Thence in the first case, the complex reflection has a complex geodesic of fixed
points in H2

C
and the corresponding projective map has a circle of fixed points in

S3 = ∂H2
C
, plus another fixed point far from H2

C
. In the second example the reflec-

tion has a single fixed point in H2
C
and the remaining fixed points form a complex

projective line in P2
C
\ (H2

C). This illustrates the two types of complex reflections
one has in H2

C
. Of course similar considerations apply in higher dimensions, but

in that case there is a larger set of possibilities.

2.4.2 Dynamical classification of the elements in PU(2, 1)

Every automorphism γ of Hn
C
lifts to a unitary transformation γ̃ ∈ SU(n, 1). Just

as for classical Möbius transformations in PSL(2,C) their geometry and dynamics
is studied by looking at their liftings to SL(2,C), here too we study the geometry
and dynamics of γ by looking at their liftings γ̃ ∈ U(n, 1). The fixed points of
γ correspond to eigenvectors of γ̃. By the Brouwer fixed point theorem, every
automorphism of the compact ball H

n

C := Hn
C
∪ ∂Hn

C
has a fixed point.

The following definition generalises to complex hyperbolic spaces the corre-
sponding notions from the classical theory of Möbius transformations.

Definition 2.4.3. An element g ∈ PU(n, 1) is called elliptic if it has a fixed point
in Hn

C
; it is parabolic if it has a unique fixed point in ∂Hn

C
, and loxodromic (or

hyperbolic) if it fixes a unique pair of points in ∂Hn
C
.

In fact this classification can be refined as follows. Recall that a square matrix
is unipotent if all its eigenvalues are 1.

Definition 2.4.4. An elliptic transformation in PU(n, 1) is: regular if it can be
represented by an element in SU(n, 1) whose eigenvalues are pairwise different,
or a complex reflection otherwise (and this can be either with respect to a point
or to a complex geodesic). There are two classes of parabolic transformations in
PU(n, 1): unipotent if it can be represented as a unipotent element of PU(n, 1),
and ellipto-parabolic otherwise. A loxodromic element is strictly hyperbolic if it
has a lifting whose eigenvalues are all real.

One has (see [67, p. 201]) that if γ is ellipto-parabolic, then there exists a
unique invariant complex geodesic in Hn

C
on which γ acts as a parabolic element

of PSL(2,R) ∼= IsoH1
C
∼= IsoH2

R
. Furthermore, around this geodesic, γ acts as a

nontrivial unitary automorphism of its normal bundle.
From now on in this section, we restrict to the case n = 2 and we think of

H2
C
as being the ball in P2

C
consisting of points whose homogeneous coordinates

satisfy |z1|2 + |z2|2 < |z3|2.
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Let g ∈ PU(2, 1) be an elliptic element. Since PU(2, 1) acts transitively on
H2

C
, we can assume that [0 : 0 : 1] is fixed by g. If g̃ denotes a lift to SU(2, 1) of g

then (0, 0, 1) is an eigenvector of g̃, so it is of the form

g̃ =

(
A 0
0 λ

)
,

where A ∈ U(2) and λ ∈ S1. Then every eigenvector of g̃ has module 1 and g
generates a cyclic group with compact closure.

Conversely, if g̃ is as above (an element in U(2)× S1), or a conjugate of such
an element, then the transformation g induced by g̃ is elliptic.

When g is regular elliptic, then it has precisely three fixed points in P2
C
, which

correspond to (0, 0, 1) and two other distinct eigenvectors, both being positive
vectors with respect to the Hermitian product 〈·, ·〉. If g is elliptic but not regular,
then there exist two cases: if g is a reflection with respect to a point x in H2

C
,

then the set of fixed points of g is the polar to x which does not meet H2
C
∪ ∂H2

C
.

If g is a reflection with respect to a complex geodesic, then g has a whole circle
of fixed points contained in ∂H2

C
. Therefore the definitions of elliptic, loxodromic

and parabolic elements are disjoint.

Now we assume g ∈ PU(2, 1) is a loxodromic element. Let g̃ ∈ SU(2, 1) be a
lift of g, we denote by x and y the fixed points of g and by x̃ and ỹ some respective
lifts to C2,1. Let Σ be the complex geodesic determined by x and y, and let σ be
the geodesic determined by x and y. We can assume that Σ = H1

C
× 0; in other

words, we can assume x = [−1 : 0 : 1], y = [1 : 0 : 1]. To see this, notice that if
z ∈ σ, then there exists h ∈ PU(2, 1) such that h(z) = (0, 0), so h(L) contains the
origin of B2 = H2

C
. The stabiliser of the origin is U(2) and it acts transitively on

the set of complex lines through the origin, so there exists h1 ∈ PU(2, 1) such that
h1(Σ) = H1

C
× 0 and h1(σ) contains the origin. Composing with a rotation in H1

C
,

we prove the statement.

We see that any vector c polar to Σ is an eigenvector of g̃. In fact, if v ∈ C2,1

and PC(v) ∈ Σ, then 〈g̃(c), g̃(v)〉 = 〈c, v〉 = 0, then g̃(c) is polar to g(Σ) = Σ, but
we know that the complex dimension of the orthogonal complement (respect to
〈·, ·〉) of the vector subspace inducing Σ is 1.

Now, c = (0, 1, 0) is a vector polar to Σ, then we can assume [0 : 1 : 0] is a
fixed point of g. Thus g̃ has the form⎛⎝ a 0 b

0 e−2iθ 0
b 0 a

⎞⎠ ,

and the transformation of PSL(2,C) induced by the matrix

e−iθ

(
a b
b a

)
,
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is a hyperbolic transformation preserving the unitary disc of C and with fixed
points 1, −1. With this information it is not hard to see that we can take g̃ of the
form ⎛⎝ eiθ coshu 0 eiθ sinhu

0 e−2iθ 0
eiθ sinhu 0 eiθ coshu

⎞⎠ .

We notice that g̃ has an eigenvalue in the open unitary disc, one in S1 and
another outside the closed unitary disc. Since they are parabolic, all of these have
a unique fixed point in ∂H2

C
, but they have a different behaviour in P2

C
\H2

C
.

Example 2.4.5. a) The transformation induced by the matrix

g̃ =

⎛⎝ 1 + i/2 0 1/2
0 1 0
1/2 0 1− i/2

⎞⎠
is a unipotent transformation with a whole line of fixed points in P2

C
, tangent

to ∂H2
C
.

b) The transformation in SU(2, 1) given by the matrix

g̃ =

⎛⎜⎝ 1
3

2
√
2

3 0

− 4
√
2

3
2
3

√
3

− 2
√
6

3

√
3
3 2

⎞⎟⎠
induces a unipotent automorphism of H2

C
with one single fixed point in P2

C
.

c) The transformation in SU(2, 1) given by⎛⎝ 2+εi
2 eiθ 0 εi

2 e
iθ

0 e−2iθ 0
− εi

2 e
iθ 0 2−εi

2 eiθ

⎞⎠ ,

where ε �= 0, induces an ellipto-parabolic automorphism of H2
C
, with fixed

points [−1 : 0 : 1] ∈ ∂H2
C
and [0 : 1 : 0].

Remark 2.4.6. We recall that complex hyperbolic space has (nonconstant) nega-
tive sectional curvature. As such, the classification given above of its isometries,
into elliptic, parabolic and loxodromic (or hyperbolic), actually fits into a similar
classification given in the general setting of the isometries of spaces of nonpositive
curvature, and even more generally, for CAT(0)-spaces. We refer to [13], [32] for
thorough accounts of this subject. The concept of CAT(0)-spaces captures the
essence of nonpositive curvature and allows one to reflect many of the basic prop-
erties of such spaces, as for instance Hn

R
, and Hn

C
, in a much wider setting. The

origins of CAT(0)-spaces, and more generally CAT(κ)-spaces, are in the work of
A. D. Alexandrov, where he gives several equivalent definitions of what it means
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for a metric space to have curvature bounded above by a real number κ. The
terminology “CAT(κ)” was coined by M. Gromov in 1987 and the initials are in
honour of E. Cartan, A. Alexandrov and V. Toponogov, each of whom considered
similar conditions.

Yet, we notice that our main focus in this work concerns automorphisms of
Pn
C
, whose sectional curvature, when we equip it with the Fubini-Study metric,

is strictly positive, ranging from 1/4 to 1. Moreover, the action of PSL(n + 1,C)
is not by isometries with respect to this metric. Thence, these transformations
do not fit in the general framework of isometries of CAT(0)-spaces. Even so, we
will see in the following chapter that the elements of PSL(3,C) are also naturally
classified into elliptic, parabolic and hyperbolic, both in terms of their geometry
and dynamics, and also algebraically.

2.4.3 Traces and conjugacy classes in SU(2, 1)

We now describe Goldman’s classification of the elements in PU(2, 1) by means of
the trace of their liftings to SU(2, 1).

Let τ : SU(2, 1) → C be the function mapping an element in SU(2, 1) to
its trace. Notice that a holomorphic automorphism of H2

C
has a trace which is

well-defined up to multiplication by a cubic root of unity. The following result of
linear algebra is well known:

Lemma 2.4.7. Let E be a Hermitian vector space, and let A be a unitary automor-
phism of E. The set of eigenvalues of A is invariant under the inversion ı in the
unitary circle of C:

ı : C∗ → C∗

z �→ 1

z̄
.

Proof. We assume the Hermitian form on E is given by a Hermitian matrix M .
The automorphism A is unitary if and only if

ĀtMA = M.

In other words,

A = M−1(Āt)−1M.

Thus A has the same eigenvalues as (Āt)−1, which means that λ is an eigenvalue
of A if and only if (λ)−1 is an eigenvalue. �

Notice that when g̃ ∈ SU(2, 1), then g̃ has at least an eigenvalue of module
1. Moreover, the eigenvalues not lying in the unitary circle are given in an ı-
invariant pair. Particularly, if g̃ has two eigenvalues of the same module, then
every eigenvalue has module 1.
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Lemma 2.4.8. The monic polynomial χ(t) = t3 − xt2 + yt− 1 with complex coeffi-
cients has repeated roots if and only if

f̃(x, y) = −x2y2 + 4(x3 + y3)− 18xy + 27

=

∣∣∣∣∣∣∣∣∣∣
1 −x y −1 0
0 1 −x y −1
3 −2x y 0 0
0 3 −2x y 0
0 0 3 −2x y

∣∣∣∣∣∣∣∣∣∣
= 0.

Proof. We assume χ has repeated roots, then χ and its derivative χ′ have a com-
mon root. We suppose

χ(t) = (t− a1)(t− a2)(t− a3)

and
χ′(t) = 3(t− a1)(t− a4).

Then
3(t− a4)χ(t) = (t− a2)(t− a3)χ

′(t),

or which is the same,

3tχ(t)− 3a4χ(t)− t2χ′(t) + (a2 + a3)tχ
′(t)− a2a3χ

′(t) ≡ 0.

This means that the vectors obtained from the polynomials tχ(t), χ(t), t2χ′(t),
tχ′(t), χ′(t), taking the coefficients of the terms with degree ≤ 4, are linearly
independent. But such vectors are precisely those row vectors of the determinant
defining f̃(x, y). Thence f̃(x, y) = 0.

Conversely, if we assume that f̃(x, y) = 0, then there exist complex numbers
c1, . . . , c5, not all zero, such that

c1tχ(t) + c2χ(t) + c3t
2χ′(t) + c4tχ

′(t) + c5χ
′(t) ≡ 0 .

Then (c1t + c2)χ(t) = −(c3t2 + c4t + c5)χ
′(t), which implies that χ(t) and χ′(t)

have a common root because deg(χ) = 3. Therefore χ(t) has a repeated root. �
We denote by C3 = {ω, ω2, 1} ⊂ C the set of cubic roots of unity, and 3C3

denotes the set {3ω, 3ω2, 3}. We observe that there is a short exact sequence

1→ C3 → SU(2, 1)→ PU(2, 1)→ 1.

Let τ : SU(2, 1) → C be the function which assigns to an element of SU(2, 1) its
trace. Goldman’s classification theorem involves the real polynomial f : C → R
defined by f(z) = |z|4 − 8Re(z3) + 18|z|2 − 27. In other words f(z) = −f̃(z, z̄),
where

f̃(x, y) = −x2y2 + 4(x3 + y3)− 18xy + 27 ,

is the discriminant of the (characteristic) polynomial χ(t) = t3 − xt2 + yt− 1.



62 Chapter 2. Complex Hyperbolic Geometry

Theorem 2.4.9. [67, Theorem 6.2.4] The map τ : SU(2, 1)→ C defined by the trace
is surjective, and if A1, A2 ∈ SU(2, 1) satisfy τ(A1) = τ(A2) ∈ C − f−1(0), then
they are conjugate. Furthermore, supposing A ∈ SU(2, 1) one has:

1) A is regular elliptic if and only if f(τ(A)) < 0.

2) A is loxodromic if and only if f(τ(A)) > 0.

3) A is ellipto-parabolic if and only if A is not elliptic and τ(A) ∈ f−1(0)−3C3.

4) A is a complex reflection if and only if A is elliptic and τ(A) ∈ f−1(0)−3C3.

5) τ(A) ∈ 3C3 if and only if A represents a unipotent parabolic element.

Proof. Let χA(t) be the characteristic polynomial of A:

χA(t) = t3 − xt2 + yt− 1.

The eigenvalues λ1, λ2, λ3 of A are the roots of χA(t). We have

x = τ(A) = λ1 + λ2 + λ3,

and
λ1λ2λ3 = det(A) = 1 . (2.4.10)

The coefficient y of χA is equal to

y = λ1λ2 + λ2λ3 + λ3λ1 = λ1 + λ2 + λ3 = τ(A).

Thus,
χA(t) = t3 − τ(A)t2 + τ(A) t− 1.

If A ∈ SU(2, 1), then its eigenvalues satisfy equation 2.4.10 and the set

λ̃ = {λ1, λ2, λ3},

of these eigenvalues satisfies:

λ ∈ λ̃ ⇒ ı(λ) = λ̄−1 ∈ λ̃ . (2.4.11)

Let Λ̃ (respectively Λ) be the set of unordered triples of complex numbers satisfying
(2.4.10) (respectively (2.4.11) ). Then ı induces an involution in Λ̃ (denoted by
the same) whose set of fixed points is Λ. The function

χ : Λ̃→ C2

λ̃ �→ (λ1 + λ2 + λ3, λ1λ2 + λ2λ3 + λ3λ1)

is bijective, with inverse function

C2 → Λ̃

(x, y) �→ {t ∈ C : t3 − xt+ yt− 1 = 0}.
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The involution j on C2 defined as

j(x, y) = (ȳ, x̄)

satisfies

χ ◦ ı = j ◦ χ

and χ restricted to the set of fixed points of ı is a bijection on the set of fixed
points of j in C2, which is the image of

e : C→ C2

z �→ (z, z̄).

One has e−1 ◦ χ|Λ = τ . Let Λ̃sing ⊂ Λ̃ be the set of unordered triples {λ1, λ2, λ3},
not all the λj being different. Lemma 2.4.8 implies that χ restricted to Λ̃sing is a
bijection on the set

{(x, y) ∈ C2 : f̃(x, y) = 0},

where

f̃(x, y) =

∣∣∣∣∣∣∣∣∣∣
1 −x y −1 0
0 1 −x y −1
3 −2x y 0 0
0 3 −2x y 0
0 0 3 −2x y

∣∣∣∣∣∣∣∣∣∣
= −x2y2 + 4(x3 + y3)− 18xy + 27.

We define Λ0 = Λ− Λ̃sing and notice that τ |Λ∩Λ̃sing
: Λ∩ Λ̃sing → f−1(0) and

τ |Λ0 : Λ0 → C − f−1(0) are bijections. In fact, in order to prove that τ |Λ∩Λ̃sing

is injective it is enough to see that τ = e−1 ◦ χ is the composition of injective
functions. Now, if z ∈ f−1(0), then 0 = f(z) = −f̃(z, z̄) = −f̃(e(z)), but there
exists λ ∈ Λ such that χ(λ) = e(z), then f̃(χ(λ)) = 0, which implies that λ ∈
Λ∩ Λ̃sing. Moreover τ(λ) = e−1 ◦χ(λ) = z. Therefore, τ |Λ∩Λ̃sing

is onto. The proof

of the fact that τ |Λ0 is bijective is straightforward.

We have proved that τ : SU(2, 1) → C is onto. However we have implic-
itly assumed that Λ is the image of a correspondence defined in SU(2, 1). Such
correspondence is defined by

L : SU(2, 1)→ Λ

A �→ {λ1, λ2, λ3},

where λ1, λ2, λ3 are the eigenvalues of A. We must check that L is onto. We define
λ = {λ1, λ2, λ3} ∈ Λ. Notice there are only two possibilities:
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(i) |λi| = 1 for i = 1, 2, 3; in this case

A =

⎛⎝ λ1

λ2

λ3

⎞⎠ ∈ SU(2, 1),

and L(A) = λ.

(ii) λ3 = reiθ, 0 < r < 1 and we can take λ2 = e−2iθ, λ1 = (1/r)eiθ. We take
r = e−u for some u ∈ R+, then

A =

⎛⎝ cosh(u)eiθ 0 sinh(u)eiθ

0 e−2iθ 0
sinh(u)eiθ 0 cosh(u)eiθ

⎞⎠ ∈ SU(2, 1),

and L(A) = λ.

If A1, A2 ∈ SU(2, 1) satisfy τ(A1) = τ(A2) ∈ C − f−1(0), then the charac-
teristic polynomials of A1 and A2 are equal, which implies they have the same
eigenvalues (they are different amongst them). Then A1 and A2 are conjugate of
the same diagonal matrix, so A1 and A2 are conjugate.

We define Λl
0 = {λ ∈ Λ : λ ∩ S1 has one single element }. We can suppose

that
|λ1| > 1, |λ2| < 1, |λ3| = 1 . (2.4.12)

In particular, Λl
0 ⊂ Λ0, and given that λ1 satisfies 2.4.12 , we obtain unique λ2, λ3

by means of the relations

λ2 = (λ1)
−1, λ3 =

λ1

λ1

which proves that Λl
0 is homeomorphic to the exterior of the unitary disc of C

and therefore it is connected. [The topology on Λ̃ is the topology induced by the
bijective function χ : Λ̃→ C2 and the topology on Λ is the subspace topology.]

We denote by Λe
0 = Λ0 − Λl

0. If λ ∈ R \ {0, 1,−1}, then

τ(λ, λ−1, 1) = λ+ λ−1 + 1

which shows that τ |�(Λl
0)

: �(Λl
0)→ R\ [−1, 3] is a bijection, where �(Λl

0) denotes

the set of triples in Λl
0: We note that τ |�(Λl

0)
is injective because it is the compo-

sition of injective functions and it is not hard to check that it is onto. Notice that
f is positive in R \ [−1, 3]. In fact, if x ∈ R, then

f(x) = x4 − 8x3 + 18x2 − 27 = (x+ 1)(x− 3)3.

We claim that τ |Λl
0
: Λl

0 → f−1(R+) is bijective. In fact, first notice that

τ(Λl
0) ⊂ f−1(R+), for otherwise, using that Λl

0 is connected, we can find a triplet
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λ ∈ Λl
0 such that f(τ(λ)) = 0, which means λ ∈ Λ0 ∩ Λ̃sing = ∅, a contradiction.

That τ is injective follows from the fact that it is a composition of the injective
functions e−1 and χ.

In order to prove τ(Λl
0) = f−1(R+), we take z ∈ f−1(R+), we know that

z = τ(λ), for some λ ∈ Λ. We assume that λ /∈ Λl
0, then every element in λ has

module 1, which implies that

|z| = |τ(λ)| ≤ 3,

and then
|�(z3)| ≤ |z3| ≤ 27,

therefore,
f(z) ≤ (3)4 − 8(−27) + 18(3)2 − 27 = 0,

which is a contradiction.
We now claim that the function τ |Λe

0
is a bijection on f−1(R−). We prove first

that τ(Λe
0) ⊂ f−1(R−). In fact, if λ ∈ Λe

0, then the elements in λ are different and
they have module 1. We know that τ |Λe

0
is injective, because it is the restriction of

the injective function τ |Λ0 . Finally, τ(Λ
e
0) = f−1(R−), because τ(Λl

0) = f−1(R+).
Hence f(τ(A)) < 0 if and only if the eigenvalues of A are distinct unitary

complex numbers, which happens if and only if A is regular elliptic. One has
f(τ(A)) > 0 if and only if A has exactly one eigenvalue in S1, if and only if A is
loxodromic.

Now we consider the case when f(τ(A)) = 0. Clearly A ∈ PU(2, 1) is unipo-
tent if and only if it has a lift to SU(2, 1) having equal eigenvalues, and therefore
1
3τ(A) ∈ C3. Conversely, if

1
3τ(A) = ω ∈ C3, then

χA(t) = t3 − 3ωt2 + 3ω2t− 1 = (t− ω)3,

thus A has three repeated eigenvalues and it is projectively equivalent to a unipo-
tent matrix.

Finally we consider the case when τ(A) ∈ f−1(0) − 3C3. Then A has an
eigenvalue ζ ∈ S1 of multiplicity 2 and the other eigenvalue is equal to ζ−2. Given
that τ(A) /∈ 3C3, we have ζ �= ζ−2. There are two cases depending on the Jordan
canonical form of A: if A is diagonalizable, then A is elliptic (a complex reflection).
This case splits in two cases, depending on whether the ζ-eigenspace Vζ is positive
or indefinite: if Vζ is indefinite, then A is a complex reflection with respect to
the complex geodesic corresponding to Vζ ; if Vζ is positive, then A is a complex
reflection with respect to the point corresponding to the ζ−2-eigenspace. If A is
not diagonalizable, then A has a repeated eigenvalue of module 1 and it has Jordan
canonical form ⎛⎝ λ 1 0

0 λ 0
0 0 λ−2

⎞⎠ .

In this case the eigenvector corresponding to λ is e1 and A is ellipto-parabolic. �
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Corollary 2.4.13. Let ı : C∗ → C∗ be the inversion on the unitary circle; i.e.,
ı(z) = 1/z̄. If the set of eigenvalues of A ∈ SL(3,C) is invariant under ı, then:

(i) The eigenvalues of A are unitary complex numbers, and pairwise different if
and only if f(τ(A)) < 0.

(ii) Precisely one eigenvalue is unitary if and only if f(τ(A)) > 0.

This corollary can be proved using the proof of Lemma 2.4.8. This is useful
for proving Theorem 4.3.3, which is an extension to the elements in PSL(3,C) of
the classification Theorem 2.4.9.

Remark 2.4.14. In [44] the authors look at the group of quaternionic Möbius trans-
formations that preserve the unit ball in the quaternionic space H, and they use
this to classify the isometries of the hyperbolic space H4

R into six types, in terms of
their fixed points and whether or not they are conjugate in U(1, 1;H) to an element
of U(1, 1;C). In [72] the author uses also quaternionic transformations to refine the
classification of the elements in Conf+(S4) using algebraic invariants, and in [73]
the authors characterize algebraically the isometries of quaternionic hyperbolic
spaces (see also [43]). In Chapter 10 we follow [202] and use Ahlfor’s characteriza-
tion of the group Conf+(S4) ∼= Iso+(H5

R) as quaternionic Möbius transformations
in order to describe the canonical embedding Conf+(S4) ↪→ PSL(4,C) that ap-
pears in twistor theory, and use this to construct discrete subgroups of PSL(4,C).

2.5 Complex hyperbolic Kleinian groups

As before, let U(n, 1) ⊂ GL (n+ 1,C) be the group of linear transformations that
preserve the quadratic form |z1|2 + · · · + |zn|2 − |zn+1|2 . We let V− be the set
of negative vectors in Cn,1 for this quadratic form. We know already that the
projectivization [V−] is a 2n-ball that serves as a model for complex hyperbolic
space HnC and PU(n, 1) is its group of holomorphic isometries (see Section 2.2).

Definition 2.5.1. A subgroup Γ ⊂ PSL(n+ 1,C) is a complex hyperbolic Kleinian
group if it is conjugate to a discrete subgroup of PU(n, 1).

A fundamental problem in complex hyperbolic geometry is the construction
and understanding of complex hyperbolic Kleinian groups.

This problem goes back to the work of Picard and Giraud (see the appendix
in [67]), and it has been subsequently addressed by many authors, as for instance
Mostow, Deligne, Hirzebruch and many others, as a means of generalising the
classical theory of automorphic forms and functions, and also as a means of con-
structing complex manifolds with a rich geometry. Complex hyperbolic Kleinian
groups can also be regarded as being discrete faithful representations of a group
Γ into PU(n, 1).

Two basic questions are the construction of lattices in PU(n, 1), and the
existence of lattices which are not commensurable with arithmetic lattices. Let us
explain briefly what this means.
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A discrete subgroup Γ of PU(n, 1) (and more generally of a locally compact
group G), equipped with a Haar measure, is said to be a lattice if the quotient
PU(n, 1)/Γ has finite volume. The lattice is said to be uniform (or cocompact) if
the quotient PU(n, 1)/Γ is actually compact.

A subgroup Γ of U(n, 1) is arithmetic if there is an embedding U(n, 1)
ι
↪→

GL (N,C), for some N , such that the image of Γ is commensurable with the inter-
section of ι(U(n, 1)) with GL (N,Z). That is, ι(Γ) ∩GL (N,Z) has finite index in
ι(Γ) and in GL (N,Z).

Complex hyperbolic space is, like real hyperbolic space, a noncompact sym-
metric space of rank 1, and an important problem in the study of noncompact
symmetric spaces is the relationship between arithmetic groups and lattices: while
all arithmetic groups are lattices (by [29]), the question of whether or not all
lattices are arithmetic is rather subtle. We know from Margulis’ work that for
symmetric spaces of rank ≥ 2, all irreducible lattices are arithmetic. The rank 1
symmetric spaces of noncompact type come in three infinite families, real, complex
and quaternionic hyperbolic spaces: Hn

R
,Hn

C
,Hn

H, and one has also the Cayley (or
octonionic) hyperbolic plane H2

O
. We know by [81] (and work by K. Corlette) that

all lattices on Hn
H and H2

O
are arithmetic, and we also know by [80] that there

are nonarithmetic lattices acting on real hyperbolic spaces of all dimensions. In
complex hyperbolic space Hn

C
, we know that there are nonarithmetic lattices for

n = 2, 3, by [50] respectively. The question of existence of nonarithmetic lattices
on Hn

C
is open for n ≥ 4 and this is one of the major open problems in complex

hyperbolic geometry (see [50]).
There is a huge wealth of knowledge in literature about complex hyperbolic

Kleinian groups published the last decades by various authors, as for instance P.
Deligne, G. Mostow, W. Goldman, J. Parker, R. Schwartz, N. Gusevskii, E. Falbel,
P. V. Koseleff, D. Toledo, M. Kapovich, E. Z. Xia, among others. Here we mention
just a few words that we hope will give a taste of the richness of this branch of
mathematics.

2.5.1 Constructions of complex hyperbolic lattices

We particularly encourage the reader to look at the beautiful articles [105] and
[168] for wider and deeper surveys related to the topic of complex hyperbolic
Kleinian groups. Kapovich’s article is full of ideas and provides a very deep under-
standing of real and complex hyperbolic Kleinian groups. Parker’s article explains
the known ways and sources for producing complex hyperbolic lattices (see also
[169]). Below we briefly mention some of Parker’s explanations for lattices, and in
the section below we give other interesting examples of constructions that produce
complex hyperbolic groups which are not lattices.

Parker classifies the methods for constructing complex hyperbolic lattices in
the following four main types, which of course overlap. All these are also present
in the monograph [50], whose main goal is to investigate commensurability among
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lattices in PU(n, 1).

i) Arithmetic lattices: The natural inclusion of the integers in the real num-
bers is the prototype of an arithmetic group. This yields naturally to the cele-
brated modular group PSL(2,Z) in PSL(2,R). That construction was generalised
to higher-dimensional complex hyperbolic lattices by Picard in 1882, and then
studied by a number of authors. For instance, let d be a positive square-free in-
teger, let Q(i

√
d) be the corresponding quadratic number field and Od its ring of

integers, a discrete subgroup of C. Let H be a Hermitian matrix with signature
(2, 1) and entries in Od. Let SU(H) be the group of unitary matrices that preserve
H, and let SU(H;Od) be the subgroup of SU(H) consisting of matrices whose
entries are in Od. Then SU(H;Od) is a lattice in SU(H). These type of arithmetic
groups are known as Picard modular groups. We refer to Parker’s article for a wide
bibliography concerning these and other arithmetic constructions in the context
of complex hyperbolic geometry.

ii) The second major technique mentioned by Parker for producing lattices
in complex hyperbolic spaces is to consider objects that are parametrised by some
Hn

C
, with the property that the corresponding group of automorphisms is a complex

hyperbolic lattice. For instance we know that the modular group PSL(2,Z) can be
regarded as being the monodromy group of elliptic functions. Similar results were
known to Poincaré, Schwartz and others for real hyperbolic lattices. In complex
hyperbolic geometry, the first examples of this type of lattices were again given by
Picard in 1885. He considered the moduli space of certain hypergeometric functions
and showed that their monodromy groups were lattices in PU(2, 1), though his
proof of the discreteness of the groups was not complete. This was settled and
extended in [50], where the authors study the monodromy groups of a certain
type of integrals, generalising the classical work of Schwarz and Picard. Under a
certain integrality condition that they call (INT ), they prove that the monodromy
group Γ is a lattice in PU(n, 1); yet, for d > 5 this condition is never satisfied.
They also give criteria for Γ to be arithmetic. Further research along similar lines
was developed in [50], as well as by various other authors, as for instance Le
Vavasseur, Terada, Thurston, Parker and others. Alternative approaches along
this same general line of research have been followed by Allcock, Carlson, Toledo
and others. Thurston’s approach in [224] is particularly interesting and gives an
alternative way of interpreting the (INT )-condition. We refer to Section 3 in [168]
for an account on the construction of lattices arising as monodromy groups of
hypergeometric functions.

iii) A third way for constructing discrete groups is by looking at lattices
generated by complex reflections, or more generally by finding appropriate fun-
damental domains. This approach was introduced by Giraud (see Appendix A in
[67]). Typically, a fundamental domain is a locally finite polyhedron P with some
combinatorial structure that tells us how to identify its faces, called the sides, by
maps in PU(n, 1). Given this information, Poincare’s polyhedron theorem gives
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conditions under which the group generated by the sides pairing maps is discrete,
and it gives a presentation of the group. One way for doing so is to construct
the Dirichlet fundamental domain DΓ(z0) as in Chapter 1: Assume z0 ∈ Hn

C
is not

fixed by any nontrivial element in a given group Γ, then DΓ(z0) is the set of points
in Hn

C
that are closer to z0 than to any other point in its orbit. Its sides are con-

tained in bisectors. Mostow used this approach in [155] to give the first examples of
nonarithmetic lattices in PU(n, 1) (n ≤ 3). Alternative methods for constructing
lattices in this way have been given by Deraux, Falbel, Paupert, Parker, Goldman
and others. Again, we refer to [168] for more on this topic.

iv) A fourth way for constructing complex hyperbolic lattices is using alge-
braic geometry. In fact, the Yau-Miyaoka uniformization theorem ([151]) states
that if M is a compact complex 2-manifold whose Chern classes satisfy c21 = 3c2,
then M is either P2

C
or a complex hyperbolic manifold, i.e., the quotient of H2

C

by some cocompact lattice. Thence the fundamental groups of such surfaces with
c21 = 3c2 are uniform lattices in PU(2, 1). Yet, techniques for having a direct geo-
metric construction of such surfaces were not available until the Ph. D. Thesis of
R. A. Livné [Harvard, Cambridge, Mass., 1981]. A variant on Livné’s technique,
using abelian branched covers of surfaces, was subsequently used in [93] to con-
struct an infinite sequence of noncompact surfaces satisfying c21 = 3c2. See also
[94] and [195].

2.5.2 Other constructions of complex hyperbolic Kleinian groups

In the previous subsection we briefly explained methods for constructing complex
hyperbolic lattices. In the case of H1

C
∼= H2

R
these are the so-called Fuchsian groups

of the first kind, i.e., discrete subgroups of PSL(2,R) ∼= PU(1, 1) whose limit set
is the whole sphere at infinity. And we know that Fuchsian groups of the second
kind are indeed very interesting. It is thus natural to ask about discrete subgroups
of PU(n, 1) which are not lattices. This is in itself a whole area of research, that
we will not discuss here, and we refer for this to the bibliography, particularly to
[67], [105].

One of the classical ways of doing so is by taking discrete subgroups of
PSL(2,R), considering representations of these in PU(2, 1) and then looking at
their deformations. More generally (see [67, Section 4.3.7]) one may consider
Γ ⊂ U(n, 1) a discrete subgroup and consider the natural inclusion U(n, 1) ↪→
U(n+ 1, 1). The composition

Γ ↪→ U(n, 1) ↪→ U(n+ 1, 1) −→ PU(n+ 1, 1)

defines a representation of Γ as a group of isometries of Hn+1
C

. If Γ is a lattice,
then there are strong local rigidity theorems, due to Goldman, Goldman-Millson,
Toledo (for n=1) and Corlette (for n=2). If we now consider Γ to be discrete but
not a lattice, then there is a rich deformation theory, and there are remarkable
contributions by various authors.
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We now give two interesting examples along this line of research, with refer-
ences that can guide the interested reader into further reading.

Example 2.5.2 (Complex hyperbolic triangle groups). In Chapter 1 we discussed
the classical hyperbolic triangle groups. These are discrete subgroups of PSL(2,R)
generated by inversions on the sides (edges) of a triangle in the hyperbolic space
H2

R
, bounded by geodesics, with inner angles π/p, π/q and π/r for some integers

p, q, r > 1; in fact some of these integers can be ∞, corresponding to triangles
having one or more vertices on the visual sphere. When all vertices of the triangle
are at infinity, this is called an ideal triangle.

In their article [70], W. Goldman and J. Parker give a method of constructing
and studying complex hyperbolic ideal triangle groups. These are representations
in PU(2, 1) of hyperbolic ideal triangle groups, such that each standard generator
of the triangle group maps to a complex reflection, taking good care of the way in
which products of pairs of generators are mapped. The fixed point set of a complex
reflection is a complex slice (see Section 2.4.1).

Roughly speaking, the technique for constructing such groups begins with
the embedding of a Fuchsian subgroup Γ0 ↪→ PSL(2,R), and deforms the repre-
sentation inside Hom(Γ,PU(2, 1)). Thus Γ0 preserves the real hyperbolic plane H2,
but in general the deformed groups will not preserve any totally geodesic 2-plane
(which are either complex lines or totally real 2-planes, intersected with the ball).

More precisely, Goldman and Parker look at the space of representations for
a given triangle group, and for this they consider a triple of points (u1, u2, u3) in
∂B2, the boundary of the complex ball B2. Let C1, C2, C3 be the corresponding
complex geodesics they span. Let Σ be the free product of three groups of order
2, and let φ : Σ → PU(2, 1) be the homomorphism taking the generators of Σ
into the inversions (complex reflections) on C1, C2, C3. Conjugacy classes of such
homomorphisms correspond to PU(2, 1)-equivalence classes of triples (u1,u2,u3),
and such objects are parametrised by their Cartan angular invariant φ(C1, C2, C3),
−π

2 ≤ φ ≤ π
2 . The problem they address is: When is the subgroup Γ ⊂ PU(2, 1),

obtained in this way, discrete? They prove that if the embedding of Γ is discrete,
then |φ(x0, x1, x2)| ≤ tan−1

√
125/3, and they conjectured that the condition

|φ(x0, x1, x2)| ≤ tan−1
√
125/3 was also sufficient to have a discrete embedding.

This was referred to as the Goldman-Parker conjecture, and this was proved by
R. Schwartz in [197] (see also [199]).

In this same vein one has R. Schwartz’ article [198], where he discusses tri-
angle subgroups of PU(2, 1) obtained also by complex reflections. Recall there is
a simple formula (2.4.1) for the general complex reflection: Let V+ and V− be as
above and choose a vector c ∈ V+. For every nondegenerate vector u ∈ C2,1 the
inversion on u is

Ic(u) = −u+
2〈u, c〉
〈c, c〉 c , (2.5.3)

and every complex reflection is conjugate to a map of this type. One may also
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consider the Hermitian cross product (see [67, p. 45])

u� v = (u3v2 − u2v3 , u1v3 − u3v1 , u1v2 − u2v1) (2.5.4)

which satisfies: 〈u, u� v〉 = 〈v, u� v〉 = 0.

The two equations 2.5.3 and 2.5.4 enable us to generate discrete groups de-
fined by complex reflections as follows: Take three vectors V1, V2, V3 ∈ V− and set
cj = Vj−1 � Vj+1 (indices are taken modulo 3). For simplicity set Ij = Icj . Then
the complex reflection Ij leaves invariant the complex geodesic determined by the
points [Vj−1] and [Vj+1]. The group Γ := 〈I1, I2, I3〉 is a complex-reflection triangle
group determined by the triangle with vertices [V1], [V2], [V3], which is discrete if
the vertices are chosen appropriately, as mentioned above. These groups furnish
some of the simplest examples of complex hyperbolic Kleinian groups having a
rich deformation theory (see for instance [198], [197], [56]).

This construction gives rise to manifolds with infinite volume obtained as
quotient spaces M = H2

C
/Γ , which are the interior of a compact manifold-with-

boundary, whose boundary ∂M is a real hyperbolic 3-manifold, quotient of a do-
main Ω ⊂ ∂H2

C
∼= S3 by Γ (c.f. [198]).

Example 2.5.5 (Complex hyperbolic Kleinian groups with limit set a wild knot).
As mentioned above, a way of producing interesting complex hyperbolic Kleinian
groups is by taking a Fuchsian group Γ ⊂ PSL(2,R) and considering a representa-
tion of it in PU(2, 1) (or more generally in PU(n, 1)). A specially interesting case is
when Γ is the fundamental group of a hyperbolic surface, say of finite area. There
has been a lot of progress in the study and classification of complex hyperbolic
Kleinian groups which are isomorphic to such a surface group, but this is yet a
mysterious subject which is being explored by several authors. The most natural
way for this is by considering the Teichmüller space T (Γ) of discrete, faithful,
type-preserving representations of Γ in PU(2, 1); type-preserving means that ev-
ery element in Γ that can be represented by a loop enclosing a single puncture is
carried into a parabolic element in PU(2, 1), i.e., an element having exactly one
fixed point on the boundary sphere of the ball in P2

C
that serves as a model for

H2
C
.

In [53] the authors prove that if Γ is the fundamental group of a noncompact
surface of finite area, then the Teichmüller space T (Γ) is not connected. For this
they construct a geometrically finite quasi-Fuchsian group Γ acting on H2

C
whose

limit set is a wild knot, and they show that this group can be also embedded in
PU(2, 1) in such a way that the two embeddings are in different components of
T (Γ). They also prove that in both cases the two representations have the same
Toledo invariant, thence this invariant does not distinguish different connected
components of T (Γ) when the surface has punctures, unlike the case where the
surface is compact.

Let us sketch the construction of Dutenhefner-Gusevskii (see their article for
more details). Consider the 3-dimensional Heisenberg group N, which is diffeo-
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morphic to C× R. Notice that this group carries naturally the Heisenberg norm

‖(ζ, t)‖ =
∣∣‖ζ‖2 + it

∣∣ 1
2 .

The corresponding metric on N is the Cygan metric

ρ0
(
(ζ, t), (ζ ′, t′)

)
= ‖(ζ − ζ ′, t− t′ + 2�〈〈ζ − ζ ′〉〉)‖ .

We use horospherical coordinates {(ζ, t)} for H2
C
, which allow us to identify N

with the horospheres in H2
C
as explained in Subsection 2.3.1; these are the sets of

points in H2
C
of a constant “height”.

Now consider a knot K and a finite collection S = {Sk, S
′
k}, k = 1 . . . n, of

Heisenberg spheres (in the Cygan metric) placed along K, satisfying the following
condition: there is an enumeration T1; . . . ;T2n of the spheres of this family such
that each Tk lies outside all the others, except that Tk and Tk+1 are tangent, for
k = 1, . . . , 2n− 1, and T2n and T1 are tangent. Such a collection S of Heisenberg
spheres is called a Heisenberg string of beads, see Figure 2.1. Let gk be elements
from PU(2, 1) such that:

(i) gk(Sk) = S′
k,

(ii) gk(Ext(Sk)) ⊂ Int(S′
k),

(iii) gk maps the points of tangency of Sk to the points of tangency of S′
k.

Let Γ be the group generated by gk. Suppose now that Γ is Kleinian and the
region D lying outside all the spheres of the family S is a fundamental domain for
Γ. Then one can show that, under these conditions, the limit set of the group Γ is
a wild knot.

The main difficulties in that construction are in finding a suitable knot, and
appropriate spheres and pairing transformations gk, so that the region D one gets
is a special Ford fundamental domain, so that one can use Poincaré’s polyhedron
theorem (proved in [84]) for complex hyperbolic space, to ensure among other
things that the group is Kleinian.

In order to construct a knot and a family of spheres as above, having the
properties we need, they consider the granny knot K in H; this is the connected
sum of two right-handed trefoil knots (could also be left-handed). This has the
property that it can be placed in H so as to be symmetric with respect to the
reflection in the y-axis {v, (x + iy) ∈ H | x = v = 0}, and also with respect
to reflection in the vertical axis {x = y = 0}. These reflections are restrictions of
elements in PU(2, 1). Then they further choose K to be represented by a polygonal
knot L, with the same symmetry properties and so that the edges of L are either
segments of “horizontal” lines or segments of “vertical chains”. Using this knot,
they can show that there is a family of spheres and transformations with the
required properties.
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Figure 2.1: A Heisenberg string of beads

2.6 The Chen-Greenberg limit set

Consider now a discrete subgroup G of PU(n, 1). As before, we take as a model
for complex hyperbolic n-space Hn

C
the ball B ∼= B2n in Pn

C
consisting of points

with homogeneous coordinates satisfying

|z1|2 + · · ·+ |zn|2 < |zn+1|2

whose boundary is a sphere S := ∂Hn
C
∼= S2n−1, and we equip B with the Bergman

metric ρ to get Hn
C
.

The following theorem can be found in [45]) and it is essentially a consequence
of Arzelà-Ascoli’s theorem, since G is acting on Hn

C
by isometries (see [185]).

Theorem 2.6.1. Let G be a subgroup of PU(n, 1). The following four conditions
are equivalent:

(i) The subgroup G ⊂ PU(n, 1) is discrete.
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(ii) G acts properly discontinuously on Hn
C
.

(iii) The region of discontinuity of G in Hn
C
is all of Hn

C
.

(iv) The region of discontinuity of G in Hn
C
is nonempty.

It follows that the orbit of every x ∈ Hn
C
must accumulate in ∂Hn

C
.

Definition 2.6.2. If G is a subgroup of PU(n, 1), the Chen-Greenberg limit set of
G, denoted by ΛCG(G), is the set of accumulation points of the G-orbit of any
point in Hn

C
.

The following lemma is a slight generalisation of lemma 4.3.1 in [45]. This is
essentially the convergence property for complex hyperbolic Kleinian groups (see
page 15), and it implies that ΛCG(G) does not depend on the choice of the point
in Hn

C
.

Lemma 2.6.3. Let p be a point in Hn
C
and let (gn) be a sequence of elements in

PU(n, 1) such that gn(p) m→∞ �� q ∈ ∂Hn
C
. Then for all p′ ∈ Hn

C
we have that

gn(p
′)

m→∞ �� q. Moreover, if K ⊂ Hn
C

is a compact set, then the sequence of

functions gn|K converges uniformly to the constant function with value q.

The expression Bρ(x,C) denotes the ball with centre at x ∈ Hn
C
and radius

C > 0 with respect to the Bergman metric in Hn
C
.

Proof. Assume the sequence (gn(p)) converges to a point q ∈ ∂Hn
C
, and we assume

there exists p′ ∈ Hn
C
such that the sequence (gn(p

′)) does not converge to q. Then
there is a subsequence of (gn(p

′)) converging to a point q′ ∈ Hn
C
, q′ �= q. So we

may suppose that gn(p) m→∞ �� q and gn(p
′)

m→∞ �� q′. Let us denote by [p, p′] and
[q, q′] the geodesic segments (with respect to the Bergman metric) joining p with
p′ and q with q′, respectively. The distance from p to p′ in the Bergman metric is
equal to the length of [p, p′], and to [gn(p), gn(p

′)], but this length goes to ∞ as
n→∞, a contradiction. Therefore gn(p

′)→ q as n→∞.
Now we prove the convergence is uniform. If K is a compact subset of Hn

C
,

then there exists C > 0 such that K ⊂ Bρ(0, C), where 0 denotes the origin in
the ball model for Hn

C
. The first part of this proof implies that gn(0) → q. Given

that gn is an isometry of Hn
C
, we have that gn(Bρ(0, C)) = Bρ(gn(0), C) for each

n, and the result follows from the lemma below. �

Lemma 2.6.4. If (xn) is a sequence of elements in Hn
C
such that xn → q ∈ ∂Hn

C
as

n→∞, and C > 0 is a fixed positive number, then the Euclidean diameter of the
ball Bρ(xn, C) goes to zero as n→∞.

Proof. We use the model of the ball Bn ⊂ Cn for Hn
C
. Let x ∈ Bn. Every complex

geodesic through x has the form

Σy = {x+ ζy | ζ ∈ C, |x+ ζy| < 1} , y ∈ Cn, |y| = 1.
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The Euclidean distance of Σy to the origin of Bn is equal to

r(y) := |x− 〈〈x, y〉〉y|,

where the symbol 〈〈x, y〉〉 means the classical Hermitian product of the vectors
x, y ∈ Cn. Also, Σy is a Euclidean disc of Euclidean radius

(1− r(y)2)1/2 = (1− |x|2 + |〈〈x, y〉〉|2)1/2 =: R(y).

Moreover, the Bergman metric in Σy has the form

4R(y)2dzdz̄

(R(y)2 − |z|2)2 .

The intersection Bρ(x,C) ∩ Σy is a hyperbolic disk of hyperbolic radius equal to
C in Σy, and its hyperbolic centre x ∈ Σy has Euclidean distance |〈〈x, y〉〉| from
the Euclidean centre of Σy, which is the point x− 〈〈x, y〉〉y. Then Bρ(x,C)∩Σy is
a Euclidean disc of Euclidean radius

Ce(y) = R(y) tanh(C/2)
R(y)2 − |〈〈x, y〉〉|2

R(y)2 − tanh2(C/2)|〈〈x, y〉〉|2
.

When x is fixed, the radius Ce(y) is a continuous function of y ∈ S2n−1. Let yM
be such that Ce(yM ) ≥ Ce(y) for all y ∈ S2n−1. Let X1, X2 ∈ Bρ(x,C), then there
exist y1, y2 ∈ S2n−1 such that Xk ∈ Σyk

∩ Bρ(x,C), k = 1, 2. If σk denotes the
Euclidean centre of the disc Σyk

∩Bρ(x,C), one has that

|X1 −X2| ≤ |X1 − σ1|+ |X2 − σ2| ≤ 2Ce(y1) + 2Ce(y2) ≤ 4Ce(yM ).

Finally we see that, for each y ∈ S2n−1, Ce(y)→ 0 as x→ ∂Hn
C
. �

It is clear from the definitions that the limit set ΛCG(G) is a closed, G-
invariant set, and it is empty if and only if G is finite (since every sequence in a
compact set contains convergent subsequences). Moreover the following proposi-
tion says that the action on ΛCG(G) is minimal (cf. [45]).

Proposition 2.6.5. Let G be a nonelementary subgroup of PU(n, 1). If X ⊂ ∂Hn
C

is a G-invariant closed set containing more than one point, then ΛCG(G) ⊂ X.
Thence every orbit in ΛCG(G) is dense in ΛCG(G).

Proof. Let q be a point in ΛCG(G). There exists a sequence (gn) of elements of
G such that gn(p) → q for all p ∈ Hn

C
. Let x, y ∈ X, x �= y. We assume, taking

subsequences if necessary, that gn(x)→ x̂ and gn(y)→ ŷ, where x̂ �= q, ŷ �= q. Let
p′ ∈ Hn

C
be a point in the geodesic determined by x and y. Then gn(p

′) is in the
geodesic determined by gn(x) and gn(y). Given that q �= x̂ and q �= ŷ, we have
thatq = limn→∞ gn(p

′) belongs to the geodesic determined by limn→∞ gn(x) = x̂
and limn→∞ gn(y) = ŷ, a contradiction. Thus, gn(x)→ q or gn(y)→ q, so q ∈ X.
Therefore ΛCG(G) ⊂ X. �
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Theorem 2.6.6. Let G be a discrete group such that ΛCG(G) has more than two
points, then it has infinitely many points.

Proof. Assume that ΛCG(G) is finite with at least three points. Then

G̃ =
⋂

x∈ΛCG(G)

Isot(x,G)

is a normal subgroup of G with finite index. Then for each γ ∈ G̃, it follows that
γ(x) = x, for each x ∈ ΛCG(Γ). Then, the classification of elements in PU(n, 1)

yields that each element in G̃ is elliptic. Hence G̃ is finite, which is a contradiction.
�

Definition 2.6.7. (cf. Definition 3.3.9) The group G is elementary if ΛCG(G) has
at most two points.

Notice that Proposition 2.6.5 implies that if G is nonelementary and ΛCG(G)
is not all of ∂Hn

C
, then ΛCG(G) is a nowhere dense perfect set. In other words,

ΛCG(G) has empty interior and every orbit in ΛCG(G) is dense in ΛCG(G).
The following corollary is an immediate consequence of Proposition 2.6.5:

Corollary 2.6.8. If G ⊂ PU(1, n) is a nonelementary discrete group, then Λ(G) is
the unique closed minimal G-invariant set, for the action of G in Hn.



Chapter 3

Complex Kleinian Groups

In this chapter we introduce some fundamental concepts in the theory of complex
Kleinian groups that we study in the sequel. We begin with an example in P2

C
that

illustrates the diversity of possibilities one has when defining the notion of “limit
set”. In this example we see that there are several nonequivalent such notions, each
having its own interest. We then define the Kulkarni limit set of discrete subgroups
of PSL(n + 1,C) and the regions of discontinuity and equicontinuity. Finally we
outline the various constructions and families of complex Kleinian groups that we
study in later chapters.

Notice that PSL(n + 1,C), the group of automorphisms of Pn
C
, contains as

subgroups PU(n, 1) and Aff (Cn) ∼= GL (n,C)�Cn , the latter being the group of
affine transformations, the former being that of holomorphic isometries of complex
hyperbolic space. Hence these are two natural sources of discrete subgroups of
PSL(n + 1,C) with a rich geometry. Yet this latter group is much larger than
the others, so there is more in it, and that is one of the topics we explore in this
monograph.

In this chapter, besides talking about the limit set, we also give an overview of
the various means we know for constructing discrete subgroups of PSL(n+1,C). Of
course this includes complex hyperbolic groups, discussed in the previous chapter,
and complex affine groups, which we now discuss briefly.

3.1 The limit set: an example

In Chapter 1 we defined the limit set of a Kleinian group in the classical way,
as the set of accumulation points of the orbits. This is indeed a good definition
in that setting in all possible ways: its complement Ω is the maximal region of
discontinuity for the action of the group on the sphere (see Definition 3.2.1 below),
and Ω is also the region of equicontinuity, i.e., the set of points where the group
forms a normal family, see Chapter 1.

DOI 10.1007/978-3-0348-0481-3_3, © Springer Basel 2013
A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 77
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It could be nice to have such a “universal” concept in the setting we envisage
in this book, that of groups of automorphisms of Pn

C
. Alas this is not possible in

general and there is not a “correct” concept of limit set. This is illustrated by the
example below.

Indeed the question of giving “the definition” of limit set can be rather subtle,
as pointed out by R. Kulkarni in the general setting of discrete group actions
[132], and in [203] for the particular setting we envisage here. As we will see,
there can be several definitions of “limit set”, each having its own interest, its own
characteristics and leading to interesting results. Yet, one has that for complex
dimension 2, “generically” all limit sets we envisage in this work coincide (See
Chapter 6).

Let us start with an example from [160]. Let γ ∈ PSL(3,C) be the projec-
tivisation of the linear map γ̃ given by

γ̃ =

⎛⎝ α1 0 0
0 α2 0
0 0 α3

⎞⎠
where α1α2α3 = 1 and |α1| < |α2| < |α3. We denote by Γ the cyclic subgroup of
PSL(3,C) generated by γ; we choose the αi so that Γ is contained in PU(2, 1).
This is a loxodromic element in the notation of [67] (see Chapter 2 above). Each
αi corresponds to an eigenvector, hence to a fixed point of γ that we denote by ei.
The points {e1, e3} are contained in the sphere at infinity S3∞, corresponding to the
null vectors [V0]; the first of these is a repulsor while the third is an attractor. The
point e2 is in [V+] and it is a saddle point. The projective lines ←−→e1, e2 and ←−→e2, e3
are both invariant lines, tangent to S3∞. The orbits of points in the line ←−→e1, e2
accumulate in e1 going backwards, and they accumulate in e2 going forwards.
Similar considerations apply to the line ←−→e2, e3.

The orbit of each point in P2
C
\ (←−→e1, e2 ∪ ←−→e2, e3) accumulates at the points

{e1, e3}, and it is not hard to see that Γ forms a normal family at all points in
(H2

C
∪ S3∞) \ {e1, e3}. In fact one has:

Proposition 3.1.1. If Γ = 〈γ〉 is the cyclic group generated by γ, then:

(i) Γ acts discontinuously on Ω0 = P2
C
−(←−→e1, e2∪←−→e3, e2) , Ω1 = P2

C
−(←−→e1, e2∪{e3})

and Ω3 = P2
C
− (←−→e3, e2 ∪ {e1}).

(ii) Ω1 and Ω2 are the maximal open sets where Γ acts (properly) discontinuously;
and Ω1/Γ and Ω2/Γ are compact complex manifolds. (In fact they are Hopf
manifolds.)

(iii) Ω0 is the largest open set where Γ forms a normal family.

Thence, unlike the conformal case, now different orbits accumulate at differ-
ent points, while the set of accumulation points of all orbits consists of the points
{e1, e2, e3}. However, it follows from the proposition above that Γ is not acting
discontinuously on the complement of this set.
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The main problem resides in the fact that the invariant lines ←−→e1, e2 , ←−→e3, e2
are attractive sets for the iterations of γ (in one case) or γ−1 (in the other case).

Notice that a similar example was studied in [223], showing that the quotient
space (P2

C
− {e1, e2, e3})/Γ is non-Hausdorff, hence the action cannot be discon-

tinuous.

Proof. (i) To prove this assertion it is enough to observe that Ω0 = Ω1 ∩ Ω2, and
that the action of Γ restricted to Ω1 or to Ω2 corresponds to the action of the
cyclic groups generated, respectively, by the contracting maps

(z, w) �→ (z α1 α
−1
3 , w α3 α

−1
3 ) ,

(z, w) �→ (z α−1
2 α1 , w α−1

3 α1) .

(ii) Let Ω be an open set where Γ acts (properly) discontinuously, then we
claim that either ←−→e1, e2 ⊂ P2

C
− Ω, or else ←−→e2, e3 ⊂ P2

C
− Ω. For this, suppose there

is z ∈ C such that [z; 1; 0] ∈ Ω, then

[z w αn
3 : wαn

3 : αn
2 ] n→∞ �� [z : 1 : 0] ,

for each w ∈ C∗, and

γn([z w αn
3 : wαn

3 : αn
2 ]) = [z w αn

1 α−n
2 : w : 1]

n→∞ �� [0 : w : 1] ,

for all w ∈ C∗. Therefore ←−→e2, e3 ⊂ P2
C
− Ω. The analogous statement for the other

line follows similarly.
(iii) Follows easily from (i) and (ii). �

From the preceding example we see that even in simple cases, when we look at
actions on higher-dimensional projective spaces, there is no definition of the limit
set having all the properties one has in the conformal setting. Here one might take
as “limit set”:

• The points {e1, e2, e3} where all orbits accumulate. But the action is not
properly discontinuous on all of its complement. Yet, this definition is good
if we restrict the discussion to the “hyperbolic disc” H2

C
contained in P2

C
.

This corresponds to taking the Chen-Greenberg limit set of Γ, that we define
below, which is contained in the “visual sphere” at infinity.

• The two lines ←−→e1, e2 , ←−→e3, e2, which are attractive sets for the iterations of γ
(in one case) or γ−1 (in the other case). This corresponds to Kulkarni’s limit
set of Γ, that we define below, and it has the nice property that the action on
its complement is discontinuous and also, in this case, equicontinuous. And
yet, the proposition above says that away from either one of these two lines
(and a point) the action of Γ is properly discontinuous. So each of these is a
“maximal” region where the action is properly discontinuous.
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• We may be tempted to take as limit set the complement of the “largest region
where the action is properly discontinuous”, but there is no such region: there
are two of them, the complements of each of the two invariant lines, so which
one do we choose?

• Similarly we may want to define the limit set as the complement of “the
equicontinuity region”. In this particular example, that definition may seem
appropriate. The problem is that, by [116], the Hopf manifolds one gets as
quotients of Ω1 and Ω2 by the action of Γ cannot be obtained as the quotient
of the region of equicontinuity of some subgroup of PSL(3,C). That is, these
manifolds can not be written in the form U/G where G is a discrete subgroup
of PSL(3,C) acting equicontinuously on an open set U of P2

C
. Moreover, there

are examples where Γ is the fundamental group of a certain Inoue surface
(those of type Sol40 in Remark 8.7.2, see Chapter 8), and the action of Γ on
P2
C
has no points of equicontinuity.

Thus one has different definitions with nice properties in different settings.
For example, we will see that for Schottky groups in higher odd-dimensional pro-
jective spaces, there is yet another definition of limit set which seems appropriate.

We will say more about limit sets in the rest of this chapter, and one of the
main problems we study are the relations amongst these different concepts of “a
limit set”.

3.2 Complex Kleinian groups: definition and examples

Even if there is not a “well-defined” concept of limit set for discrete subgroups
of PSL(n + 1,C), there are well-defined concepts of discontinuous and properly
discontinuous actions, as explained already in Chapter 1. We recall these:

Definition 3.2.1. Let Γ be a subgroup of PSL(n+1,C) and let Ω be a Γ-invariant
open subset of Pn

C
. The action of Γ is discontinuous on Ω if each point x ∈ Ω has

a neighbourhood Ux which intersects at most finitely many copies of its Γ-orbit.
The action is properly discontinuous if for every compact set K ⊂ Ω we have that
K intersects at most a finite number of copies of its Γ-orbit.

Notice that if a subgroup Γ ⊂ PSL(n + 1,C) acts discontinuously on some
nonempty open subset Ω ⊂ Pn

C
, then Γ is necessarily discrete. However the converse

is not true in general, because the action of PSL(n+ 1,C) on Pn
C
is not isometric.

In fact there is an example in [207] of a discrete subgroup of PSL(3,C) acting on
P2
C
with dense orbits, and in [203] it is proved that the fundamental group of every

closed, hyperbolic manifold of dimension 5 acts on P3
C
so that every orbit is dense.

Definition 3.2.2. A discrete subgroup Γ of PSL(n + 1,C) is complex Kleinian if
it acts properly discontinuously on some open subset of Pn

C
. More generally, if

A ⊂ Pn
C
is an invariant set for the action of a subgroup Γ ⊂ PSL(n+1,C), we say
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that the action on A is Kleinian if A contains a nonempty invariant open (relative
to A) subset on which the action is properly discontinuous.

Let us name some examples and sources of constructing complex Kleinian
groups. These are studied in the sequel.

Example 3.2.3. (i) Complex hyperbolic Kleinian groups. Every discrete sub-
group of PU(n, 1) is a discrete subgroup of PSL(n+ 1,C) that acts properly
discontinuously on the open ball that serves as a model for the hyperbolic
n-space Hn

C
. Hence it is a complex Kleinian group. The corresponding orbit

spaces Hn
C
/Γ are by definition complex hyperbolic orbifolds. These are the

groups we studied in Chapter 2, and these will appear also in Chapters 4, 7
and 8.

(ii) Schottky groups. Consider an arbitrary collection L := {L1, . . . , Lr} of pro-
jective n-spaces in P2n+1

C
, all of them pairwise disjoint. Given arbitrary neigh-

bourhoods U1, . . . , Ur of the Li
′s, pairwise disjoint, one can easily show that

there exist compact tubular neighbourhoods Vi of the Li contained in Ui, and
projective transformations Ti of P2n+1

C
, i = 1, . . . , r, interchanging the interior

with the exterior of each Vi, leaving invariant its boundary Ei = ∂(Vi). The
Ei

′s are mirrors that play the same role in P2n+1
C

that (n− 1)-spheres play
in Sn to define the classical Schottky groups. The group of automorphisms
of P2n+1

C
generated by the Ti

′s is complex Kleinian.

These groups were introduced in [201], [203] and they are our focus of
study in Chapter 9.

(iii) Subgroups of the affine group. As noted earlier, the affine group Aff (Cn) is
a subgroup of PSL(n + 1,C), and every discrete subgroup of Aff (Cn) with
a nonempty region of discontinuity gives rise to a projective group with a
nonempty region of discontinuity. Let us name some explicit examples that
we discuss in more detail in Section 3.4 below.

(a) Fundamental groups of Hopf Manifolds.

(b) Fundamental groups of Complex Tori.

(c) The Suspension or Cone construction.

(d) Fundamental groups of Inoue surfaces.

(e) Complex reflections groups.

The suspension is a construction that allows us to construct a discrete
subgroups of PSL(n+1,C) out from subgroups of PSL(n,C). The groups
obtained in this way are the prototype of the groups with a control group
that we study in Chapter 5. These are all affine groups.

(iv) Groups constructed via twistor theory. The so-called Calabi-Penrose fibra-
tion, which is the most basic twistor fibration, describes P3

C
as a fibre bundle
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over the 4-sphere S4 with fibre P1
C
∼= S2. A basic fact of twistor theory is

that the group Conf+(S4), of orientation preserving conformal maps of S4,
has a canonical embedding in PSL(4,C). Thus one has a canonical action of
Conf+(S4) on P3

C
, and this action carries “twistor lines” (the fibres of the

fibration P3
C
→ S4) into twistor lines. In [202] it is proved that these maps

on the fibres are isometries with respect to the usual round metric on S2 and
therefore given Γ ⊂ Conf+(S4) discrete, the maximal region of discontinuity
for the induced action on P3

C
is just the lifting of the corresponding region of

discontinuity in S4.

In other words, every conformal Kleinian subgroup Γ ⊂ Conf+(S4) is
canonically a complex Kleinian subgroup of PSL(4,C), and the whole dy-
namics of Γ on the sphere can be read from its action on P3

C
, but in P3

C
one

can see facets of Γ that cannot be seen in S4. Analogous statements hold in
higher dimensions.

These types of complex Kleinian groups were introduced in [201] and
studied in [202]; they are our focus of study in Chapter 10.

Notice that if Γ ⊂ Conf+(S4) is a lattice (i.e., the quotient Conf+(S4)/Γ
has finite volume), then Mostow’s rigidity theorem says that Γ is rigid in
Conf+(S4), and therefore it is rigid in PSL(4,C) since the Lie algebra of this
group is the complexification of the Lie algebra of Conf+(S4). Yet, for discrete
subgroups of Conf+(S4) which are not lattices, there are deformations in
PSL(4,C) that do not come from Conf+(S4), and their study can be rather
interesting.

(v) The Join. This is a construction introduced in [201] that allows us to construct
a complex Kleinian group from two given complex Kleinian groups. Let Γ1 ⊂
GL (n+ 1,C) be a discrete group acting on Cn+1 which induces a Kleinian
action on Pn

C
; let Γ2 ⊂ GL (m+ 1,C) be a discrete group acting on Cm+1,

which induces a Kleinian action on Pm
C
. Then Γ1 × Γ2 acts on Cn+m+2 and

induces a Kleinian action on Pn+m+1
C

. The discontinuity set is the projective
join of the corresponding discontinuity sets of the previous actions on Pn

C
and

Pm
C
. This construction can be iterated to any number of Kleinian actions.

It is clear that in this case Pn
C
and Pm

C
are both invariant subsets for the

action on Pn+m+1
C

. This motivates the following definitions from [201], [202]:

Definition 3.2.4. Let Γ be a discrete subgroup of PSL(n+ 1,C), n > 1.

(a) The action of Γ on Pn
C
is reducible if it is obtained either by suspending a

complex Kleinian action on Pn−1
C

, or as the join of two Kleinian actions
on Pn1

C
and Pn2

C
, n = n1 + n2 + 1. Otherwise we say that the action of

Γ is irreducible.

(b) The action of Γ on Pn
C
is (real or complex) algebraically-mixing if there

are no proper (real or complex, respectively) compact submanifolds of
Pn
C
which are Γ-invariant.
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It is clear that algebraically-mixing implies irreducible. In Chapter 10 we
give examples from [202] of Kleinian actions which are algebraically mixing.
As noticed in [202], the same arguments also prove that the fundamental
group of every compact 5-dimensional hyperbolic manifold acts on P3

C
with

dense orbits; thence the action is algebraically-mixing.

In dimension 2, the example in [207], of a discrete subgroup of PSL(3,C)
that acts on P2

C
with dense orbits, has an empty region of discontinuity, so

the action is algebraically mixing.

3.3 Limit sets: definitions and some basic properties

There are several types of possible “limit sets” relevant for this work, namely:

a) the Chen-Greenberg limit set of complex hyperbolic groups;

b) the limit set of Kulkarni;

c) the complement of the region of equicontinuity;

d) complements of maximal regions of discontinuity; and

e) the limit set of complex Schottky groups.

There are other possible definitions of a limit set. For instance, in the classical
conformal case, the limit set can be regarded as the closure of the set of fixed points
of loxodromic elements. This is analogous to what happens for rational maps on
the Riemann sphere, where the Julia set is the closure of the repelling periodic
points. One has a notion of “loxodromic elements” in PSL(3,C)”, which in some
sense can be extended to higher dimensions. This may lead to another natural
notion of limit set, as the closure of the fixed points of loxodromic elements.

A natural question is: what are the relations amongst all these types of limit
sets? This is one of the questions we address in this work.

The Chen-Greenberg limit set of complex hyperbolic groups was already
defined in the previous chapter. We define below the Kulkarni limit set. The case
of Schottky groups is discussed in Chapter 9.

3.3.1 The Limit set of Kulkarni

Consider a locally compact Hausdorff space X with a countable base for its topol-
ogy. LetG be a group acting onX and let Ω ⊂ X be aG-invariant subset. We recall
from Chapter 1 that the action on Ω is properly discontinuous if for every pair of
compact subsets C and D of Ω, the cardinality of the set {γ ∈ G | γ(C)∩D �= ∅},
is finite.

In [132] there is a concept of limit set, motivated through an example that
inspired our example in Section 3.1. This definition of a limit set applies in a



84 Chapter 3. Complex Kleinian Groups

very general setting of discrete group actions, and it has the important property
of assuring that its complement is an open invariant set where the group acts
properly discontinuously. For this, recall that given a family {Aβ} of subsets of
X, where β runs over some infinite indexing set B, a point x ∈ X is a cluster
(or accumulation) point of {Aβ} if every neighbourhood of x intersects Aβ for
infinitely many β ∈ B.

Consider a space X and a group G as above. Then Kulkarni looks at the
following three sets.

a) Let L0(G) be the closure of the set of points inX with infinite isotropy group.

b) Let L1(G) be the closure of the set of cluster points of orbits of points in
X − L0(G), i.e., the cluster points of the family {γ(x)}γ∈G, where x runs
over X − L0(G).

c) Finally, let L2(G) be the closure of the set of cluster points of {γ(K)}γ∈G,
where K runs over all the compact subsets of X − {L0(G) ∪ L1(G)}.
We have ([132]):

Definition 3.3.1. (i) Let X be as above and let G be a group of homeomorphisms
of X. The Kulkarni limit set of G in X is the set

ΛKul(G) := L0(G) ∪ L1(G) ∪ L2(G).

(ii) The Kulkarni region of discontinuity of G is

ΩKul(G) ⊂ X := X − ΛKul(G).

Notice that the set ΛKul(G) is closed in X and it is G-invariant (it can be
empty). The set ΩKul(G) (which also can be empty) is open, G-invariant, and G
acts properly discontinuously on it.

It is not hard to show that when G is a Möbius (or conformal) group, the
Kulkarni limit set coincides with the classical limit set . In fact in that case there
are no points with infinite isotropy and the set L1(G) is the usual limit set Λ(G).
The only thing to prove is that the set L2(G) does not add new points to the limit
set Λ(G), and this is a consequence of the fact that in the conformal case, the
action on the complement of the limit set is properly discontinuous.

In the example in Section 3.1 one has that the sets L0(G) and L1(G) are equal
and consist of the three points {e1, e2, e3}, while L2(G) consists of the two lines
←−→e1, e2 , ←−→e3, e2. This example shows also that although Kulkarni’s limit set has the
property of assuring that the action on its complement is properly discontinuous,
this region is not always the largest such region.

In this work we are mostly interested in the case where the space X is a
complex projective space Pn

C
, and this definition of a limit set will be essential in

several chapters. In Chapter 7 we will compare the limit sets of Chen-Greenberg
and that of Kulkarni in the case of discrete subgroups of PU(n, 1) acting on Pn

C
.

The results in that chapter also show several other interesting facts, as for instance:
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(i) There is no monotony regarding limit sets in the sense that if Γ1,Γ2 are
Kleinian subgroups of some PSL(n,C), then Γ1 ⊂ Γ2 does not imply
ΛKul(Γ1) ⊂ ΛKul(Γ2) (see Remark 9.6.4), as it happens for conformal Klein-
ian groups and also for subgroups of PU(2, 1), see Corollary 7.3.11.

(ii) There is no relation amongst L0, L1 and L2, in the sense that there are
cases where two of them coincide and the other does not, or in some exam-
ples one has a strict contention Li ⊂ Lj , and in other examples this is the
other way round, Lj ⊂ Li. We refer to Chapter 7 for details on these and
other properties of the Kulkarni limit set for Kleinian actions of subgroups
of PU(2n, 1).

The limit set also has the following properties that will be used in the sequel:

Proposition 3.3.2. Let G ⊂ PSL(n,C) be a discrete group, then G is finite if and
only if ΛKul(G) is empty.

Proof. Obviously ΛKul(G) is empty when G is finite, so we assume that G is not
finite. Then by Proposition 2.1.2 there is an element γ with infinite order. Let γ̃
be a lift of γ and x be an eigenvalue of g̃; such an eigenvector exists since C is
complete as a field. Then [x] is a fixed point of γ and therefore [x] ∈ L0(G). This
completes the proof. �
Proposition 3.3.3. Let Γ ⊂ PSL(n+1,C) be a group acting properly discontinuously
on an open invariant set Ω ⊂ Pn

C
. Then L0(Γ) ∪ L1(Γ) ⊂ Pn

C
− Ω, and for every

compact set K ⊂ Ω one has that the set of cluster points of ΓK is contained in
Pn
C
\ Ω.

Proof. The proof follows easily from the fact that Γ acts discontinuously. �
Proposition 3.3.4. Let G ⊂ PSL(n+1,C) be a discrete, infinite group, n > 1. Then
the Kulkarni limit set of G always contains a projective subspace of dimension at
least 1.

Proof. For simplicity we assume n = 2; the general case is similar. By Proposition
2.1.2 there is an element γ ∈ Γ with infinite order. By the Jordan Normal Form
theorem, as in the example of Section 3.1, it is enough to consider the cases where
γ ∈ PSL(3,C) has a lift γ̃ whose Jordan’s normal form is either diagonal or one of
the following. In the diagonal case the conclusion follows from the λ-lemma that
we prove in Lemma 7.3.6.

Case 1. For all m ∈ N one has that:

γ̃m =

⎛⎝ 1 m m(m−1)
2

0 1 m
0 0 1

⎞⎠ . (3.3.4)

We claim that in this case ←−→e1, e2 ⊂ P2
C
− ΩKul(G). Otherwise there exists z ∈ C

such that [z; 1; 0] ∈ ΩKul(G). Let ε ∈ C, then
[
z; 1; 2(ε−m)

m(m−1)

]
m→∞ �� [z; 1; 0]. Thus
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for m(ε) large (am(ε) =
[
z; 1; 2(ε−m)

m(m−1)

]
)m≥m(ε) ⊂ ΩKul(G). By Proposition 3.3.4

we conclude that

γm(am) =

[
z + ε;

2ε− (m+ 1)

m− 1
;
2(ε−m)

m(m− 1)

]
m→∞ �� [−z − ε; 1; 0] for each ε ∈ C.

By Proposition 3.3.3 we conclude that ←−→e1, e2 ⊂ P2
C
− ΩKul(G), which is a contra-

diction.

Case 2. There is a λ ∈ C such that for all m ∈ N one has that

γ̃m =

⎛⎝ λm mλm−1 0
0 λm 0
0 0 λ−2m

⎞⎠ .

If |λ| = 1, then the line←−→e1, e3 is contained in L0(G)∪L1(G) because the dynamics
of the group restricted to this line is that of a rotation.

We assume now that |λ| < 1, the case |λ| > 1 being analogous. We claim that
←−→e1, e2 ⊂ P2

C
−Ω or←−→e1, e3 ⊂ P2

C
−Ω. If←−→e1, e2 �⊂ P2

C
−Ω, then there is z ∈ C such that

[z; 1; 0] ∈ Ω. Observe that for each w ∈ C∗ we have [wz;w;mλ3n−1]
m→∞ �� [z; 1; 0]

and

γm

([
z; 1;

nλ3m−1

w

])
=

[
wzλ

m
+ w;

wλ

m
; 1

]
m→∞ �� [w; 0; 1] ,

for all w ∈ C∗. As in the previous case we deduce that ←−→e1, e3 ⊂ P2
C
− Ω. �

From the proof of the previous proposition and the example in Section 3.1
we see that we have a matrix as in Case 2 above, with |λ| �= 1, and we have two
invariant lines which meet at a point. One of these lines is attractive while the
other is repelling. Hence we conclude:

Corollary 3.3.5. (i) Let γ ∈ PSL(3,C) be the transformation induced by the ma-
trix:

γ̃m =

⎛⎝ λm mλm−1 0
0 λm 0
0 0 λ−2m

⎞⎠ ,

with |λ| �= 1. Then ←−→e1, e2 ∪←−→e1, e3 ⊂ P2
C
\ Eq (〈γ〉).

(ii) Let γ ∈ PSL(3,C) be the transformation induced by the diagonal matrix
γ̃ = (γij)i,j=1,3, where |γ11| < |γ22| < |γ33| and γ11γ22γ33 = 1. Then ←−→e1, e2 ∪←−→e2, e3 ⊂ P2

C
\ Eq (〈γ〉).

Proposition 3.3.6. Let C be a closed G invariant set which satisfies that for every
compact set K ⊂ Pn

C
−C the set of cluster points of GK lies in C∩(L0(G)∪L1(G)),

then ΛKul(G) ⊂ C.
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Proof. If this is not the case, we deduce that there is a point in x ∈ Pn
C
− C, a

sequence (km ⊂ Pn
C
− (L0(G) ∪ L1(G)) and a sequence (gm) of different elements

in G, such that

km m→∞ �� k ∈ Pn
C − (L0(G) ∪ L1(G)),

gm(km)
m→∞ �� x ∈ Pn

C − C.

Thus, we can assume that (gm(km)) ⊂ Pn
C
− C . Applying the hypothesis to the

compact set K = {gm(km) : m ∈ N} ∪ {x} we get k ∈ L0(G) ∪ L1(G), which is a
contradiction. Therefore Λ(G) ⊂ C. �
Remark 3.3.7. [Complements of maximal regions] We can see from the previous
examples (in Section 3.1 and in Subsection 3.2.3) that there are cases for which
neither of the two concepts of limit set defined above (Chen-Greenberg’s and
Kulkarni’s) is “appropriate”. For instance when considering Schottky groups, the
limit set ΛS(Γ) is defined to be the set of accumulation points of the projective
subspaces {Li} used to define the Schottky group. The limit set for other complex
Schottky groups is defined similarly (see Chapter 9). We have not yet been able to
determine whether or not for Schottky groups this limit set coincides with Kulka-
rni’s limit set, nor if its complement coincides with the region of equicontinuity.

In the case of the fundamental group of a Hopf surface, it is easy to de-
termine its Kulkarni limit set, but it has the disadvantage that its complement
(the Kulkarni region of discontinuity) is not the largest region where the action
is discontinuous. In fact, there is not such a “largest” region, but there are two
“maximal” regions.

3.3.2 Elementary groups

We now introduce the notion of elementary complex Kleinian groups. Recall that
for a conformal Kleinian group Γ ⊂ Iso(Hn

R
), its limit set either has infinite cardi-

nality or else its cardinality is at most 2, and in that case we say that the group
is elementary.

In the case of complex Kleinian groups which are infinite, Proposition 3.3.4
says that the Kulkarni limit set always contains projective subspaces of positive
dimension, so it has infinite cardinality. So it makes no sense to count the number
of points in the limit set.

In fact, when n = 2 one can show that if the Kulkarni limit set has more
than three projective lines, then it contains infinitely many lines. In Chapter 4
there are examples of cyclic groups having one, two and three lines in its Kulkarni
limit set. Moreover, if n = 2 we have the following result from [14]:

Proposition 3.3.8. Let Γ ⊂ PSL(3,C) be discrete. Assume it acts properly discon-
tinuously on an open invariant set Ω ⊂ Pn

C
whose complement Pn

C
\Ω consists of a

finite union of complex projective subspaces. Then one of the following statements
is verified:
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(i) P2
C
\ Ω is a complex line;

(ii) P2
C
\ Ω is the union of two complex lines;

(iii) P2
C
\ Ω is the union of 3 nonconcurrent lines;

(iv) P2
C
\ Ω is the union of a point and a complex line not containing it.

The previous discussion motivates the following definition:

Definition 3.3.9. Let Γ ⊂ PSL(n+1,C) be a discrete group. Then Γ is elementary
if its Kulkarni limit set is a finite union of complex projective subspaces.

3.4 On the subgroups of the affine group

As mentioned before, every discrete subgroup of the affine group Aff (Cn) is a
subgroup of PSL(n+ 1,C). Let us look at some concrete examples:

3.4.1 Fundamental groups of Hopf manifolds

Let Γg = 〈g〉 be the cyclic group generated by an element g ∈ GL (n,C) which is
a contraction. Then Γg acts properly discontinuously and freely on Cn−{0}. The
quotient H = Cn − {0}/Γg is compact and it is a Hopf manifold.

3.4.2 Fundamental groups of complex tori

Let v1, . . . , v2n ∈ C2n−{0} be points which are R-linearly independent, and let gi
be the translation induced by vi. Then Γ = 〈g1, . . . , g2n〉 is a group isomorphic to
Z2n which acts properly discontinuously and freely on Cn. The quotient Cn/Γ is
homeomorphic to a torus T2n ∼= T2× · · · ×T2 with T2 := S1× S1. Thinking of Pn

C

as being Cn union a Pn−1
C

at ∞, one can easily show that Cn = ΩKul(Γ) = Eq (Γ)
is the largest open set where Γ acts properly discontinuously, and it coincides with
the equicontinuity region.

3.4.3 The suspension or cone construction

This construction is studied in detail in Chapter 5. This allows us to construct
complex Kleinian subgroups of PSL(n+ 1,C) from a complex Kleinian subgroup
of PSL(n,C), and these are all affine. As noted before, Pn−1

C
is the space of lines

in Cn and Pn
C
can be thought of as being Cn union the hyperplane at infinity.

Let Γ be a subgroup of PSL(n,C) and consider the covering map [[ ]]n :

SL(n,C) → PSL(n,C). Let Γ̂ ⊂ SL(n,C) be [[ ]]−1
n (Γ), i.e., the inverse image

of Γ in SL(n,C). Think of Pn
C

as being Cn ∪ Pn−1
C

and let Γ̃ be the subgroup

of PSL(n + 1,C) that acts as Γ̂ on Cn, so its action on Pn−1
C

, the hyperplane at

infinity, coincides with that of Γ. We call Γ̃ the full suspension group of Γ, following
[201].



3.4. On the subgroups of the affine group 89

If we can actually lift Γ ⊂ PSL(n,C) to a subgroup Γ̂ ⊂ SL(n,C) that

intersects the kernel of [[ ]]n only at the identity, so that Γ̂ is isomorphic to Γ,

then we can define Γ̃ to be the subgroup of PSL(n + 1,C) that acts as Γ̂ on Cn

and as Γ on Pn−1
C

, the hyperplane at infinity. We now call Γ̃ a (simple) suspension
group of Γ.

As noted in [201], the obstruction to lifting a Kleinian subgroup Γ of
PSL(n,C) to an isomorphic group in SL(n,C) is an element in H2(Γ,Zn). If this
obstruction vanishes, then Γ can be regarded as a Kleinian group on Pn

C
via a

suspension as above. This happens, for instance, if H2(Γ,Zn) ∼= 0 .
For example, if Γ is the fundamental group of a complete (nonnecessarily

compact), hyperbolic 3-manifold, so that Γ ⊂ PSL(2,C), then the obstruction
in question can be identified with the second Stiefel-Whitney class ω2 of the 3-
manifold, as pointed out by Thurston, see [127]. This class is always 0, because
every oriented 3-manifold is parallelisable. Hence Γ can always be lifted isomorphi-
cally to SL(2,C). Thus the fundamental group Γ of a hyperbolic 3-manifold acting
on H3, whose action on the sphere at infinity is Kleinian, can be considered as a
complex Kleinian group Γ̃ acting on P2

C
and leaving the line at infinity invariant.

In this case the Kulkarni limit set of Γ̃ is the cone, with vertex at 0, over the limit
set of Γ on P1

C
; the equicontinuity region of Γ̃ agrees with its discontinuity region

and it is the largest open set where Γ acts properly discontinuously. By Ahlfors’
Finiteness Theorem [3], the quotient Ω(Γ)/Γ is a Riemann surface of finite type.

Hence the quotient Ω(Γ)/Γ̂ is a complex line bundle over a Riemann surface of

finite type; Ω(Γ)/Γ̂ is homotopically equivalent to H3/Γ.

Remark 3.4.1. Recall that PSL(n,C) ∼= SL(n,C)/Zn. Then it can happen that a
subgroup Γ ⊂ PSL(n,C) has a lifting to SL(n,C) that intersects the kernel of [[ ]]n
in a nontrivial subgroup, other than Zn. In this case we can consider suspensions
similarly as before.

It is worth noting that one has a canonical embedding SL(n,C) → SL(n +

k,C) , for all n > 1, k > 0, given by A �→
(
A 0
0 Ik×k

)
. Therefore, if Γ ⊂ PSL(n,C)

is a group with a region of discontinuity in Pn−1
C

that can be suspended to a linear
group in SL(n,C), then Γ can be automatically suspended to a linear group in
SL(n+ k,C).

Thus, via this construction, Γ has a region of discontinuity in Pn+k
C

. If Γ
acts properly discontinuously on Ω ⊂ Pn−1

C
, then the corresponding region of

discontinuity Ωk of Γ in Pn+k
C

is a (k+1)-dimensional complex bundle over Pn−1
C

.
Hence, in particular, the fundamental group of every complete, connected, open,
3-dimensional hyperbolic manifold can be regarded in this way as a Kleinian group
on Pn

C
, for all n > 0.
This construction of a “suspension” has been generalised in [41], leading

to the concept of a controllable Kleinian group, that we study in Chapter 5 be-
low. This means a Kleinian subgroup Γ ⊂ PSL(n + 1,C) that leaves invariant
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a hyperplane Pn−1
C

⊂ Pn
C
and a point p away from Pn−1

C
. One thus has a natu-

ral holomorphic projection map Pn
C
\ {p} → Pn−1

C
and a group homomorphism

Γ→ PSL(n,C) that allows us to study the geometry and dynamics of Γ from its
image in PSL(n,C).

3.4.4 Example of elliptic affine surfaces

Let us describe an example which belongs to the important class of compact
complex surfaces known as elliptic affine surfaces; for a precise definition see [18].
This shows how this kind of surfaces appear naturally in our topic.

Let Σ ⊂ PSL(2,C) be a Kleinian group and U a connected component of the
discontinuity region Ω(Σ) such that U/Isot(U,Σ) is a compact manifold, where
Isot(U,Σ) is the isotropy of U , i.e., the subgroup of Σ that leaves U invariant. Now
let G ⊂ C∗ be an infinite discrete group, and consider the suspension of Isot(U,Σ)
with respect to G. Let Γ be a torsion free subgroup of Susp(Isot(U,Σ), G) with
finite index. Then the quotient (U×C∗)/Γ is a compact manifold, called an elliptic
affine manifolds.

3.4.5 Fundamental groups of Inoue surfaces

The formal definition of Inoue surfaces can be seen in [18]. By a theorem of [231]
all Inoue surfaces can be described as follows. There are three types (or families)
of such surfaces, all of them being affine manifolds. Let us describe briefly each of
these.

i) The SM family.

Let M ∈ SL(3,Z) have eigenvalues α, β, β with α a real number > 1 and
β �= β. Choose a real eigenvector (a1, a2, a3) belonging to α and an eigenvector
(b1, b2, b3) belonging to β. Now let GM be the group of automorphisms of H+×C
generated by

γ0(w, z) = (αw, βz),

γi(w, z) = (w + ai, z + bi) i = 1, 2, 3,

where H+ ∼= H2
R
denotes the upper half plane in C equipped with the hyperbolic

metric. Then GM is a subgroup of a certain solvable group Sol40 (that we define
in page 175), and GM acts properly discontinuously and freely on H+ × C. The
quotient (H+ × C)/GM is a compact surface.

ii) The S+N family.

Let N ∈ SL(2,Z) have real eigenvalues α, α−1 with corresponding real eigen-
vectors (a1, a2), (b1, b2). Choose a nonzero integer r, a complex number t and
complex numbers c1, c2 satisfying a certain integrability condition (that can be
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made precise). Consider the automorphisms of H+ × C generated by

γ0(w, z) = (αw,α−1z + t),

γi(w, z) = (w + ai, z + biw + ci) i = 1, 2,

γ3(w, z) = (w, z + r−1(b1a2 − b2a1)).

These generate a group GM ⊂ Sol41 and GM acts properly discontinuously, freely
and with compact quotient on H+ × C.

iii) The S−N family.

This family is defined by modifying the above construction as follows. Con-
sider N ∈ GL (2,Z) with real eigenvalues α,−α−1, and do as above but now
setting γ0(w, z) = (αw,−z).

In each of these cases the group GM can be regarded as acting on P2
C
, and it

can be proved (see Chapter 8) that its Kulkarni region of discontinuity is given by
(C−R)×C. Also this set is the largest one where GM acts properly discontinuously.
However in the case GM ⊂ Sol40 one has that Eq (GM ) = ∅.

3.4.6 A group induced by a hyperbolic toral automorphism

LetM be the matrixM =

(
3 5
−5 8

)
. This matrix has eigenvalues α± = −5±√

21
2 ,

and one can see that v+ = (1, −11+
√
21

10 ), v− = (−11+
√
21

10 , 1) are eigenvectors
corresponding to α+ and α− respectively. Now consider the open set

W =
⋃

i,j=0,1

(H(−1)i ×H(−1)j ) ,

where H±1 are the upper and the lower half planes in C. Let Γ�

M be the group of
automorphisms of: generated by:

γ0(w, z) = (α+w,α−z);

γ1(w, z) = (w + 1, z +
−11 +

√
21

10
);

γ2(w, z) = (w +
−11 +

√
21

10
, z + 1);

γ3(w, z) = (z, w).

Then it is easily seen that Γ�

M acts properly discontinuously on W = ΩKul(Γ
�

A) =
Eq (Γ�

A). Moreover, this set is the largest open set where Γ acts properly discon-
tinuously.
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3.4.7 Crystallographic and complex affine reflection groups

A complex crystallographic group Γ is a discrete subgroup of Aff (Cn) with com-
pact quotient. An element g �= 1 of Aff (Cn) is called a reflection if it has finite
order and it leaves point-wise fixed a hyperplane H. A crystallographic group Γ is
called a reflection group if it is generated by finitely many reflections in Aff (Cn).

Crystallographic and complex affine reflection groups have been studied by
various authors. See for instance [225] where the authors give a complete classifica-
tion of 2-dimensional crystallographic reflection groups, or [178] where the author
gives a classification of the discrete groups generated by affine complex reflections.
(This classification is meant to be complete, though there is in [75] a reflection
group which is not in Popov’s list. In this and other articles, V. Goryunov gives
interesting relations of complex affine reflection groups and singularity theory.)



Chapter 4

Geometry and Dynamics of
Automorphisms of P2C

In this chapter we study and describe the geometry, dynamics and algebraic clas-
sification of the elements in PSL(3,C), extending Goldman’s classification for the
elements in PU(2, 1) ⊂ PSL(3,C). Just as in that case, and more generally for the
isometries of manifolds of negative curvature, the automorphisms of P2

C
can also

be classified into the three types of elliptic, parabolic and loxodromic (or hyper-
bolic) elements, according to their geometry and dynamics. This classification can
be also done algebraically, in terms of their trace.

It turns out that elliptic and parabolic elements in PSL(3,C) are all conjugate
to elliptic and parabolic elements in PU(2, 1). Also, the loxodromic elements in
PU(2, 1) are loxodromic as elements in PSL(3,C), but in this latter group we get
new types of loxodromic elements that cannot exist in PU(2, 1). In this chapter
we study and describe in detail each of these types of automorphims of P2

C
.

Notice that when we look at subgroups of PU(2, 1) we have the stringent
condition of preserving the corresponding quadratic form, and therefore one has
an invariant ball. Then the elliptic elements are those having a fixed point in the
interior of the ball, parabolics have a fixed point in the boundary of the ball and
loxodromic elements have two fixed points in the boundary. Yet, when we think of
automorphisms of P2

C
, this type of classification makes no sense, since in general

there is not an invariant ball or sphere.

In P2
C
we must think globally. Each such an automorphism γ has a lifting to

SL(3,C) with three eigenvalues (possibly not all distinct). Each eigenvector gives
rise to a fixed point of γ. All these fixed points, and their local properties, must
be taken into account for a classification of the elements in PSL(3,C).

The material in this chapter is essentially contained in [160]. The first section
gives a qualitative overview of the classification problem we address in this chapter.
This somehow serves as an introduction to the topic. In the following sections

DOI 10.1007/978-3-0348-0481-3_4, © Springer Basel 2013
A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 93
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we make precise the notions of elliptic, parabolic and loxodromic elements in
PSL(3,C), as well as the various subclasses of maps one has in each type.

We carefully describe the geometry and dynamics in each case. We determine
in each case the corresponding Kulkarni limit set, the equicontinuity region and
the maximal region of discontinuity. We also give an algebraic characterisation
of the various types of transformations in terms of the trace of their liftings to
SL(3,C).

4.1 A qualitative view of the classification problem

We consider an element g ∈ PSL(3,C) and all its iterates gn := g ◦ gn−1, for
all n ∈ Z (with g1 := g, g0 := Id and g−n := (g−1)n). In other words, we are
considering the cyclic group generated by g. The element g is represented by a
matrix g̃ in GL (3,C), unique up to multiplication by nonzero complex numbers.

Such a matrix g̃ has three eigenvalues, say λ1, λ2, λ3, which may or may not
be equal, and if they are distinct, they may or may not have equal norms: These
facts make big differences in their geometry and dynamics, as we will see in the
sequel. These, together with the corresponding Jordan canonical form of g̃, yield
to the geometric and dynamical characterisations of the elements in PSL(3,C)
that we give in this chapter. Yet, in the case of PSL(3,C) we give also an algebraic
classification in terms of the trace, and this looks hard to do in higher dimensions.

Notice also that what really matters are the ratios amongst the λi, since
multiplication of a matrix by a scalar multiplies all its eigenvalues by that same
scalar. Recall also that each eigenvalue determines a one-dimensional space of
eigenvectors in C3, so its projectivisation fixes the corresponding point in P2

C
.

Distinct eigenvalues give rise to distinct fixed points in P2
C
. Also, every two points

in P2
C
determine a unique projective line; if the two points are fixed by g, then the

corresponding line is g-invariant.
Let us use this information to have a closer look at the dynamics of g by

considering a lifting g̃ ∈ SL(3,C) and looking at its Jordan canonical form. One
can check that this must be of one of the following three types:⎛⎝ λ1 0 0

0 λ2 0
0 0 λ3

⎞⎠ , where λ3 = (λ1λ2)
−1,

⎛⎝ λ1 1 0
0 λ1 0
0 0 λ3

⎞⎠ , where λ3 = (λ1)
−2,

⎛⎝ 1 1 0
0 1 1
0 0 1

⎞⎠ .

Let us see what happens in each case. In the first case, the images of e1, e2, e3 are
fixed by the corresponding map in P2

C
; for simplicity we denote the corresponding
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images by the same letters (to avoid having too many brackets [ei]). One also
has at least three invariant projective lines in P2

C
: L1 := ←−→e1, e2, L2 : ←−→e2, e3 and

L3 :=←−→e1, e3.
Up to re-numbering the eigenvalues there are three essentially different pos-

sibilities (though a closer look at them shows that there are actually certain sub-
cases):

(i) |λ1| < |λ2| < |λ3|.

(ii) |λ1| = |λ2| < |λ3| (could be |λ1| < |λ2| = |λ3|, but this is similar).

(iii) |λ1| = |λ2| = |λ3| = 1

Case (i) was essentially discussed in Chapter 3. The point e1 is repelling, e2 is
a saddle and e3 is an attractor. Notice that the restriction of g to each of the
three lines Li is a loxodromic transformation in the group of automorphisms of
this line, that we can identify with PSL(2,C): it has two fixed points in the line,
one is repelling and the other is attracting.

Each point in L1 determines a unique projective line passing through that
point and e3, and the union of all these lines fills up the whole space P2

C
. In other

words, the points in L1 parametrise the pencil {Ly}e3of projective lines in P2
C

passing through e3. Since the line L1 is g-invariant, and e3 is a fixed point of g, it
follows that each element in this pencil is carried by g into another element of the
pencil. Furthermore, we can say that this is happening in a “loxodromic” way in
the following sense: if we start with a point x in one of these lines, then the g-orbit
of x will travel from line to line, converging towards e3 under the iterates of g, and
getting closer and closer to the line L1 under the iterates of g−1, thus converging
to a fixed point in this line. This kind of transformations will correspond to the
so-called subclass of strongly-loxodromic elements.

Notice that in this case, since e3 is an attracting fix point, we can choose a
small enough “round ball” U containing e3 such that g(U) ⊂ U . This is relevant
because it is this property which characterises loxodromic elements (see Definition
4.2.14).

Now consider the case

|λ1| = |λ2| < |λ3| .

We can assume |λ1| = 1. As before, the three points ei are fixed points, the three
lines are g-invariant and g carries elements in the pencil {Ly}e3 into elements of
this same pencil in a “loxodromic” way, as in the previous case, since the eigenvalue
λ3 has larger norm. The difference with the previous case is that the restriction of
g to the invariant line L1 is now elliptic, not loxodromic. Hence the orbits of points
in L1, other than the two fixed points e1, e2, move rotating along circles. All other
points approach e3 when travelling forwards, doing “spirals”, and they approach
the line L1 when moving backwards. These transformations are therefore called
screws, and we will see that they are also loxodromic as elements in PSL(3,C).
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When |λ1| = |λ2| = |λ3| = 1 the situation is quite different. Now the restric-
tion of g to each of the three lines L1, L2 and L3 is an elliptic transformation,
and g carries the elements of the pencil into elements of the pencil in an “elliptic
way”, that we will make precise. Notice one has in this case that

T (1)(r) = {[z1 : z2 : z3] ∈ P 2
C : |z2|2 + |z3|2 = r|z1|2}, r > 0 ,

is a family of 3-spheres, each of these being invariant under the action of g.
Let us envisage now the second case considered above, that is matrices of the

form ⎛⎝ λ1 1 0
0 λ1 0
0 0 λ3

⎞⎠ ,

with λ3 = (λ1)
−2 . Notice that the top Jordan block determines a projective line

L1 on which the transformation is parabolic. As a Möbius transformation in L1

this map is

z �→ z +
1

λ1
. (4.1.0)

So the map in L1 is parabolic. Now observe that the points e1 and e3 are the only
fixed points of g. As before, we have the invariant pencil {Ly}e1 . Notice there are
two cases: |λ1| = 1 or |λ1| �= 1. In the first case, g carries each element in the pencil
into another element in the pencil in an “elliptic way”. One can show too that in
this case there is a family of 3-spheres in P2

C
which are invariant by g and they all

meet at the point e3. These type of maps belong to the class of parabolic elements
in PSL(3,C), and they belong to the sub-class of ellipto-parabolic transformations.

If we now take |λ1| �= 1, then the dynamics in L1 is as before, but away from
this invariant line the dynamics is dominated by the eigenvalue λ3. If we assume
|λ1| > 1, then all points in P2

C
\ L1 escape towards e3 when moving forwards,

and they accumulate in the line L1 when moving backwards. If |λ1| < 1 the
dynamics just reverses and the backwards orbits accumulate at e3. These maps
are loxodromic elements, of the type called loxo-parabolic.

Finally consider the case ⎛⎝ 1 1 0
0 1 1
0 0 1

⎞⎠ .

Now one has that all eigenvalues are equal to 1. There is only one fixed point,
e1, and an invariant line, L1 := ←−→e1, e2, in which the transformation is parabolic.
Moreover, one has in this case the following family of g-invariant 3-spheres, which
are all tangent to the line L1 at the point e1,

Tr = {[z1 : z2 : z3] | |z2|2 + r|z3|2 − (z1z3 + z1z3)−
1

2
(z2z3 + z2z3) = 0}, r ∈ R.

These maps are all parabolic, of the type called unipotent.
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4.2 Classification of the elements in PSL(3,C)

In this section we study and classify the elements in PSL(3,C) by means of their
geometry and dynamics, following the ideas sketched in the previous section. As
indicated above, these will be of three types: elliptic, parabolic and loxodromic, and
this classification can be naturally refined into several subclasses. Elliptic elements
can be, up to conjugation, of two types: regular elliptic or complex reflections.
There are also two types of parabolic elements: unipotent and ellipto-parabolic.
The loxodromic elements are of four types: loxo-parabolic, homotheties, screws and
strongly-loxodromic. The two types of elliptic elements, as well as the two types
of parabolic elements, appear in Goldman’s classification of elements in PU(2, 1).

Regarding loxodromic we find that those coming from PU(2, 1) are all strong-
ly loxodromic, and in fact only some types of the strongly loxodromic elements
are conjugate to elements in PU(2, 1). So we have that there are several new
types of transformations in PSL(3,C) that do not exist in PU(2, 1). These are
the loxo-parabolics, screws, homotheties and a “large” set of strongly-loxodromic
transformations (see Theorem 4.3.3). Notice that PU(2, 1) has dimension 8 while
PSL(3,C) has dimension 15, so it is natural to expect having new types of trans-
formations in the latter group that do not appear in the former.

We first define and study the elliptic elements, then the parabolics and finally
the loxodromic elements.

4.2.1 Elliptic Transformations in PSL(3,C)

Recall that up to conjugation, an elliptic element g ∈ PU(2, 1) can be represented
by a matrix of the form

g̃ =

(
A 0
0 λ

)
,

where A ∈ U(2) and λ ∈ S1. Actually U(2) ∼= SU(2)×S1 acts on C2 preserving the
usual Hermitian product. So its action on C2 has a fixed point at 0 and preserves
the foliation given by all 3-spheres centred at 0. The action of g̃ on P2

C
essentially

corresponds to extending the action of A to P2
C
∼= C2 ∪ P1

C
, where P1

C
is regarded

as the line at infinity; this is an invariant line for the action of U(2) on P2
C
. Notice

that a neighbourhood of P1
C
in P2

C
looks like the total space of the tautological

(or universal) bundle over P1
C
; the above 3-spheres can each be regarded as the

boundary of a tubular neighbourhood of P1
C
, and each of these corresponds to the

usual Hopf bundle S3 → S2 ∼= P1
C
.

More generally:

Definition 4.2.1. The 3-spheres in P2
C
are defined as the images of the set

T = {[z1 : z2 : z3] ∈ P2
C : |z1|2 + |z2|2 − |z3|2 = 0}

under the action of PSL(3,C).
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Notice that if in the above discussion we take the origin of C2 as being the
point e3 and the line at infinity P1

C
as being the line ←−→e1, e2, then the above family

of spheres actually is a foliation of P2
C
\ (←−→e1, e2 ∪ {e3}), given by:

T (r) = {[z1 : z2 : z3] ∈ P 2 : |z1|2 + |z2|2 = r|z3|2} , r > 0,

where ←−→e1, e2 denotes the complex line {[z1 : z2 : z3] ∈ P2
C
| z3 = 0} and e3 = [0 :

0 : 1].
Each automorphism h ∈ PSL(3,C) carries the above foliation into another

family of 3-spheres given by h(T (r)), r > 0. These are the leaves of a foliation of
P2
C
\ (h(←−→e1, e2) ∪ {h(e3)}).

Definition 4.2.2. A transformation ĝ ∈ PSL(3,C) is called elliptic if it preserves
each one of the leaves of a foliation as above. In other words, ĝ ∈ PSL(3,C) is

elliptic if and only if there exists ĥ ∈ PSL(3,C) such that ĥ−1ĝĥ(T (r)) = T (r) for
every r > 0.

Proposition 4.2.3. The element ĝ ∈ PSL(3,C) is elliptic if and only if it is conju-
gate to an elliptic element of PU(2, 1).

Proof. Assume ĝ ∈ PSL(3,C) is elliptic, then there is ĥ ∈ PSL(3,C) such that

ĥ−1ĝĥ preserves every 3-sphere T (r), r > 0. It follows that f̂ := ĥ−1ĝĥ ∈ PU(2, 1)

and [0 : 0 : 1] is a fixed point of f̂ . Therefore f̂ is elliptic in PU(2, 1). The converse
follows from the fact that every elliptic element in PU(2, 1) has a conjugate in
PU(2, 1) which is induced by a matrix of the form(

A 0
0 λ

)
,

where A ∈ U(2) and λ ∈ U(1). �
The next corollary follows easily from the proposition above and the fact that

every element in U(2) is diagonalizable and its eigenvalues are unitary complex
numbers.

Corollary 4.2.4. An element ĝ ∈ PSL(3,C) is elliptic if and only if ĝ has a lift
g ∈ SL(3,C) such that g is diagonalizable and every eigenvalue is a unitary complex
number.

Hence every elliptic element has a canonical Jordan form of the type⎛⎝ λ1 0 0
0 λ2 0
0 0 λ3

⎞⎠
with the λi satisfying |λ1| = |λ2| = |λ3| = |λ1λ2λ3| = 1.

By definition an elliptic element in PSL(3,C) preserves a foliation by “con-
centric” spheres. The proposition below says that such a transformation actually
preserves three foliations by “concentric” 3-spheres, and each such sphere is itself
foliated by invariant tori (with two circles as singular set of the foliation).
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Proposition 4.2.5. If ĝ ∈ PSL(3,C) is an elliptic transformation, then there are
three families of invariant 3-spheres. Furthermore, each one of these 3-spheres has
a ĝ-invariant foliation whose nonsingular leaves are torus, and it has two singular
leaves, each one being a circle.

In fact the foliation by tori one has on each sphere is the usual one: we
decompose the sphere as the union of two (unknotted) solid tori S1 × D2, glued
along their boundary, and each torus is foliated by concentric tori. The singular
fibres are the cores of the two tori.

Proof. Let f̂ be an elliptic transformation, then there exists ĥ ∈ PSL(3,C) such

that ĝ = ĥg̃ĥ−1 has a diagonal matrix with unitary eigenvalues as a lift to SL(3,C).
Then the three families of 3-spheres are given by:

T (1)(r) = {[z1 : z2 : z3] ∈ P 2
C : |z2|2 + |z3|2 = r|z1|2}, r > 0;

T (2)(r) = {[z1 : z2 : z3] ∈ P 2
C : |z1|2 + |z3|2 = r|z2|2}, r > 0;

T (3)(r) = {[z1 : z2 : z3] ∈ P 2
C : |z1|2 + |z2|2 = r|z3|2}, r > 0.

Notice that each of these 3-spheres is ĝ-invariant. Therefore the intersection of
members of these three families is also ĝ-invariant. So, we will describe the possible
intersections amongst these 3-spheres. By symmetry, it is enough to consider the
intersections of T (3)(1) with spheres of each family T (1)(r1), r1 > 0; T (2)(r2), r2 >
0.

We identify the sphere T (3)(1) with S3 = {(z1, z2) ∈ C2 : |z1|2 + |z2|2 = 1}.
It is not difficult to see that the intersection with a 3-sphere of the family T (1)(r1)
is empty whenever 0 < r1 < 1; the intersection is the circle z2 = 0 when r1 = 1,

and it is the torus |z1| =
√

2
1+r1

when r1 > 1.

The intersection of T (3)(1) with a sphere of the family T (2)(r2) is: empty if

0 < r2 < 1; it is the circle z1 = 0 if r2 = 1; and it is the torus |z2| =
√

2
1+r2

if

r2 > 1.

Every torus of the family |z1| =
√

2
1+r1

, r1 > 1, can be seen as one of the

family |z2| =
√

2
1+r2

, r2 > 1, and vice versa. Therefore they define the same family.

Moreover, this family of tori together with the two circles z1 = 0, z2 = 0 are the
leaves of a foliation of S3, where the two circles are singular leaves.

Finally, the possible intersections for three 3-spheres, one of each family, are
either the empty set or a torus as above. �

We now look at the Kulkarni limit set ΛKul = L0∪L1∪L2 of the cyclic group
generated by an elliptic transformation (we refer to Chapter 3 for the definition
of this limit set).

Lemma 4.2.6. Let β ∈ R−Q, and consider an action on the 3-sphere

S3(r) = {(z1, z2) ∈ C2 : |z1|2 + |z2|2 = r}, r > 0 ,
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given by ψ : (z1, z2) �→ (e2παiz1, e
2πβiz2), where α is a real number. Then every

point in S3(r) is an accumulation point of some orbit. In other words, the Kulkarni
set L1(ψ) is all of S3(r).

Proof. We prove the case when r = 1; the general case is analogous. We have a
foliation of S3 whose leaves are the tori {(z1, z2) : |z1| = c}, 0 < c < 1, the circles
z1 = 0 and z2 = 0 are singular leaves; and each leaf is invariant under the action.
Now we restrict our attention to one single torus.

Case 1. α
β = γ ∈ Q. The curves t �→ (e2πtαiz1, e

2πtβiz2), t ∈ [0, 1], are simple

and closed for every (z1, z2) ∈ T . Moreover, the orbit of any point in this curve is
dense in the curve, because β /∈ Q. Therefore L1(ψ) = S3.

Case 2. α
β = γ /∈ Q. The curves t �→ (e2πtαiz1, e

2πtβiz2), t ∈ [0, 1], are simple,
but not closed and the image of each such curve is dense in the corresponding
torus T . As in Case 1, the orbit of any point in this curve is dense in it, therefore
L1(ψ) = S3. �
Proposition 4.2.7. Let ĝ ∈ PSL(3,C) be an elliptic transformation, and let Eq (〈ĝ〉)
be its equicontinuity region. Then the Kulkarni sets L0, L1, L2 are as follows:

(i) If ĝ has finite order, then

P2
C \ Eq (〈ĝ〉) = L0(ĝ) = L1(ĝ) = L2(ĝ) = Λ(ĝ) = ∅ .

(ii) If ĝ has infinite order, then L0(ĝ) = {x : x is fixed point of ĝ} and we have

Eq (〈ĝ〉) = L1(ĝ) = P 2
C , L2(ĝ) = ∅.

Proof. Statement (i) is clear, let us prove (ii). It is easy to check that L0(ĝ) = {x :
x is fixed point of ĝ}, since this set consists of the points with infinite isotropy.
We can assume that ĝ has a lift g̃ to GL (3,C) of the form⎛⎝ e2πiα 0 0

0 e2πiβ 0
0 0 1

⎞⎠ ,

where β ∈ R−Q. Then ĝ acts on the family of 3-spheres,

T (r) = {[z1 : z2 : z3] ∈ P 2
C : |z1|2 + |z2|2 = r|z3|2},

leaving invariant each member. The family T (r), r > 0, can be considered as
the family of 3-spheres in C2 with centre at the origin and positive radius. Then
Lemma 4.2.6 implies that L1(ĝ) = P 2

C
. By definition we have that L2(ĝ) = ∅. To

conclude the proof, let (g̃lm) ⊂ 〈g̃〉 be a sequence of distinct elements. Since the
set of unitary complex numbers is compact, we can assume that the sequences
(e2πiαlm), (e2πiβlm) are convergent, with limit points α̃ and β̃ respectively. Thus

g̃lm =

⎛⎝ e2πiαlm 0 0
0 e2πiβlm 0
0 0 1

⎞⎠
m→∞ ��

⎛⎝γ̃ =

α̃ 0 0

0 β̃ 0
0 0 1

⎞⎠ .
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That is glm
m→∞ �� [γ] ∈ PSL(3,C) uniformly on P2

C
, which shows that Eq (〈ĝ〉) =

P2
C
. �

4.2.2 Parabolic Transformations in PSL(3,C)

Recall that by definition a parabolic element ĝ ∈ PU(2, 1) has a fixed point p
on S3 = ∂H2

C
⊂ P2

C
. It is well-known (and it follows also from our proof below

of Proposition 4.2.12) that the parabolic transformation Γ leaves invariant each
horosphere at p in H2

C
⊂ P2

C
. In real hyperbolic geometry, taking p to be infinity

in the upper-half space model, we get that a parabolic element is essentially a
translation. In the complex hyperbolic case this is not that simple, and yet, the
transformation still preserves the horospheres.

Definition 4.2.8. The transformation ĝ ∈ PSL(3,C) is called parabolic if there
exists a family F of ĝ-invariant 3-spheres and Zf ∈ P2

C
such that:

(i) For every pair of different elements T1, T2 ∈ F it follows that T1∩T2 = {Zf}.

(ii) The set
⋃
F is a closed round ball.

Here by a round ball we mean the image by an element in PSL(3,C) of the ball
consisting of points whose homogeneous coordinates satisfy |z1|2 + |z2|2 < |z3|2.

Proposition 4.2.9. If the element ĝ ∈ PSL(3,C) is parabolic, then ĝ is conjugate
to a parabolic element of PU(2, 1).

Proof. After conjugating with a projective transformation if necessary, we have
that ĝ ∈ PU(2, 1). Since T1 ∩ T2 = {Zf}, for every pair of distinct elements
T1, T2 ∈ F , we conclude that Zf is a fixed point of ĝ and Zf ∈ ∂Hn

C
. Thus ĝ is

either loxodromic or parabolic. Let us assume that ĝ is loxodromic, thus there is a

pont q �= Zf such that q is fixed by ĝ. Then � =
←−→
Zf , q is invariant under ĝ and the

restriction of ĝ to � is a loxodromic transformation. On the other hand, trivially
we get that F̃ = {T ∩ � : T ∈ F} is a family of ĝ-invariant circles tangent at

Zf ∈ P2
C
. Therefore q ∈ F̃ , which is a contradiction. �

We now proceed to developing some tools we need for proving Proposition
4.2.12, which is the converse of Proposition 4.2.9.

As before, given X,Y ∈ P2
C
, we denote by

←−→
X,Y the projective line in P2

C

determined by X and Y .
Recall (see p. 16, equation 1.13, in [67]) that given X,Y ∈ P2

C
, the Fubini-

Study metric d(X,Y ) between X and Y satisfies the equation

cos2(d(X,Y )) =
〈〈x, y〉〉〈〈y, x〉〉
〈〈x, x〉〉〈〈y, y〉〉 ,

where x, y ∈ C3 − {(0, 0, 0)} are lifts of X and Y , respectively, and 〈〈·, ·〉〉 is the
usual Hermitian product in C3.
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Proposition 4.2.10. Let ĝ ∈ PSL(3,C).

(i) Assume ĝ has a lift ⎛⎝ 1 1 0
0 1 0
0 0 1

⎞⎠ ,

then L0(ĝ) =
←−→e1, e3, L1(ĝ) = L2(ĝ) = {e1} and Eq (〈ĝ〉) = ΩKul(〈ĝ〉).

(ii) Assume ĝ has a lift ⎛⎝ 1 1 0
0 1 1
0 0 1

⎞⎠ ,

then ĝ has one single fixed point, which is e1; L0(ĝ) = L1(ĝ) = {e1}, and
L2(ĝ) =

←−→e1, e2, with ĝ acting as a classical parabolic transformation on this
line. Moreover Eq (〈ĝ〉) = ΩKul(〈ĝ〉).

(iii) If ĝ has a lift ⎛⎝ 1 1 0
0 1 0
0 0 λ

⎞⎠ ,

where λ = e2πix �= 1, then ĝ has two fixed points e1, e3, and

L0(ĝ) =

{ ←−→e1, e3 if x is rational,
{e1, e3} if x is irrational,

L1(ĝ) =

{
{e1} if x is rational,
←−→e1, e3 if x is irrational,

L2(ĝ) = {e1}.

Moreover Eq (〈ĝ >) = ΩKul(〈ĝ〉).
Proof. For (i), assume ĝ has a lift to SL(3,C) of the form⎛⎝ 1 1 0

0 1 0
0 0 1

⎞⎠ .

Then it is clear one has L0(ĝ) = Lf = {[z1 : z2 : z3] ∈ P 2 | z2 = 0}.
Let Z = [z1 : z2 : z3] be a point in P2

C
− L0(ĝ). The equations

cos2(d(ĝn(Z), e1)) =
|z1 + nz2|2

|z1 + nz2|2 + |z2|2 + |z3|2
,

cos2(d(ĝ−n(Z), e1)) =
|z1 − nz2|2

|z1 − nz2|2 + |z2|2 + |z3|2
,

imply that L1(ĝ) = {e1}.
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For every ε > 0, we define K
(i)
ε as the subset of P2

C
given by π(K̃i

ε), where

π : S5 → P2
C
is the canonical projection and K̃

(i)
ε = {(z1, z2, z3) ∈ S5 : |zi| ≥ ε}.

We will prove that the sequence of functions ĥn = ĝn
∣∣
K

(2)
ε

converges uniformly to

the constant function with value e1. We take a point k = [z1 : z2 : z3] ∈ K
(2)
ε , then

cos2(d(ĝn(k), e1)) =
|z1 + nz2|2

|z1 + nz2|2 + |z2|2 + |z3|2
≤ 1.

Moreover, there exists N ∈ N such that nε− 1 > 0 for all n ≥ N . It follows that

(nε− 1)2

(nε− 1)2 + 1 + 1
≤ |z1 + nz2|2
|z1 + nz2|2 + |z2|2 + |z3|2

,

for all n ≥ N . This proves our claim about uniform convergence.
Let K be a compact subset of P2

C
− Lf , then there exists ε > 0 such that

K ⊂ K
(2)
ε . So, for every neighbourhood U of e1, there is a number N ∈ N such that

ĝn(K) ⊂ U for all n ≥ N , therefore e1 is the unique cluster point of the family of
compact sets {ĝn(K)}n∈N. An analogous proof shows that e1 is the unique cluster
point of the family {ĝ−n(K)}n∈N. Therefore L2(ĝ) = {e1}. To conclude the proof
observe that every sequence of distinct elements of 〈ĝ〉, has a subsequence which
converges uniformly over compact sets of P2

C
−←−→e1, e3 to the constant e1, and every

point in ←−→e1, e3 is fixed by ĝ.

For (ii), we assume ĝ has a lift to SL(3,C) of the form⎛⎝ 1 1 0
0 1 1
0 0 1

⎞⎠ .

In this case we take e1 = [1 : 0 : 0], so it is clear that we have L0 = {e1}. We take
Z = [z1 : z2 : z3] ∈ P2

C
, then

cos2(d(ĝn(Z), e1)) =
|z1 + nz2 +

n(n−1)
2 z3|2

|z1 + nz2 +
n(n−1)

2 z3|2 + |z2 + nz3|2 + |z3|2
,

cos2(d(ĝ−n(Z), e1)) =
|z1 − nz2 +

n(n+1)
2 z3|2

|z1 − nz2 +
n(n+1)

2 z3|2 + |z2 − nz3|2 + |z3|2
,

so ĝn(Z) and ĝ−n(Z) converge to e1 as n→∞. Therefore L1(ĝ) = {e1}.
For (iii) we first need:

Lemma 4.2.11. One has ĝ−n
n→∞ �� e1 uniformly on compact subsets of P2

C
\←−→e1, e2.

Proof. Let K be a subset of P2
C
\←−→e1, e2, then there exists ε > 0 such that K ⊂ K

(3)
ε ,

where K
(3)
ε is the image, under the canonical projection π : S5 → P2

C
, of the set
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{(z1, z2, z3) ∈ S5 : |z3| ≥ ε}. There exists N ∈ N such that n(n−1)
2 ε− (n+ 1) > 0,

whenever n ≥ N . It follows that

(n(n−1)
2 ε− (n+ 1))2

(n(n−1)
2 ε− (n+ 1))2 + (1 + n)2 + 1

≤ cos2(d(ĝn(Z), e1)) ≤ 1 , whenevern ≥ N .

Therefore ĝn(·) → e1 uniformly on K. An analogous argument is used when the
exponents are negative. �

Proposition 3.3.6 and Lemma 4.2.11 imply that L2(ĝ) ⊂ ←−→e1, e2. Conversely,
the sequence {[ z12 : −n−1

2n : 1
n ] : n ∈ N} converges to the point [z1 : −1 : 0] �= e1,

and the sequence gn([ z12 : −n−1
2n : 1

n ]) = [ z12 : 1
2 + 1

2n : 1
n ], converges to the point

[z1 : 1 : 0]. Then ←−→e1, e2 ⊂ L2(ĝ). To get ΩKul(〈ĝ >) = Eq (〈ĝ〉), it is enough to
apply Lemma 4.2.11 and the fact that ĝ leaves invariant the line ←−→e1, e2 where it
acts as a parabolic transformation.

Now we prove (iii). We can assume that ĝ has a lift to GL (3,C) of the form⎛⎝ 1 1 0
0 1 0
0 0 λ

⎞⎠ ,

where 1 �= λ = e2πix. In this case we take, e1 = [1 : 0 : 0] and e3 = [0 : 0 : 1].
Clearly

L0(ĝ) =

{ ←−→e1, e3 if x is rational,
{e1, e3} if x is not rational.

If Z = [z1 : z2 : z3], then ĝn(Z) = [z1 + nz2 : z2 : λnz3] and ĝ−n(Z) = [z1 − nz2 :
z2 : λ−nz3]. It follows that ĝ

n(Z)→ e1 and ĝ−n(Z)→ e1 whenever Z ∈ P2
C
−←−→e1, e3.

If x is rational, then L1(ĝ) = {e1}. If x is not rational, then ĝ acts as an elliptic
transformation on ←−→e1, e3 which has infinite order, so L1(ĝ) =

←−→e1, e3.
A similar argument to the one used in i) shows that ĝ±

n→∞ �� e1 uniformly

on compact subsets of P2
C
\←−→e1, e2. Therefore one has L2(ĝ) = {e1} and ΩKul(〈ĝ〉) ⊂

Eq (〈ĝ〉). Hence the claim ΩKul(〈ĝ〉) = Eq (〈ĝ〉) follows from Corollary 3.3.5. �
Proposition 4.2.12. If ĝ ∈ PSL(3,C) is a transformation conjugate to a parabolic
element of PU(2, 1), then ĝ is parabolic according to Definition 4.2.8.

Proof. It suffices to specify the families Tr, r ∈ R, when ĝ is induced by one of the
following matrices:⎛⎝ 1 1 0

0 1 0
0 0 1

⎞⎠ ,

⎛⎝ 1 1 0
0 1 1
0 0 1

⎞⎠ ,

⎛⎝ ζ 1 0
0 ζ 0
0 0 ζ−2

⎞⎠ , |ζ| = 1.

In the first case,

Tr = {[z1 : z2 : z3] | r|z2|2 + |z3|2 + i(z1z2 − z1z2) = 0}, r ∈ R;
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in the second case,

Tr = {[z1 : z2 : z3] | |z2|2 + r|z3|2 − (z1z3 + z1z3)−
1

2
(z2z3 + z2z3) = 0}, r ∈ R;

finally, in the third case,

Tr = {[z1 : z2 : z3] | r|z2|2 + |z3|2 + i(ζz1z2 − ζz1z2) = 0}, r ∈ R.

Proposition 4.2.10 and an easy computation prove that each family Tr satisfies
the conditions in Definition 4.2.8. �
Definition 4.2.13. The parabolic transformation ĝ ∈ PSL(3,C) is called rational
(respectively irrational) if it has a lift such that the quotient of two different
eigenvalues is equal to e2πix with x rational (respectively irrational). In either
case, the transformation is

(i) unipotent, if it has a lift to SL(3,C) such that every eigenvalue is equal to 1;

(ii) ellipto-parabolic if it is not unipotent.

We remark that the element ĝ ∈ PSL(3,C) is parabolic if and only if ĝ has a
lift g ∈ SL(3,C), nondiagonalizable, such that every eigenvalue has module 1. It
follows that a unipotent parabolic element has a Jordan normal form of the type⎛⎝ 1 1 0

0 1 0
0 0 1

⎞⎠ ,

⎛⎝ 1 1 0
0 1 1
0 0 1

⎞⎠ .

In the case of an ellipto-parabolic element, the normal form is:⎛⎝ ζ 1 0
0 ζ 0
0 0 ζ−2

⎞⎠ , |ζ| = 1 , ζ �= 1.

4.2.3 Loxodromic Transformations in PSL(3,C)

Recall that a loxodromic element ĝ in PU(2, 1) by definition has two fixed points
in p, q ∈ ∂H2

C
. One of these points is repelling, the other attracting. These two

points determine a complex geodesic in H2
C
, which is the intersection of H2

C
with

the projective line in P2
C
passing trough p, q. The restriction of ĝ to this line is

loxodromic as an element in PSL(2,C). Notice that the 3-sphere ∂H2
C
splits P2

C
in

two connected components: one is the ball H2
C
, the other is P2

C
\H2

C
, diffeomorphic

to the total space of the Hopf bundle over P1
C
. Given a loxodromic element ĝ

in PU(2, 1) one can always choose a small enough 3-sphere with centre at the
attracting point such that ĝ(Ŵ ∪ X) ⊂ X, where X is the connected components
of P2

C
− Ŵ containing the attracting point. We will see below that this property

characterises the loxodromic elements.
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Definition 4.2.14. The element ĝ ∈ PSL(3,C) is called loxodromic if there is a
3-sphere Ŵ in P2

C
, such that ĝ(Ŵ ∪Xi) ⊂ Xi, for some i = 1, 2, where X1 and X2

are the connected components of P2
C
− Ŵ .

We will show that, unlike the parabolic and the elliptic transformations
which are all conjugate to elements in PU(2, 1), there are loxodromic elements
in PSL(3, C) which are not conjugate to elements in PU(2, 1) (see Proposition
4.2.23 below). In fact we give necesary and sufficient conditions to decide whether
or not a loxodromic element is conjugate to an element in PU(2, 1), see Theorem
4.3.3.

Proposition 4.2.15. If ĝ ∈ PSL(3,C) is loxodromic, then ĝ has infinite order and
the set L0(ĝ) ∪ L1(ĝ) is not connected.

Proof. That ĝ has infinite order is obvious since there is an invariant ball in which it
is a contraction. In fact, let Ŵ be a 3-sphere as in Definition 4.2.14 and Xi, i = 1, 2,
the corresponding connected component of P2

C
−Ŵ . Assume that ĝ(Ŵ ∪X1) ⊂ X1,

then ĝn(Ŵ ) ⊂ X1 for every n ∈ N. This implies that ĝn(w) �= w for every w ∈ Ŵ
and every n ∈ N. It follows that ĝ has infinite order.

We see that Ŵ ∩ (L0(ĝ)∪L1(ĝ)) = ∅, because there exists a neighbourhood
of Ŵ on which 〈ĝ〉 acts discontinuously. The hypothesis ĝ(Ŵ ∪ X1) ⊂ X1, the
equality Ŵ ∩ (L0(ĝ)∪L1(ĝ)) = ∅ and the fact that Ŵ ∪X1 is compact imply that
X1 ∩ (L0(ĝ) ∪ L1(ĝ)) �= ∅. An analogous reasoning, using the inclusion ĝ−1(Ŵ ∪
X2) ⊂ X2, proves that X2 ∩ (L0(ĝ) ∪ L1(ĝ)) �= ∅. Hence L0(ĝ) ∪ L1(ĝ) is not
connected. �

Example 4.2.16. The transformation ĝ ∈ PSL(3,C) induced by a diagonal matrix
with entries λ1, λ2, λ3, where |λi| < |λ3| for i = 1, 2, is a loxodromic transfor-
mation. In particular, the loxodromic transformations in PU(2, 1) are loxodromic
transformations when considered as elements of PSL(3,C).

Proof. We take Ŵ = {[z1 : z2 : z3] ∈ P2
C
: |z1|2 + |z2|2 − |z3|2 = 0} = ∂H2

C
, then

the ball X1 = {[v] ∈ P 2
C
: |z1|2 + |z2|2 − |z3|2 < 0} is one of the components of

P2
C
\ Ŵ . If Z = [z1 : z2 : z3] ∈ Ŵ ∩ X1, and |λ| = max{|λ1|, |λ2|}, then:

|λ1z1|2 + |λ2z2|2 ≤ |λ|2(|z1|2 + |z2|2) ≤ |λ|2|z3|2 < |λ3z3|2.

Therefore, ĝ(Z) = [λ1z1 : λ2z2 : λ3z3] ∈ X1. �

Example 4.2.17. The transformation ĝ ∈ PSL(3,C), induced by a matrix of the
form

g =

⎛⎝ λ1 1 0
0 λ1 0
0 0 λ2

⎞⎠ ,

where |λ1| �= |λ2|, is a loxodromic transformation.
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Proof. We can assume, conjugating and inverting if needed, that ĝ is induced by
a matrix of the form⎛⎝ 1 c 0

0 1 0
0 0 λ

⎞⎠ , |λ| > 1 and 0 < c < 1− |λ|.

We work with homogeneous coordinates. If Z = [z1 : z2 : 1] ∈ H2
C
∪ ∂H2

C
, then

|z1|2 + |z2|2 ≤ 1, and ĝ(Z) = [z1 + cz2 : z2 : λ]. Thus, ĝ(Z) ∈ H2
C
if and only if

|z1 + cz2|2 + |z2|2 − |λ|2 < 0. Finally,

|z1 + cz2|2 + |z2|2 − |λ|2 = c2|z2|2 + 2c�(z1z2) + |z1|2 + |z2|2 − |λ|2

≤ c2 + 2c+ 1− |λ|2

< (|λ| − 1)2 + 2(|λ| − 1) + 1− |λ|2

= 0.

Therefore g is loxodromic. �
Definition 4.2.18. Every transformation in PSL(3,C) conjugate to a transforma-
tion as in Example 4.2.17 is called a loxo-parabolic transformation.

Proposition 4.2.19. If ĝ is a loxo-parabolic transformation, with fixed points e1, e3,
then L0(ĝ) = {e1, e3} = L1(ĝ) and L2(ĝ) = ←−→e1, e2 ∪ ←−→e1, e3, where ←−→e1, e2 is a ĝ-
invariant line, and ĝ acts as a classical parabolic transformation on ←−→e1, e2. More-
over, one has Eq (〈ĝ〉) = ΩKul(〈ĝ〉)
Proof. We can assume that ĝ has a lift to GL (3,C) of the form⎛⎝ 1 1 0

0 1 0
0 0 λ

⎞⎠ ,

where |λ| > 1. In this case, e1 = [1 : 0 : 0], e2 = [0 : 1 : 0], e3 = [0 : 0 : 1]; and
clearly L0(ĝ) = {e1, e3}. We see that ĝn(Z)→ e3 as n→∞, whenever Z /∈ ←−→e1, e2;
and ĝn(Z)→ e1 as n→ −∞, whenever Z ∈ P2

C
\{e3}. When we restrict the action

to ←−→e1, e2, the orbit of every point accumulates at e1. Therefore L1(ĝ) = {e1, e3}.
One has that ĝn(·)→ e3 and ĝ−n(·)→ e1 as n→∞, uniformly on compact

subsets of P2
C
\ (←−→e1, e2 ∪←−→e1, e3). Hence P2

C
\ (←−→e1, e2 ∪←−→e1, e3) ⊂ Eq (〈ĝ〉).

We now have to show that P2
C
\ (←−→e1, e2 ∪ ←−→e1, e3) ⊃ Eq (〈ĝ〉), but this is an

immediate consequence of Corollary 3.3.5.
Now observe that Proposition 3.3.6 implies that L2(ĝ) ⊂ ←−→e1, e2 ∪ ←−→e1, e3, as

stated.
Next we see that the sequence {[n : λn : nz3]}n∈N goes to e2 /∈ L0(ĝ)∪L1(ĝ)

as n→∞, and ĝn([n : λn : nz3]) = [1 + 1
λn : 1

n : z3] goes to [1 : 0 : z3] as n→∞.
Therefore,←−→e1, e3 ⊂ L2(ĝ). Finally, [1+

1
λn + 1

n : z2
n : 1]→ [1 : 0 : 1] /∈ L0(ĝ)∪L1(ĝ)

as n → ∞ and ĝ−([1 + 1
λn + 1

n : z2
n : 1]) = [λn + n : λnz2 : n] → [1 : z2 : 0] as

n→∞. Therefore, ←−→e1, e2 ⊂ L2(ĝ). �
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Proposition 4.2.20. The element ĝ ∈ PSL(3,C) is loxodromic if and only if it has
a lift g ∈ SL(3,C) with at least two eigenvalues of different module.

Proof. Assume ĝ has a lift g ∈ SL(3,C) with at least two eigenvalues of different
module, then there are two cases according to whether g is diagonalizable or not.

If g is diagonalizable, then Example 4.2.16 shows ĝ is loxodromic. If g is not
diagonalizable, then Example 4.2.17 shows ĝ is loxodromic.

Conversely, we assume ĝ has a lift g ∈ SL(3,C) whose eigenvalues have the
same module. We have two possibilities: If g is diagonalizable then ĝ is elliptic
and Proposition 4.2.7 implies L0(ĝ) ∪ L1(ĝ) = ∅ or P2

C
. Then Proposition 4.2.15

implies ĝ is not loxodromic. If g is not diagonalizable, then ĝ is parabolic and
Propositions 4.2.10 and 4.2.15 imply ĝ is not loxodromic. �
Definition 4.2.21. The element ĝ ∈ PSL(3,C) is called a complex homothety if it
is conjugate to an element induced by a diagonal matrix

g =

⎛⎝ λ1

λ1

λ2

⎞⎠ ,

where |λ1| �= |λ2|.
Definition 4.2.22. The element ĝ ∈ PSL(3,C) is called a rational screw (respec-
tively irrational screw) if it is not a complex homothety and it is conjugate to an
element induced by a diagonal matrix

g =

⎛⎝ λ1

λ2

λ3

⎞⎠ ,

where |λ1| = |λ2| �= |λ3|, λ1/λ2 = e2πix with x ∈ Q (respectively x ∈ R−Q).

We remark that the complex homotheties and the screws are loxodromic
transformations.

Proposition 4.2.23. (i) If ĝ is a complex homothety whose fixed point set consists
of a line R and a point Zf /∈ R, then L0(ĝ) = L1(ĝ) = L2(ĝ) = R ∪ {Zf}.

(ii) If ĝ is a screw with fixed points e1, e2, e3, then

L0(ĝ) =

{ ←−→e1, e2 ∪ {e3} if ĝ is rational,
{e1, e2, e3} if ĝ is irrational.

In both cases we have L1(ĝ) =
←−→e1, e2 ∪ {e3} = L2(ĝ) and ĝ acts as a classical

elliptic transformation on the invariant line ←−→e1, e2.

Proof. (i) We can assume ĝ has a lift g ∈ SL(3,C) of the form⎛⎝ λ1 0 0
0 λ1 0
0 0 λ2

⎞⎠ ,
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where |λ1| < |λ2|. Then Rf = {[z1 : z2 : z3] ∈ P2
C
| z3 = 0}, Zf = [0 : 0 : 1]. It

follows that L0(ĝ) = Rf ∪ {Zf}. If Z = [z1 : z2 : z3] /∈ L0(ĝ), then ĝn(Z)→ Zf as
n → ∞, and ĝ−n(Z) → [z1 : z2 : 0] ∈ Rf as n → ∞. Therefore, L1(ĝ) = L0(ĝ) =
Rf ∪ {Zf}.

We now prove that L2(ĝ) = Rf ∪ {Zf}. Let K be a compact subset of

P2
C
\ (Rf ∪{Zf}). There exists ε > 0 such that K ⊂ K

(3)
ε , where K

(3)
ε is the image,

under the canonical projection π : S5 → P2
C
, of the set {(z1, z2, z3) ∈ S5 | |z3| ≥ ε}.

The inequality |λ2|2nε2
|λ1|2+|λ1|2+|λ2|2nε2 ≤ cos2(d(ĝn(k), Zf )) ≤ 1 , for all k ∈ K

(3)
ε ,

implies that ĝn(·)→ Zf as n→∞ uniformly on K
(3)
ε . Thus Zf is the only cluster

point of the family of compact sets {ĝn(K)}n∈N.
Let p : P2

C
− {Zf} → Rf , be the function defined by p([z1 : z2 : z3]) = [z1 :

z2 : 0]. Given that K ⊂ P2
C
− (Rf ∪ {Zf}), there exists δ > 0 such that K ⊂ Cδ,

where Cδ is the compact subset π({(z1, z2, z3) ∈ S5 | |z1|2 + |z2|2 ≥ δ}).
The inequality |λ1|−2nδ

|λ1|−2nδ+|λ2|−2n ≤ cos2(d(g−n(Z), p(Z))) ≤ 1 , for all Z ∈ Cδ,

implies that ĝ−n|Cδ
→ p|Cδ

uniformly as n → ∞. Hence P2
C
\ (Rf ∪ {Zf}) =

Eq (〈ĝ〉). On the other hand the cluster points of the family of compact sets
{ĝ−n(K)}n∈N are contained in Rf . Therefore L2(ĝ) ⊂ Rf ∪ {Zf} and it is easy
to check that Rf ∪ {Zf} ⊂ L2(ĝ). We conclude that Rf ∪ {Zf} = L2(ĝ). This
completes the proof of (i).

Let us now prove (ii). We can assume that ĝ has a lift to SL(3,C) of the
form, ⎛⎝ λ1 0 0

0 λ2 0
0 0 λ3

⎞⎠ ,

where |λ1| = |λ2| > |λ3|. In this case, e1 = [1 : 0 : 0], e2 = [0 : 1 : 0], e3 = [0 : 0 : 1].
Clearly

L0(ĝ) =

{ ←−→e1, e2 ∪ {e3} if ĝ is rational,
{e1, e2, e3} if ĝ is irrational.

To complete the proof of statement (ii) we need the following lemma.

Lemma 4.2.24. Let ĝ be a screw with fixed points e1, e2, e3. If Z = [z1 : z2 : z3] ∈
P2
C
\ {e1, e2, e3}, then:

a) Let d( , ) denote the distance with respect to the Fubini-Study metric. Then
the sequence d(ĝn(·),←−→e1, e2) converges to 0 uniformly on compact subsets of
P2
C
\ {e3} as n→∞.

b) The sequence ĝ−n(·) converges to e3 uniformly on compact subsets of P2
C
−

←−→e1, e2 as n→∞.

Proof. Let K ⊂ P2
C
\ {e3} be a compact set and Z = [z1 : z2 : z3] ∈ K. There

exists δ > 0 such that K ⊂ Cδ, where

Cδ = π({(z1, z2, z3) ∈ S5 : |z1|2 + |z2|2 ≥ δ}) ,
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and π : S5 → P2
C
is the canonical projection. We have that

d(ĝn(Z),←−→e1, e2) ≤ d(ĝn(Z), [λn
1 z1 : λn

2 z2 : 0]).

Thus
|z1|2 + |z2|2

|z1|2 + |z2|2 + |(λ3

λ1
)nz3|2

≤ cos2(d(ĝn(Z),←−→e1, e2)) ≤ 1.

Hence
δ

δ + |(λ3

λ1
)n|2

≤ cos2(d(ĝn(Z),←−→e1, e2)) ≤ 1,

which proves a).

In order to prove b), letK ⊂ P2
C
\←−→e1, e2 be a compact subset and Z ∈ K. There

exists ε > 0 such that K ⊂ K
(3)
ε , where K

(3)
ε = π({(z1, z2, z3) ∈ S5 : |z3| ≥ ε}).

We have that

cos2(d(ĝn(Z), e3)) =
|λ−n

3 z3|2
|λ−n

1 z1|2 + |λ−n
2 z2|2 + |λ−n

3 z3|2
,

so
|λ3|−2nε2

|λ1|−2n + |λ2|−2n + |λ3|−2nε2
≤ cos2(d(ĝn(Z), e3)) ≤ 1 ,

which proves b). �

We now observe that Lemma 4.2.24 implies that L1(ĝ) ⊂ ←−→e1, e2 ∪ {e3} and
e3 ∈ L1(ĝ). When ĝ is a rational screw there exists k ∈ N such that λk

1 = λk
2 ,

then ĝnk(Z) → [z1 : z2 : 0] as n → ∞, hence ←−→e1, e2 ∪ {e3} = L1(ĝ). If ĝ is an

irational screw, then ĝ
∣∣∣←−→e1,e2

is elliptic of infinite order. Hence in both cases we

have L1(ĝ) =
←−→e1, e2 ∪ {e3}.

Notice that Lemma 4.2.24 implies that L2(ĝ) ⊂ ←−→e1, e2 ∪ {e3}, and it is easy
to prove that ←−→e1, e2 ∪ {e3} ⊂ L2(ĝ). �

Corollary 4.2.25. Let g ∈ PSL(3,C) be a screw or a homothety. Then Eq (〈ĝ〉) =
←−→e1, e2 ∪ {e3}.

Definition 4.2.26. The transformation ĝ is called strongly loxodromic if there exist
two 3-spheres in P2

C
, say T (1) and T(2), such that ĝ(T (1) ∪ B1) ⊂ B1, ĝ

−1(T (2) ∪
B2) ⊂ B2, and B1 ∩ B2 = ∅, where Bi, i = 1, 2, is the connected component of
P2
C
\ T (i) which is diffeomorphic to an open ball in C2.

Proposition 4.2.27. The transformation ĝ ∈ PSL(3,C) is strongly loxodromic if and
only if there exists a lift g ∈ SL(3,C) whose eigenvalues have pairwise different
modules.
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Proof. Assume that g ∈ SL(3,C) is a lift of ĝ whose eigenvalues have pairwise
different modules. We can assume further that g has the form

g =

⎛⎝ λ1

λ2

λ3

⎞⎠ ,

with |λ1| < |λ2| < |λ3|.
We take the 3-spheres T (1) = {[z1 : z2 : z3] ∈ P2

C
: |z1|2 + |z2|2 = |z3|2}, and

T (2) = {[z1 : z2 : z3] ∈ P2
C
: |z2|2 + |z3|2 = |z1|2}, then ĝ(T (1) ∪ B1) ⊂ B1 and

ĝ−1(T (2) ∪ B2) ⊂ B2, where Bi is the connected component of P2
C
\ T (i) which is

diffeomorphic to an open ball.
Conversely, we assume ĝ is strongly loxodromic. Since ĝ is loxodromic, there

exists a lift g ∈ SL(3,C) with at least two eigenvalues of different module.
We claim g must be diagonalizable. Suppose this does not happen, i.e., g

is not diagonalizable, then ĝ is loxo-parabolic. Thus ĝ has two fixed points, two
invariant complex lines, and ĝ acts as a parabolic transformation on one of these
lines. We take T (1) y T (2) such that

ĝ(T (1) ∪B1) ⊂ B1 , (1)

ĝ−1(T (2) ∪B2) ⊂ B2 , (2)

where Bi, i = 1, 2, is the connected component of P2
C
−T (i) which is diffeomorphic

to an open ball. Brouwer’s fixed point theorem together with equations (1) and
(2), imply that each set Bi, i = 1, 2, contains precisely one fixed point of ĝ. The
ĝ-invariant line on which ĝ acts as a parabolic transformation intersects one of the
sets Bi, i = 1, 2, in a disc. This disc is mapped by ĝ or ĝ−1 to its interior, but
this can only happen when ĝ is loxodromic on that line, which is a contradiction.
Therefore ĝ is diagonalizable.

If g is diagonalizable with two eigenvalues having the same module, then ĝ
has an invariant complex line on which ĝ acts as an elliptic transformation. A
reasoning similar to that above proves that ĝ is loxodromic and elliptic on the
same line, a contradiction. Therefore g cannot have two eigenvalues with the same
module. �

Proposition 4.2.28. Let ĝ ∈ PSL(3,C) be a strongly loxodromic transformation
with fixed points e1, e2, e3. Then L0(ĝ) = {e1, e2, e3} = L1(ĝ), where e3 is an
attracting point in P2

C
\←−→e1, e2 and e1 is a repelling point in P2

C
\←−→e2, e3. Furthermore

L2(ĝ) =
←−→e1, e2 ∪←−→e2, e3 = P2

C
\ Eq (〈ĝ〉).

Proof. We can assume that ĝ has a lift h ∈ SL(3,C) of the form⎛⎝ λ1 0 0
0 λ2 0
0 0 λ3

⎞⎠ ,
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where 0 < |λ1| < |λ2| < |λ3|. In this case e1 = [1 : 0 : 0], e2 = [0 : 1 : 0],
e3 = [0 : 0 : 1]. The fixed points of ĝn are e1, e2, e3 for every n ∈ Z, then
L0(ĝ) = {e1, e2, e3}.

One has that ĝn(·) → e3 as n → ∞, uniformly on compact subsets of P2
C
\

←−→e1, e2; and ĝ−n(·)→ e1 as n→∞, uniformly on compact subsets of P2
C
\←−→e2, e3. Now

applying Corollary 3.3.5 we deduce that Eq (〈ĝ〉) = P2
C
\ (←−→e1, e2 ∪ ←−→e2, e3). On the

other hand observe that when we restrict ĝ to the line←−→e1, e2 we obtain a loxodromic
transformation such that e2 is an attracting point and e1 is a repelling point. When
we restrict ĝ to the line ←−→e2, e3 we obtain a loxodromic transformation such that e3
is an attracting point and e2 is a repelling point. Therefore L1(ĝ) = {e1, e2, e3}.

Proposition 3.3.6 implies L2(ĝ) ⊂ ←−→e1, e2∪←−→e2, e3. To prove that←−→e1, e2∪←−→e2, e3 ⊂
L2(ĝ) we take the compact set

K = {[z1 : z2 : z3] | |z2|2 + |z3|2 = |z1|2} ⊂ P2
C \ {e1, e2, e3}.

If [0 : z2 : z3] ∈ ←−→e2, e3 \ {e3}, we take the sequence

kn = [(|λn
3 z2|2 + |λn

2 z3|2)1/2 : λn
3 z2 : λn

2 z3] ∈ K, n ∈ N ,

and we see that

ĝn(kn) = [
∣∣∣λn

1

λn
2

∣∣∣2(|z2|2 + ∣∣∣λn
2

λn
3

∣∣∣2|z3|2) : z2 : z3]→ [0 : z2 : z3]

as n→∞. Then the point [0 : z2 : z3] is a cluster point of the family of compact
sets ĝn(K). This implies that [0 : z2 : z3] ∈ L2(ĝ), and clearly e3 ∈ L2(ĝ). Then←−→e2, e3 ⊂ L2(ĝ). An analogous reasoning applied to ĝ−1 implies ←−→e1, e2 ⊂ L2(ĝ).
Therefore L2(ĝ) =

←−→e1, e2 ∪←−→e2, e3. �

4.3 The classification theorems

We summarise in the classification theorems below, the information obtained in
the previous section. We prove as well the algebraic classification of the elements
in PSL(3,C) according to their trace.

Theorem 4.3.1. (i) Every element in PSL(3,C) \ {Id} is of one and only one of
the classes we have defined: elliptic, parabolic or loxodromic. Moreover:

(ii) An elliptic transformation belongs to one and only one of the following
classes: regular (it has a lift whose eigenvalues are pairwise different) or
conjugate to a complex reflection (it has a lift such that two eigenvalues are
repeated).

(iii) A parabolic transformation belongs to one and only one of the following
classes: unipotent (it has a lift whose eigenvalues are equal to one), or ellipto-
parabolic (it is not unipotent).



4.3. The classification theorems 113

(iv) A loxodromic element belongs to one and only one of the following four
classes: loxo-parabolic, homothety, screw or strongly loxodromic.

Proof. Let ĝ be an element in PSL(3,C) \ {Id}, and g ∈ SL(3,C) a lift with
eigenvalues λi, i = 1, 2, 3. We have the following cases:

1) g has repeated eigenvalues.

a) |λi| = 1, i = 1, 2, 3.
• ĝ is conjugate to a complex reflection if and only if g is diagonal-

izable (Corollary 4.2.4).

• ĝ is parabolic unipotent or ellipto-parabolic if and only if g is not
diagonalizable. In this case, whether ĝ is parabolic unipotent or
ellipto-parabolic depends on whether λi ∈ C3 for all i = 1, 2, 3, or
not. As before, C3 = {1, ω, ω2} is the set of cubic roots of unity.

b) If |λi| �= 1 for some i = 1, 2, 3, then ĝ is loxodromic (Proposition 4.2.20),
and:
• ĝ is a complex homothety if and only if g is diagonalizable.

• ĝ is loxo-parabolic if and only if g is not diagonalizable.

2) g has no repeated eigenvalues.

a) ĝ is elliptic if and only if the eigenvalues have the same module (equal
to 1) (Corollary 4.2.4).

b) ĝ is a screw if and only if there are precisely two eigenvalues having the
same module.

c) ĝ is strongly loxodromic if and only if |λi| �= |λj | when i �= j (Proposition
4.2.27). �

To state the classification theorem according to trace (Theorem 4.3.3) we have
to introduce new terminology: a regular loxodromic transformation is a loxodromic
transformation which has a lift such that all its eigenvalues are pairwise different.
Notice that every regular loxodromic transformation is strongly loxodromic or a
screw, and conversely.

Having these remarks in mind, it is easy to see that all the classes of elements
cited in Theorem 4.3.3 form a partition of PSL(3,C). We remark that every elliptic,
parabolic or loxodromic element in PU(2, 1) is in one of the corresponding classes
in PSL(3,C).

Lemma 4.3.2. For each element g ∈ SL(3,C) we denote by τ(g) its trace and by
g its conjugate, i.e., the matrix whose entries are the complex conjugate of the
entries in g. Let g ∈ SL(3,C). Then the set of eigenvalues of g is invariant under
inversion on the unit circle if and only if τ(g−1) = τ(g).
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Proof. Let λi, i = 1, 2, 3 be the eigenvalues of g. If the set {λ1, λ2, λ3} is invariant
under inversion on the unitary circle, then τ(g−1) = τ(g). To prove the converse
it suffices to show that g and (g)−1 have the same characteristic polynomial. The
characteristic polynomial of g is χg(t) = t3 − xt2 + yt − 1, where x = τ(g) and

y = τ(g−1), but the hypothesis implies that τ(g) = τ(g−1) and τ(g−1) = τ(g) =
τ((g−1)−1). Therefore χg = χ

(g)−1 �

The following theorem extends in a natural way the theorem of classification
of elements of SU(2, 1) according to trace (Theorem 2.4.9).

Theorem 4.3.3. Let F (x, y) be the complex polynomial

F (x, y) = x2y2 − 4(x3 + y3) + 18xy − 27 ,

and g ∈ SL(3,C). Assume that ĝ is the transformation of PSL(3,C) induced by g.
Then the transformation ĝ is:

(i) Regular elliptic if and only if τ(g) = τ(g−1) and F (τ(g), τ(g)) < 0.

(ii) Complex hyperbolic and loxodromic if and only if τ(g) = τ(g−1) and
F (τ(g), τ(g)) > 0.

(iii) Ellipto-parabolic if and only if τ(g) = τ(g−1), F (τ(g), τ(g)) = 0, τ(g) /∈ 3C3,
and ĝ is not elliptic.

(iv) Conjugate to a complex reflection if and only if ĝ is elliptic, τ(g) /∈ 3C3,
τ(g) = τ(g−1) and F (τ(g), τ(g)) = 0.

(v) Unipotent parabolic transformation if and only if τ(g) ∈ 3C3, τ(g
−1) = τ(g)

and ĝ is not the identity element.

(vi) Regular loxodromic but not complex hyperbolic if and only if τ(g) �= τ(g−1)
and F (τ(g), τ(g−1)) �= 0.

(vii) A complex homothety if and only if g is diagonalizable, τ(g) �= τ(g−1) and
F (τ(g), τ(g−1)) = 0.

(viii) Loxo-parabolic if and only if τ(g) �= τ(g−1), F (τ(g), τ(g−1)) = 0, and τ(g) is
not diagonalizable.

Proof. The characteristic polynomial of g has the form χg(t) = t3 − τ(g)t2 +
τ(g−1)t − 1, so g has repeated eigenvalues if and only if the discriminant of χg,

i.e., the complex number f̃(τ(g), τ(g−1)), is equal to 0. However F = −f̃ , therefore
g has repeated eigenvalues if and only if F (τ(g), τ(g−1)) = 0.

(i) Assume ĝ is regular elliptic, then ĝ is conjugate to a regular elliptic element
in PU(2, 1). Therefore every eigenvalue of g has module 1, τ(g−1) = τ(g) and,
by Theorem 2.4.9, F (τ(g), τ(g)) < 0. Conversely, given that τ(g−1) = τ(g),
the set of eigenvalues of g is invariant under inversion on the unitary circle.
Given that F (τ(g), τ(g)) < 0, Corollary 2.4.13 implies that the eigenvalues
of g are pairwise different and have module 1. Therefore ĝ is regular elliptic.
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(ii) Assume ĝ is complex hyperbolic and loxodromic, then it is conjugate to a
loxodromic element in PU(2, 1). Therefore τ(g−1) = τ(g) and, by Theorem
2.4.9, F (τ(g), τ(g)) > 0.

Conversely, given that τ(g−1) = τ(g) and F (τ(g), τ(g)) > 0, then the
set of eigenvalues of g is invariant under inversion on the unitary circle and,
by Corollary 2.4.13, only one of them has module 1. It follows that g is
conjugate to a transformation of the form

A =

⎛⎝ reiθ0

e−2iθ0

1
r e

iθ0

⎞⎠ ,

where, 0 < r < 1. Let u ∈ R+ be such that r = e−u. It is possible to find a
matrix B such that BAB−1 has the form⎛⎝ cosh(u)eiθ0 0 sinh(u)eiθ0

0 e−2iθ0 0
sinh(u)eiθ0 0 cosh(u)eiθ0

⎞⎠ .

We conclude that ĝ is complex hyperbolic.

(iii) Assume ĝ is ellipto-parabolic, then every eigenvalue of g has module 1, so
τ(g−1) = τ(g). Moreover, F (τ(g), τ(g)) = 0, because g has a repeated eigen-
value. Clearly ĝ is not elliptic. Finally, τ(g) /∈ 3C3 (otherwise ĝ would be
unipotent).

Conversely, if τ(g−1) = τ(g), then the set of eigenvalues of g is invariant
under inversion on the unitary circle. On the other hand, F (τ(g), τ(g)) = 0
implies g has repeated eigenvalues, so every eigenvalue has module 1. We
have that τ(g) /∈ 3C3, it follows that g has precisely two different eigenvalues.
By hypothesis, ĝ is not elliptic, then g is not diagonalizable, therefore ĝ is
ellipto-parabolic.

(iv) Assume ĝ is conjugate to a complex reflection, then it is elliptic and g has an
eigenvalue of multiplicity 2. It follows that τ(g−1) = τ(g), F (τ(g), τ(g)) = 0
and τ(g) /∈ 3C3.

Conversely, τ(g−1) = τ(g) implies that the set of eigenvalues of g is
invariant under inversion on the unitary circle. The equation F (τ(g), τ(g)) =
0 implies that g has repeated eigenvalues, and it follows that every eigenvalue
of g has module 1. Given that τ(g) /∈ 3C3, then one of the eigenvalues of g
has multiplicity 2. By hypothesis ĝ is elliptic, therefore ĝ is conjugate to a
complex reflection.

(v) If ĝ is parabolic unipotent, then clearly τ(g) ∈ 3C3 and τ(g−1) = τ(g).

Conversely, if τ(g) ∈ 3C3 and τ(g−1) = τ(g), then the characteristic
polynomial of g has the form t3− 3ωt2+3ω2t− 1, where ω3 = 1. Then every
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eigenvalue of g is equal to ω and given that ĝ is not the identity we conclude
that ĝ is parabolic unipotent.

(vi) Assume ĝ is regular loxodromic but not complex hyperbolic, then the eigen-
values of g have not the same module. If τ(g−1) = τ(g), then g would be
complex hyperbolic. It follows that τ(g−1) �= τ(g). Now, F (τ(g), τ(g)) �= 0
because ĝ is regular.

Conversely, if F (τ(g), τ(g)) �= 0, then ĝ is regular. Now the eigenvalues
of g have not the same module (otherwise every eigenvalue has module 1 and
therefore τ(g−1) = τ(g) ). It follows that ĝ is loxodromic. Finally, ĝ is not
complex hyperbolic because τ(g−1) �= τ(g).

(vii) Assume ĝ is a complex homothety, then g is diagonalizable, it has an eigen-
value with multiplicity equal to 2, and the eigenvalues do not have the same
module. Then τ(g−1) �= τ(g) (otherwise the set of eigenvalues is invariant
under the inversion on the unitary circle, and in this case every eigenvalue
has module 1), and clearly F (τ(g), τ(g)) = 0.

Conversely, if F (τ(g), τ(g)) = 0, then g has a repeated eigenvalue. The
hypothesis τ(g−1) �= τ(g) implies that the eigenvalues have not the same
module. Finally, g is diagonalizable, therefore ĝ is a complex homothety.

(viii) Assume ĝ is loxo-parabolic, then g has an eigenvalue with multiplicity 2, and
the eigenvalues of g do not have the same module. Therefore F (τ(g), τ(g)) =
0, τ(g−1) �= τ(g) and g is not diagonalizable.

Conversely, assume g is not diagonalizable and τ(g−1) �= τ(g), then g
has one eigenvalue of module not equal to 1 (otherwise, τ(g−1) = τ(g) ).
Therefore ĝ is loxo-parabolic. �
The following table summarises the descriptions of the limit set in the sense

of Kulkarni, the maximal regions of discontinuity and equicontinuity regions for
cyclic groups, in terms of the normal Jordan form of the generator:



4.3. The classification theorems 117

N
o
r
m

a
l
F
o
r
m

o
f
γ̃

C
o
n
d
it
io

n
o
v
e
r

t
h
e

λ
’s

T
r
a
n
s
fo

r
-

m
a
t
io

n
T
y
p
e

S
u
b
-t
y
p
e

Ω
K

u
l
(
<

γ
>

)
E
q
(
<

γ
>

)
M

a
x
im

a
l
R
e
g
io

n
s

o
f
D

is
c
o
n
t
in

u
it
y

⎛⎝
1

1
0

0
1

1
0

0
1

⎞⎠
N
o
n
e

P
a
r
a
b
o
lic

U
n
ip

o
t
e
n
t

P
2C

\
←
−−→

e
1
,
e
2

Ω
K

u
l
(
<

γ
>

)
Ω
K

u
l
(
<

γ
>

)

⎛⎝
λ
1

0
0

0
λ
2

0

0
0

(
λ
1
λ
2
) −

1

⎞⎠

λ
n1

=
λ
n2

=
λ
n3

=
1

fo
r

s
o
m

e
n

E
llip

t
ic

R
e
g
u
la

r
if

λ
1
λ −

1
2

�=
1
.

C
o
m

p
le

x
R
e
fle

c
t
io

n

if
λ
1
λ −

1
2

=
1
.

P
2C

Ω
K

u
l
(
<

γ
>

)
Ω
K

u
l
(
<

γ
>

)

|λ
1 |

=
|λ

2 |
=

1
a
n
d

λ
n3

�=
1

fo
r

a
ll

n
E
llip

t
ic

R
e
g
u
la

r
if

λ
1
λ −

1
2

�=
1
.

C
o
m

p
le

x
R
e
fle

c
t
io

n

if
λ
1
λ −

1
2

=
1
.

∅
P
2C

Ω
K

u
l
(
<

γ
>

)

|λ
3 |�=

|λ
1 |

=
|λ

2 |,
a
n
d

|λ
2 |�=

1
.

L
o
x
o
d
r
o
m

ic

C
o
m

p
le

x
H
o
m

o
t
h
e
t
y

if
λ
1
λ −

1
2

=
1
.

R
a
t
io

n
a
l
s
c
r
e
w

if

λ
1
λ −

1
2

�=
1

is
a

r
o
o
t

o
f
u
n
it
y

Ir
r
a
t
io

n
a
l
s
c
r
e
w
,

in
o
t
h
e
r

c
a
s
e

P
2C

\
( ←

−−→
e
1
,
e
2

∪
{
e
3 }

)
Ω
K

u
l
(
<

γ
>

)
Ω
K

u
l
(
<

γ
>

)

|λ
1 |

<
|λ

2 |
<

|λ
3 |

L
o
x
o
d
r
o
m

ic
S
t
r
o
n
g
ly

L
o
x
o
d
r
o
m

ic
P
2C

\
( ←

−−→
e
1
,
e
2

∪
←
−−→

e
1
,
e
3
)

Ω
K

u
l
(
<

γ
>

)

P
2C

\
( ←

−−→
e
1
,
e
2

∪
{
e
3 }

)
,

P
2C

\
( ←

−−→
e
3
,
e
2

∪
{
e
1 }

)

⎛⎜⎝
λ
1

1
0

0
λ
1

0

0
0

λ −
2

1

⎞⎟⎠

|λ
1 |

=
1

P
a
r
a
b
o
lic

R
a
t
io

n
a
l

E
llip

t
o
-P

a
r
a
b
o
lic

,
if

λ
�=

1
is

a
r
o
o
t

o
f
u
n
it
y

Ir
a
t
io

n
a
l

E
llip

t
o
-P

a
r
a
b
o
lic

,
in

o
t
h
e
r

c
a
s
e

P
2C

\
←
−−→

e
1
,
e
3

Ω
K

u
l
(
<

γ
>

)
Ω
K

u
l
(
<

γ
>

)

|λ
1 |�=

1
L
o
x
o
d
r
o
m

ic
L
o
x
o
-p

a
r
a
b
o
lic

P
2C

\
( ←

−−→
e
1
,
e
3

∪
←
−−→

e
1
,
e
3
)

Ω
K

u
l
(
<

γ
>

)
P
2C

\
( ←

−−→
e
1
,
e
2

∪
{
e
3 }

)
,

P
2C

−
←
−−→

e
3
,
e
1



118 Chapter 4. Geometry and Dynamics of Automorphisms of P2
C

From the previous discussion we also obtain information about the set of
invariant lines for each cyclic group. This information is given in the table below
and it will be used later in the text:

Corollary 4.3.4 (See [41]). Let γ ∈ PSL3(C)− {Id} and γ̃ be a lift of γ. Consider
the normal Jordan form of γ̃. Then the set of γ-invariant lines is given by:

Normal Form Condition over the λ’s Invariant Lines

⎛
⎝ λ1 0 0

0 λ2 0
0 0 λ3

⎞
⎠

λ1λ2λ3 = 1

λ1 �= λ2 �= λ3 �= λ1

λ1 = λ2 �= λ3

{←−−→e1, e2, ←−−→e1, e3.←−−→e3, e2}

{←−−→e1, e2} ∪ {The set of projective lines through e3}

⎛
⎜⎝

λ1 1 0
0 λ1 0

0 0 λ
−2
1

⎞
⎟⎠

λ3
1 �= 1

λ1 = 1

{←−−→e1, e3, ←−−→e1, e2}

{The set of projective lines through e1}

⎛
⎝ 1 1 0

0 1 1
0 0 1

⎞
⎠ {←−−→e1, e2}

Remark 4.3.5. It is natural to search for a classification of the elements in PSL(n+
1,C) generalizing the results described in this chapter for the case n = 2. There are
several articles in this direction by K. Gongopadhyay, J. R. Parker and others, clas-
sifying the transformations which are isometries of either complex or quaternionic
hyperbolic spaces. See for instance [170], [43], [73] and [74], where the authors give
algebraic characterizations of the isometries in complex and quaternionic projec-
tive spaces. Notice too that all these transformations are isometries of spaces which
are Gromov-hyperbolic, so their study actually fits within that general framework
(see for instance [32]).

A classification of the elements in PSL(n + 1,C) in general has been done
recently in [39], generalizing the results explained in this chapter. This is in terms
of the dynamics and the eigenvalues of the corresponding transformations. They
describe in each case the corresponding Kulkarni limit set, as well as the regions
of discontinuity, of equicontinuity, and the maximal region where the action is
properly discontinuous. It remains to give an algebraic characterization of the
elements in PSL(n+1,C), extending to this setting the known results for complex
and quaternionic hyperbolic isometries.



Chapter 5

Kleinian Groups with a Control
Group

Nowadays the literature and the knowledge about subgroups of PSL(2,C) is vast.
Thence, when going up into higher dimensions, a natural step is to consider
Kleinian subgroups of PSL(3,C) whose geometry and dynamics are “governed”
by a subgroup of PSL(2,C). That is the subject we address in this chapter. The
corresponding subgroup in PSL(2,C) is the control group. These groups play a
significant role in the classification theorems we give in Chapter 8. The simplest
of these are the groups constructed by suspension, already mentioned in Chapter
3. That construction extracts discrete subgroups of PSL(n + 1,C) from discrete
subgroups of PSL(n,C). More generally, if a subgroup Γ ⊂ PSL(n+ 1,C) acts on
Pn
C
with a fixed point p, then a choice of a projective hyperplane L ⊂ Pn

C
\ {p}

defines canonically a holomorphic fibre bundle πp,L : Pn
C
\ {p} → L, that gives rise

to a group homomorphism

Π := Πp,L : PSL(n+ 1,C)→ PSL(n,C) ,

which is independent of the choice of L up to conjugation in PSL(n+1,C). Then
Π(Γ) ⊂ PSL(n,C) is the control group of Γ. Under appropriate conditions, the
control group indeed dictates much of the dynamics and the geometry of the Γ-
action on Pn

C
. If, for instance, Γ is the suspension of a Kleinian subgroup Σ ⊂

PSL(n,C), then Σ itself is the control group. In the general setting of discrete
subgroups of PSL(3,C) with a control group in PSL(2,C), one can have that the
control group Π(Γ) is nondiscrete, even if Γ ⊂ PSL(n+ 1,C) is discrete.

Hence we begin this chapter, which is based on [41], by studying nondiscrete
subgroups of PSL(2,C). We look at their limit set in the sense of [76], which turns
out to be the complement of the equicontinuity region in the Riemann sphere (no-
tice that for nondiscrete groups the region of discontinuity is empty by definition).
Then we classify the nondiscrete groups whose region of equicontinuity misses at

DOI 10.1007/978-3-0348-0481-3_5, © Springer Basel 2013
A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 119
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most two points in the Riemann sphere: the elementary groups, as in the discrete
case. This is used in the sequel.

Next, we study the suspension constructions as given in [201] and generalised
in [160], [41]. Using the corresponding control group we determine the Kulkarni
limit set of the suspension group, and we show that this coincides with the com-
plement of the equicontinuity region. We then look at subgroups Γ ⊂ PSL(3,C)
having a control group in PSL(2,C). We show that under a certain hypothesis,
the equicontinuity region in P1

C
of the control group determines the equicontinuity

region Eq (Γ) in P2
C
, as well as its Kulkarni limit set and the corresponding region

of discontinuity. These results are used in the following chapter.

5.1 PSL(2,C) revisited: nondiscrete subgroups

We recall (see Definition 1.2.20) that given a subgroup Σ ⊂ PSL(2,C), its equicon-
tinuity region Eq (Σ) in P1

C
is the set of points having an open neighbourhood where

Σ forms a normal family. In Theorem 1.2.21 we proved that for discrete subgroups
of PSL(2,C), the equicontinuity and discontinuity regions coincide. For nondiscrete
subgroups of PSL(2,C) the concept of “discontinuity” is not interesting, since the
discontinuity region is always empty, by definition. Now it is equicontinuity that
plays a significant role.

We consider the usual identification of PSL(2,C) with the isometries group
of the hyperbolic 3-space H3

R
, and the corresponding identification of P1

C
with the

Riemann sphere regarded as the sphere at infinity S2∞ := ∂H3
R
(see Chapter 1).

Throughout this chapter Σ denotes a possibly nondiscrete subgroup of
PSL(2,C).

Definition 5.1.1. The limit set of Σ in the sense of Greenberg (see [76]), denoted
by ΛGr(Σ), is the intersection with S2∞ of the set of accumulation points of the
orbits of points in H3.

Of course this is the usual limit set when the group is discrete.

Definition 5.1.2. The (nondiscrete) group Σ is elementary if its equicontinuity set
omits at most 2 points in P1

C
.

5.1.1 Main theorems for nondiscrete subgroups of PSL(2,C)

We prove in the sequel that as in the case of discrete groups, if Σ is elementary,
then its limit set contains at most two points. Moreover, we will prove the two
theorems below.

Theorem 5.1.3. Let Σ ⊂ PSL(2,C) be a nondiscrete group. Then:

(i) The limit set ΛGr(Σ) equals P1
C
\ Eq (Σ), the complement of the region of

equicontinuity in P1
C
.
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(ii) If Σ is nonelementary, then the limit set ΛGr(Σ) is independent of the choice
of orbit used to define it.

(iii) If Σ is nonelementary and Eq (Σ) is nonempty, then up to conjugation by an
element of Möb(C), one has that ΛGr(Σ) is a real projective line: ΛGr(Σ) =
R ∪ {∞}.

In the following theorem, we let Epa (C) be the group generated by all the
elliptic and parabolic elements which leave invariant C (see Example 5.2.4 below),
and let Dih∞ the infinite dihedral group (see Example 5.2.3).

Theorem 5.1.4. Let Σ ⊂ PSL(2,C) be a nondiscrete elementary group. Then:

(i) Its limit set consists of at most two points.

(ii) Its limit set contains exactly two points if and only if Σ is conjugate to a
subgroup Σ∗ of Möb(C∗) such that Σ∗ contains a loxodromic element.

(iii) Its limit set contains exactly one point if and only if Σ is conjugate to a
subgroup Σ∗ of Epa (C) such that Σ∗ contains a parabolic element.

(iv) Its limit set is empty if and only if Σ is either conjugate to a subgroup Σ∗ of
Dih∞ or S0(3).

Theorem 5.1.4 will follow from Theorems 5.3.7 and 5.1.3.
The main tools for proving these theorems are the following two results due

to Greenberg (see Theorem 1 and Proposition 12 in [76]), that we state without a
proof.

Theorem 5.1.5. Let G be a connected Lie subgroup of PSL(2,C). Then one of the
following assertions applies:

(i) The elements of G have a common fixed point in H3, and G is conjugate to
a Lie subgroup of O(3).

(ii) The elements of G have a common fixed point in P1
C
.

(iii) There exists a hyperbolic geodesic line � ⊂ H3 such that � is G-invariant.

(iv) There exists a hyperbolic plane L ⊂ H3 such that L is G-invariant.

(v) G = PSL(2,C).

Theorem 5.1.6. Let Σ ⊂ PSL(2,C) be a subgroup with card(ΛGr(Σ)) ≥ 2. Then
ΛGr(Σ) is the closure of the loxodromic fixed points.

The following proposition is used in the sequel.

Proposition 5.1.7. Let Σ be a subgroup of PSL(2,C), then:

(i) If γ ∈ Σ is not elliptic, then Fix(γ) ⊂ P1
C
\ Eq (Σ).

(ii) The set Eq (Σ) is open and Σ-invariant.
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(iii) If Σ is the topological closure of Σ in PSL(2,C), then Eq (Σ) = Eq (Σ).

Proof. Statement (i) is immediate from Theorem 1.2.21. Statement (ii) is obvious.
For statement (iii) observe that we have trivially Eq (Σ) ⊂ Eq (Σ). Now take
(γm) ⊂ Σ, let U ⊂ Eq (Σ) be an open set whose closure is compact and is fully
contained in Eq (Σ), and τm ∈ Σ such that

d∞(τm|U , γm|U )) < 2−m

where d∞ denotes the metric of the uniform convergence.
By definition of Eq (Σ) there is a continuous function τ : U → P1

C
and a

subsequence of (τm), still denoted by (τm), such that

d∞(τm|U , τ |U )) < 2−m.

Now the assertion follows from the following inequality:

d∞(τ |U , γm|U ) ≤ d∞(τ |U , τm|U ) + d∞(τm|U , γm|U ) ≤ 21−m. �

5.2 Some basic examples

We now give some examples that play a significant role in the sequel because we
will show that up to conjugation, every nondiscrete subgroup of PSL(2,C) with
nonempty region of equicontinuity is a subgroup of one of the groups in Examples
5.2.1 to 5.2.5.

Example 5.2.1. Denote by R̂ the subset R∪∞ of Ĉ = C∪∞ ∼= P1
C
. Notice that this

is a copy of P1
R
. Let Möb(R̂) be the subgroup of PSL(2,C) generated by the ele-

ments in PSL(2,R) and a new generator z �→ −z, i.e., Möb(R̂) = 〈PSL(2,R),−z〉.
Then ΛGr(Möb(R̂)) = R̂ and Eq (Möb(R̂)) = P1

C
\ R̂ = C \ R .

The following are examples of elementary groups.

Example 5.2.2. Set Rot∞ = {T (z) = az : a ∈ S1} ∼= S1, the group of rotations,
and Dih∞ = 〈Rot∞, 1/z〉, the infinite dihedral group. Then the limit set ΛGr is
empty in both cases, and we have Eq (Rot∞) = Eq (Dih∞) = P1

C
\ΛGr(Dih∞) =

P1
C
.

Example 5.2.3. Consider now the group of all Möbius transformations that leave
invariant C∗ and denote it by Möb(C∗). That is,

Möb(C∗) = {T (z) = az, az−1 : a ∈ C∗} .

Then ΛGr(Möb(C∗)) consists of the points {0,∞} and we have:

Eq (Möb(C∗)) = P1
C \ ΛGr(Möb(C∗)) = C∗ .
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Example 5.2.4. The following is an example where the limit set consists of a single
point. Consider the group generated by the set of all elliptic or parabolic elements
in the affine group and denote it by Epa (C). That is

Epa (C) = {γ(z) = az + b : |a| = 1 and b ∈ C}.

Then ΛGr(Möb(C∗)) =∞ and Eq (Epa (C)) = P1
C
\ ΛGr(Möb(C∗)) = C.

Example 5.2.5. Consider now the group G defined by

G ∼=
{(

a −c̄
c ā

)
∈ PSL(2,C) : |a|2 + |c|2 = 1

}
.

In other words, G is the projectivisation of the group SU(2), which is isomorphic
to the sphere S3 (regarded as a Lie group). Hence G is isomorphic to the group of
rotations SO(3), so as a manifold it is diffeomorphic to P3

R
. In this case the limit

set is empty, since no orbit of a point in the ball converges to the sphere at infinity,
and one has Eq (SO(3)) = P1

C
.

5.3 Elementary groups

In this section we classify the elementary groups: those whose equicontinuity region
misses at most two points in P1

C
.

5.3.1 Groups whose equicontinuity region is the whole sphere

We consider now nondiscrete subgroups of PSL(2,C) whose equicontinuity set is
the whole Riemann sphere. For this we recall the following well-known result that
essentially goes back to A. Cayley in the 19th Century (see for instance [144]).

Theorem 5.3.1. The finite groups of PSL(2,C) are the cyclic, dihedral, tetrahedral,
octahedral and icosahedral groups, up to conjugation.

So if we start with a group whose equicontinuty region is the whole Riemann
sphere, by Proposition 5.1.7 we deduce that Σ is either finite or a purely elliptic
nondiscrete group. Thus our first problem is finding conditions under which the
composition of a pair of elliptic transformations is elliptic. A way to search for the
solution of this problem is by looking at the fixed points (see [144, p. 11, 12 and
19]):

Lemma 5.3.2. Let f, g ∈ PSL(2,C) be two nontrivial elements, then:

(i) They commute if and only if either they have exactly the same fixed point set,
or else each element is elliptic of order 2, and each of them interchanges the
fixed points of the other.
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(ii) Assume f has exactly two fixed points. If f, g share exactly one fixed point,
then fgf−1g−1. is parabolic. If f is loxodromic, then there is a sequence
(gm)m∈N contained in the group 〈f, g〉 generated by f, g, of distinct parabolic
elements such that gm m→∞ �� Id uniformly on P1

C
.

Hence the initial problem becomes that of finding conditions so that two
elliptic transformations whose fixed points sets are pairwise disjoint generate a
purely elliptic group. Such a condition, as we see below, is given in terms of the
cross-ratios of the fixed points sets of the elliptic transformations. First we need
the following two technical lemmas from [41]:

Lemma 5.3.3. Let γ =

(
a b
c d

)
∈ PSL(2,C) be an elliptic element with Fix(γ) =

{1, p} ⊂ D. Then:

(i) a = d̄ if and only if p ∈ R.

(ii) If p ∈ R, then |a| = 1 if and only if p = 0.

(iii) If p ∈ R, then |a| < 1 if and only if p < 0.

Lemma 5.3.4. Let γ1, γ2 ∈ PSL(2,C) be elliptic elements with infinite order, whose
fixed points Fix(γ1) = {z1, z2}, Fix(γ2) = {w1, w2}, are such that their cross-ratio
satisfies [z1; z2;w1;w2] ∈ C \ (R− ∪ {0}). Then 〈γ1, γ2〉 contains a loxodromic
element.

One can also ask if the previous lemma holds when at least one of the elements
appearing in the hypothesis has finite order, however for our purposes it is enough
to consider this case since we always have two distinct elements of infinite order.

We refer to [41] for the proof of these lemmas. Let us now introduce another
interesting family of groups that we use in the sequel.

Definition 5.3.5. For each real number p < 0, the Chinese Rings group at p is
defined as

Cr (p) = 〈Rot∞, τ−1
p Rot∞τp〉 ,

where Rot∞ is the group of rotations in Example 5.2.2, and τp(z) is the Möbius
transformation

τp(z) =
z − p

z − 1
.

In other words, this group is generated by Rot∞ ∼= SO(2) and its conjugate
τ−1
p Rot∞τp. Hence the generators are all elliptic. Notice also that the fixed points
of the first group are {0,∞} while those of the second group are 1 and p, which
is negative. Hence these four points are contained in a real projective line and
they are intercalated. We will see that this property is shared by every pair of
noncommuting elements in the corresponding Chinese Rings group. Notice also
that τp is an involution, so it coincides with τ−1

p .

The Chinese Rings groups have the following properties (see [41] for the
proof):
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Proposition 5.3.6. (i) For each γ ∈ Cr (p), there is λ = eπiϑ such that

γ(z) =

pλ̄−λ
p−1 z + p(λ−λ̄)

p−1

λ̄−λ
p−1 z +

pλ−λ̄
p−1

. (5.3.6)

(ii) For each z ∈ P1
C
, its Cr (−1)-orbit is all of P1

C
.

(iii) One has Cr (−1) = SO(3).

(iv) For each p < 0 there are zp ∈ C and γp ∈ Cr (p) such that 〈Rot∞, γp〉 =
Cr (p) and Fix(γp) = {zp,−zp}.

(v) For each p < 0 one has that Cr (p) is conjugate to SO(3).

Now we have:

Theorem 5.3.7. Let Σ be an infinite subgroup of PSL(2,C) whose equicontinuity
region is the whole sphere. Then Σ is conjugate to a subgroup of either Dih∞ or
SO(3).

Proof. Assume that Cr(p) is not conjugate to a subgroup of Dih∞. Then we claim
that Σ contains an elliptic element γ1 with infinite order. If this is not the case we
have by Proposition 5.1.7 that Σ is a purely elliptic group, where each element has
finite order. Now, by Selberg’s lemma and the classification of the finite groups of
PSL(2,C), Theorem 5.3.1, we deduce that the collection

B = {〈A〉 |A is a nonempty finite subset of Σ},

is an infinite set where each element is either a cyclic or a dihedral group. From
this and (i) of Lemma 5.3.2 we deduce that Σ is conjugate to a subgroup of Dih∞,
which is a contradiction.

Now, by Lemma 5.3.4 and statement (i) in Lemma 5.3.2, we deduce that if
Fix(γ) = Fix(γ1) for each element γ ∈ Σ with o(γ1) = ∞, then γ(Fix(γ1)) =
Fix(γ1) for each γ ∈ Σ with o(γ) < ∞. Hence Σ is conjugate to a subgroup of
Dih∞. Thus we may assume there is an element γ2 with infinite order and such
that Fix(γ1) �= Fix(γ2). Then by Proposition 5.1.7 and Lemmas 5.3.3 and 5.3.4,
we can assume that Fix(γ2) = {0,∞} and Fix(γ2) = {1, p} where p < 0. Thence
〈γ1, γ2〉 = Cr (p). Therefore by property (v) of Example 5.2.5 we can assume that
p = −1. Finally, if γ3 ∈ Σ is another element, by Proposition 5.1.7, the proof of
property (ii) of Cr , the property (iii) of Example 5.2.5 and statement (ii) of Lemma
5.3.2, we deduce that there is z ∈ C such that Fix(γ3) = {z, z−1}. Hence the proof
of property (ii) of Example 5.2.5 says that γ3 ∈ Cr . Thence Σ is conjugate to a
subgroup of Cr . �

From the proof of Theorem 5.3.7 one gets:

Corollary 5.3.8. Let Σ ⊂ PSL(2,C) be an infinite closed group. Then Σ is purely
elliptic if and only if Eq (Σ) = P1

C
.
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5.3.2 Classification of elementary groups

To finish this section we give the classification of the elementary nondiscrete groups
in PSL(2,C). Recall that elementary means that its limit set consists of at most
two points, or equivalently that its equicontinuity region misses at most two points.
The proof of Theorem 5.3.9 follows easily from Proposition 5.1.7 and Corollary
5.3.8.

Theorem 5.3.9. Let Σ ⊂ PSL(2,C) be an elementary nondiscrete subgroup. Then
up to conjugation by a projective transformation one has:

(i) The set Eq (Σ) is P1
C
if and only if Σ is purely elliptic (contained in Dih∞

or SO(3)).

(ii) The set Eq (Σ) is C if and only if Σ is conjugate to a subgroup Σ∗ of Epa (C)
such that Σ∗ contains a parabolic element, where Epa (C) is as in Example
5.2.4.

(iii) The set Eq (Σ) is C∗ if and only if Σ is conjugate to a subgroup Σ∗ of Möb(C∗)
such that Σ∗ contains a loxodromic element.

Proof. The proof of (i) follows from Theorem 5.3.7. Let us show (ii). If ΛGr(Σ)
has exactly one point, then after conjugating with a Möbius transformation we
can assume that ΛGr(Σ) = {∞}. Since loxodromic elements contribute with two
points to the limit set we conclude that Σ has only parabolic or elliptic elements,
each one leaving ∞ fixed. By the definition of Epa (C) this concludes the proof.

Let us show (iii). If ΛGr(Σ) has exactly two points, then after conjugating
with a Möbius transformation we can assume that it has exactly one fixed point
p and any other point has infinity orbit whose closure is p. Then Σ has only
loxodromic and parabolic points where ΛGr is the fixed set of each loxodromic ele-
ment, and elliptic elements act as permutation group of {0,∞}. By the definition
of Möb(C∗) this concludes the proof. �

5.4 Consequences of the classification theorem

In this section we deduce several corollaries of the previous discussion, and we
prove Theorem 5.1.3.

Corollary 5.4.1. Let Σ ⊂ PSL(2,C) be nondiscrete and assume H is an infinite
normal subgroup of Σ such that card(ΛGr(H)) = 0, 2. Then Σ is either elementary
or conjugate to a subgroup of Cr .

Proof. By the proof of Theorem 5.3.7 we deduce that there is an H-invariant set
P with card(P) = 2 and with the following property: If R is another finite H-
invariant set, then R ⊂ P. Since H is a normal subgroup it follows that Hg(P) =
g(P) for all g ∈ Σ, which implies P = g(P). This implies that Σ is conjugate
to a subgroup of either Möb(C∗) or Dih∞ and the result follows from Theorem
5.3.9. �
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We remark that the statement above is false if card(ΛGr(H)) = 1. In fact
consider for instance the case when Σ ⊂ PSL(2,R) is the isotropy group of∞ and
H is the subset of Σ of parabolic elements. Then H is normal in Σ and Σ is neither
elementary nor a subgroup of Cr .

Now we have:

Proposition 5.4.2. Let γ1, γ2 ∈ PSL(2,C) be parabolic elements with distinct fixed
points, i.e., Fix(γ1) ∩ Fix(γ2) = ∅. Then 〈γ1, γ2〉 contains a loxodromic element.

Proof. Without loss of generality we can assume that 0 is the fixed point of Γ1 and
∞ is that of Γ2. Then these maps are of the form: γ1(z) = z+α and γ2(z) =

z
βz+1

for some α, β ∈ C∗. Consider the composition γm
2 γ1. Its trace satisfies

Tr2(γm
2 γ1) = (mαβ + 2)2 ,

so it tends to ∞ as m→∞. Then γm
2 γ1 is loxodromic for m large. �

Corollary 5.4.3. Let Σ ⊂ PSL(2,C) be a nonelementary subgroup. Then Σ contains
a loxodromic element.

Proof. Assume that Σ does not contain loxodromic elements. Then by Corollary
5.3.8 and Proposition 5.1.7 we deduce that Σ contains a parabolic element γ.
Assume that ∞ is the unique fixed point of γ. Then by Proposition 5.4.2 we
conclude that Σ∞ = ∞. Hence every element in Σ has the form az + b with
|a| = 1. Hence Σ ⊂ Epa (C), which is a contradiction with Theorem 5.3.9, by
(ii). �

Using Corollary 5.4.3 and standard arguments, see [144], we can show the
following corollaries. The first of these proves statement (ii) and part of statement
(i) in Theorem 5.1.3.

Corollary 5.4.4. Let Σ ⊂ PSL(2,C) be a nonelementary group. Then P1
C
\ Eq (Σ)

is the closure of the set of fixed points of loxodromic elements.

Corollary 5.4.5. Let Σ ⊂ PSL(2,C) be a nonelementary subgroup and define
Ex(Σ) = {z ∈ P1

C
\ Eq (Σ) : Σz �= P1

C
\ Eq (Σ)}. Then card(Ex(Σ)) = 0, 1.

Moreover, Σ is nondiscrete if Ex(Σ) �= ∅.

Corollary 5.4.6. Let Σ ⊂ PSL(2,C) be a subgroup and C �= Ex(Σ) a closed Σ-
invariant set. Then ΛGr(Σ) ⊂ C.

As a corollary we obtain the proof of the rest of statement (i) in Theorem
5.1.3: The limit set is the complement of the region of equicontinuity. More pre-
cisely, if Σ ⊂ PSL(2,C) is nonelementary, then

Eq (Σ) = P1
C \ ΛGr(Σ) .

To prove the second statement in Theorem 5.1.3 we need the lemmas below.



128 Chapter 5. Kleinian Groups with a Control Group

Lemma 5.4.7. Let Σ ⊂ PSL(2,C) be a purely parabolic closed Lie group with
dimR(Σ) = 1 and such that ∞ is a fixed point of every element in Σ. Let γ1, γ2 be
loxodromic elements in PSL(2,C) such that γ1(∞) = γ2(∞) = ∞ and Fix(γ2) is
not in the orbit Σ(Fix(γ1)). Then

Σ0 = {γ ∈ 〈Σ, γ1, γ2〉 : Tr2(γ) = 4}

is a Lie group with dimR(Σ) = 2.

Proof. Assume on the contrary that dimR(Σ0) ≤ 1. Since Σ ⊂ Σ0 we have that
dimR(Σ0). Since γi(∞) =∞ , for i = 1, 2, we can assume that the γi are given by:

γ1 =

(
t 0
0 t−1

)
; γ2 =

(
a b
0 a−1

)
.

Then γ2Σγ
−1
2 = {z + t2r : r ∈ R}, γ1Σγ−1

1 = {z + a2r : r ∈ R}. This implies that
a2, t2 ∈ R. On the other hand, observe that for all n ∈ Z we have

γn
1 γ2γ

−n
1 γ2 =

(
1 ab(1− t2n)
0 1

)
.

Hence {z+abr : r ∈ R} ⊂ 〈Σ, γ1, γ2〉 and therefore ab ∈ R, which is a contradiction
since ab(1− a2)−1 ∈ Fix(γ2). �

Lemma 5.4.8. Let Σ ⊂ PSL(2,C) be a connected Lie group, g ∈ Σ a loxodromic
element and U be a neighbourhood of g in Σ such that hgh−1g−1 = Id for each
h ∈ U . Then hgh−1g−1 = Id for each h ∈ Σ.

Proof. Let τ ∈ Σ be such that τgτ−1g−1 = Id. Observe that τg−1U = W is an
open neighbourhood of τ and for each κ ∈W there is u ∈ U such that κ = τg−1u.
Therefore κgκ−1g−1 = τg−1ugu−1gτ−1g−1 = Id. That is, the set Comm(g) =
{h ∈ Σ : hgh−1g−1 = Id} is open. Now let (hn)n∈N ⊂ Comm(g) be a sequence
and h0 ∈ Σ such that hn n→∞ �� h0. Then Id = hngh

−1
n g−1

n→∞ �� h0gh
−1
0 g−1.

Therefore Comm(g) is closed, concluding the proof. �

Now we have:

Proof of Theorem 5.1.3. Since PSL(2,C) is a Lie group we deduce that Σ is a Lie
group (see [229]). Thus, if H is the connected component of the identity in Σ, we
conclude that H is a connected and normal subgroup of Σ. By Theorem 5.1.5, the
property (ii) of the group Cr , and Corollary 5.4.4, we have one of the following
cases:

Case 1. There is exactly one point p ∈ P1
C
such that Hp = p. Since H is normal this

implies Σp = p. And by Lemma 5.4.7 we conclude that there is a purely elliptic
Lie group K ⊂ H with dimR(K) = 1. Let γ0 ∈ Σ be a loxodromic element. Then
by Lemma 5.4.7 we deduce that for each γ ∈ Σ one has that Fix(γ) ⊂ K(Fix(γ0)).
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Moreover by Corollary 5.4.6 we conclude that K(Fix(γ0)) = ΛGr(Σ). The result
now follows because K(Fix(γ0)) is a circle in P1

C
.

Case 2. card(ΛGr(H)) ≥ 2 and there is a circle C such that HC = C. In this case

we can assume that C = R̂. Thus for each loxodromic element g ∈ H one has
Fix(g) ⊂ R̂. Let g ∈ H be a loxodromic element such that Fix(g) ∈ R and let
p1, p2 be the fixed points of g. Then there exist a neighbourhood W ⊂ RdimR(H) of
0 and real analytic maps a, b, c, d : W → C such that the map φ : W → H defined
by:

φ(w)(z) =
a(w)z + b(w)

c(w) + d(w)

is a local chart for H at g, i.e., a diffeomorphism over its image, such that φ(0) = g.
Set F (w, z) = φ(w)(z) − z, so ∂zF (0, pi) = g′(pi) − 1 �= 0. Then by the implicit
function theorem there is a neighbourhood W1 of 0, and continuous functions
gi : W → C such that F (w, gi(w)) = 0; one has {g1(w), g2(w)} = Fix(φ(w)). Thus
by Lemma 5.4.8 we can assume that g1 is nonconstant and φ(W1) contains only
loxodromic elements. Hence g1(W1) ⊂ ΛGr(Σ) ⊂ R. That is, ΛGr(Σ) contains an

open interval, which implies that ΛGr(Σ) = R̂. �

We finish this section with an easy consequence of Theorem 5.1.3. This result
says that if a sequence of Möbius transformations converges uniformly on compact
sets of Eq (Σ) to a certain endomorphism g, then g is either constant or an element
in PSL(2,C) and the convergence is uniform on all of P1

C
.

Corollary 5.4.9. Let Σ ⊂ PSL(2,C) be a subgroup such that Eq (Σ) �= ∅. If
(gn)n∈N ⊂ Σ and gn n→∞ �� g uniformly on compact sets of Eq (Σ), where g :

Eq(Γ) → P1
C
, then g is either a constant function c ∈ ΛGr(Σ) or g ∈ PSL(2,C)

with gn n→∞ �� g uniformly on P1
C
.

5.5 Controllable and control groups: definitions

5.5.1 Suspensions

We recall the suspension construction introduced in Chapter 3; this appears also
in Chapter 9 for constructing kissing-Schottky groups in P2

C
.

Consider the covering map [[ ]]n : SL(n,C)→ PSL(n,C), let Γ be a subgroup

of PSL(n,C) and let Γ̂ ⊂ SL(n,C) be [[ ]]−1
n (Γ). Think of Pn

C
as being Cn ∪ Pn−1

C

and let Γ̃ be the subgroup of PSL(n + 1,C) that acts as Γ̂ on Cn, so its action

on Pn−1
C

, the hyperplane at infinity, coincides with that of Γ. We call Γ̃ the full
suspension group of Γ.

If we can actually lift Γ ⊂ PSL(n,C) to a subgroup Γ̂ ⊂ SL(n,C) that

intersects the kernel of [[ ]]n only at the identity, so that Γ̂ is isomorphic to Γ,

then we can define Γ̃ to be the subgroup of PSL(n + 1,C) that acts as Γ̂ on Cn
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and as Γ on Pn−1
C

, the hyperplane at infinity. We now call Γ̃ a (simple) suspension
group of Γ.

From now on we restrict the discussion to subgroups of PSL(2,C), though
parts of what we say actually extend to higher dimensions. Notice that given
g ∈ PSL(2,C), its liftings to SL(2,C) are ±g, so the corresponding elements in
PSL(3,C) induced by the suspension construction are(

g 0
0 1

)
;

(
−g 0
0 1

)
.

Each of these two elements gives a simple suspension of the cyclic group generated
by g. In this case the covering SL(2,C) → PSL(2,C) is two-to-one and the full
suspension group can be also called a double suspension.

Now, given Γ ⊂ PSL(2,C) a discrete group with a nonempty discontinuity
region, notice that there is an inclusion ι : SL(2,C)→ SL(3,C) given by

ι(h) =

(
h 0
0 1

)
.

Then the full suspension can be regarded as

Γ̂ = {ι(±γ) : γ ∈ Γ} .

Also in the case where Γ can be lifted to a group Γ̂ ⊂ SL(2,C) which is isomorphic
to Γ, the corresponding simple suspension is given by

Γ̃ = {ι(±γ) : γ ∈ Γ̂} .

Observe that in all cases the line ←−→e1, e2 ⊂ P2
C

is Γ̂-invariant, where e1, e2
represent here the points in P2

C
that correspond to the points (1, 0, 0) and (0, 1, 0)

in C3. The actions of the full and the simple suspensions on this line coincide with
the action of Γ on P1

C
.

Now consider the following generalisation of the suspension construction.
Let Γ ⊂ PSL(2,C) be a Kleinian group and G ⊂ C∗ a discrete subgroup. The
suspension of Γ extended by the group G, denoted by Susp(Γ, G), is the group

generated by the full suspension Γ̂ ⊂ PSL(3,C) and all the elements in PSL(3,C)
represented by diagonal matrices having in its diagonal the vector (g, g, g−2), for
each g ∈ G. That is:

Susp(Γ, G) =

〈
{ι(h) : h ∈ [[ ]]−1

2 (Γ)},

⎧⎨⎩
⎛⎝ g 0 0

0 g 0
0 0 g−2

⎞⎠ : g ∈ G

⎫⎬⎭
〉
.

Observe that if G is trivial or G = {±1} = Z2, then Susp(Γ,Z2) coincides with
the double suspension of Γ.

The following example gives a taste of the groups one gets through the pre-
ceding definition.
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Example 5.5.1. Consider the following Möbius transformations:

a(z) =
(s+ t)z − 2st

−2z + (s+ t)
, b(z) =

(s+ t)z + 2

2stz + (s+ t)
,

where 0 < s < t < 1, see see [158]. Then we can check that b maps the outside of
the circle CB into the inside of Cb and a maps the outside of CA into the inside
of Ca. That is Γs,t = 〈a, b〉 is a Schottky group whose limit set is a Cantor set
contained in the real line.

Let G = {2n :∈ Z}, then the suspension of Γ extended by the group G is the
group generated by

A =

⎛⎝ ± s+t
s−t ∓ 2st

s−t 0

∓ 2
s−t ± s+t

s−t 0

0 0 1

⎞⎠ , B =

⎛⎝ ± s+t
t−s ± 2

t−s 0

± 2st
t−s ± s+t

t−s 0

0 0 1

⎞⎠ , C =

⎛⎝ 2 0 0
0 2 0
0 0 2−1

⎞⎠ .

That is Susp(Γ, G) = 〈[[A]]3, [[B]]3, [[C]]3〉, where [[ ]] is the projection SL(3,C)→
PSL(3,C). Observe that since every point in the line ←−→e1, e2 has infinite isotropy
group, we have that Susp(Γ, G) is not topologically conjugate to either a full
or a simple suspension. In fact the same argument can be used to show that a
suspension extended by an infinite group can never be topologically conjugate to
either a full or a simple suspension group. Moreover, this argument, combined
with Theorem 7.3.1 yields that a suspension extended by an infinite group can not
be topologically conjugate to a complex hyperbolic group.

5.6 Controllable groups

We see that in all suspension constructions we have a fixed point and an action
of the group on an invariant line. As we will see, this allows us to describe (or
“control”) the geometry and dynamics of the suspension group in terms of a lower-
dimensional model. This motivates the following definition:

Definition 5.6.1. Let Γ ⊂ PSL(3,C) be a (discrete or not) subgroup. We say Γ is
a controllable group if there is a line � and a point p /∈ � that are invariant under
the action of Γ. The group Γ|� = G is called the control group and K = {h ∈ Γ :
h(x) = x for all x ∈ �} is the kernel of Γ. We call the line � the horizon (a name
suggested to us by A. Verjovsky).

One can easily check:

Proposition 5.6.2. Let Γ be a suspension of a group Σ (full, simple or extended),
then:

(i) The control group of Γ is Σ.

(ii) If Γ is a simple suspension, then Ker(Γ) is trivial.
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(iii) If Γ is a full suspension, then Ker(Γ) = Z2.

(iv) If Γ is a suspension extended by a group G, then

Ker(Γ) =

〈⎧⎨⎩
⎛⎝ g 0 0

0 g 0
0 0 g−2

⎞⎠ : g ∈ G

⎫⎬⎭ ,

⎛⎝ −1 0 0
0 −1 0
0 0 1

⎞⎠〉
.

Now let us construct an example of a controllable group whose control group
does not contain subgroups of finite index conjugate to a subgroup of a suspension
(simple, full or extended by a group). This implies that the class of controllable
groups is larger than the class of suspension groups. First we need the following
definition.

Definition-Proposition 5.6.3. Let γ = [[γ̃]]3 ∈ PSL(3,C), with γ̃ = (γij)i,j=1,3, be
an element with a fixed point at e3, i.e., γ(e3) = e3. Let us set

ψ(γ) = γ3
33.

If Γ ⊂ PSL(3,C) is a group, p ∈ P2
C

is fixed by Γ and τ ∈ PSL(3,C) verifies
τ(p) = e3, then Ψp : Γ→ C defined by Ψp(γ) = ψ(τγτ−1) is a group morphism.

Proof. Let γ = [[γ̃]]3 be as above, γ̃ = (γij)i,j=1,3. Then ψ(γ) is the eigenvalue of
γ̃ corresponding to e3, to the cubic exponent. It follows that Ψ(γ) does not depend
on the choice of the lift γ̃.

Now let τ = [[τ̃ ]]3 ∈ PSL(3,C), with τ = (τij)i,j=1,3, be another element
which leaves invariant e3. Then τ̃(γ̃(e3)) = τ33γ33e3. Hence Ψ is a group morphism.
To finish the proof it is enough to recall that eigenvalues are invariant under
conjugation. �

Remark 5.6.4. If Γ is a suspension (full or simple), then Ψe3(Γ) is trivial and if Γ
is a suspension extended by a group G, then Ψe3(Γ) = {g6 : g ∈ G}. That is, the
image of Ψe3 is a discrete subgroup of C∗.

Example 5.6.5. Let Γε,λ,s,t be the group generated by the transformations

Aλ,s,t =

⎛⎝ λε s+t
t−s λε 2st

t−s 0

λε 2
t−s λε s+t

t−s 0

0 0 (λε)−2

⎞⎠ , Bε,s,t =

⎛⎝ ε s+t
t−s ε 2

t−s 0

ε 2st
t−s ε s+t

t−s 0

0 0 ε−2

⎞⎠ ,

where λ = e2πiθ, with θ ∈ R − Q. Observe that Γε,λ,s,t leaves invariant e3 and
� = ←−→e1, e2, hence Γε,λ,s,t is a controllable group. Moreover, the control group of
Γε,λ,s,t is Γs,t, where Γs,t is taken as in Example 5.5.1, and Ker(Γε,λ,s,t) is trivial.
Furthermore, since Ψe3(Aλ,s,tBε,s,t) = λ−2, we conclude that Γε is not conjugate
in PSL(3,C) to a subgroup of a suspension, neither full nor simple nor extended
by a group.
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5.7 Groups with control

We now introduce a third class of groups, which essentially includes the previ-
ous two classes: the suspensions and the controllable groups. We call these semi-
controllable groups.

Consider Γ ⊂ PSL(3,C) a (discrete or not) subgroup which acts on P2
C
with

a point p which is fixed by all of Γ. Choose an arbitrary line � in P2
C
\ {p}, and

notice that we have a canonical projection

π = πp,� : P2
C \ {p} −→ � ,

given by π(x) =←→x, p ∩ �. It is clear that this map is holomorphic and it allows us
to define a group homomorphism,

Π = Πp,� : Γ −→ Bihol(�) ∼= PSL(2,C) ,

by Π(g)(x) = π(g(x)). If we choose another line, say �′, one gets similarly a
projection π′ = πp,�′ : P2

C
\{p} → �′ , and a group homomorphism Π′ = Πp,�′ : Γ→

PSL(2,C). It is an exercise to see that Π and Π′ are equivalent in the sense that
there is a biholomorphism h : � → �′ inducing an automorphism H of PSL(2,C)
such that H ◦Π = Π′. As before, the line � is called the horizon.

This leads to the following definition:

Definition 5.7.1. Let Γ ⊂ PSL(3,C) be a discrete group. We say that Γ is weakly
semi-controllable if it acts with a fixed point in P2

C
. In this case a choice of a

horizon � determines a control group Π(Γ) ⊂ PSL(2,C), which is well-defined and
independent of � up to an automorphism of PSL(2,C).

It is clear that all suspension and all controllable groups are weakly semi-
controllable, but this latter class is larger, as illustrated by the examples below.
These are weakly semi-controllable but not controllable.

Example 5.7.2 (The fundamental groups of Inoue surfaces). These were introduced
in Chapter 3, page 90. We know that there are three families of such surfaces: The
SM , S+

N and S−
N families, all of these generating complex affine groups Γ that act

properly discontinuously on H× C with compact quotient (H× C)/Γ.
These are all weakly semi-controllable groups, but one can prove (using the

results in Chapter 8), that they are not even topologically conjugate to controllable
groups.

Generally speaking, the control group Π(Γ) of a weakly semi-controllable
group allows us to get some information about the group Γ itself. Yet, the condition
for being weakly semi-controllable (just having a fixed point) is too mild and one
can not expect to gain too much information from this. The previous example
leads to the following definition.
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Definition 5.7.3. Let Γ ⊂ PSL(3,C) be a discrete group. We say that Γ is semi-
controllable if there is an open set Ω in P2

C
which is the largest open set on which

Γ acts discontinuously, such that P2
C
\Ω contains at least two lines and any three

lines in P2
C
\ Ω are concurrent.

It is clear that every semi-controllable group has a fixed point and therefore
it is weakly semi-controllable.

We refer to [41] for the proof of the following proposition:

Proposition 5.7.4. Every nonelementary controllable group is semi-controllable.

Notice this includes the suspensions of nonelementary Kleinian subgroups of
PSL(2,C).

These concepts, and the results we prove in the rest of this chapter, will be
used later in Chapter 8.

5.8 On the limit set

5.8.1 The limit set for suspensions extended by a group

We want to describe the Kulkarni limit set for the suspension groups. Recall that
an element γ ∈ PSL(2,C) is parabolic if it has only one fixed point in P1

C
, and in

that case it is conjugate to a translation of C with a fixed point at ∞.
We refer to [41] for the proof of the following theorem.

Theorem 5.8.1. Let Σ ⊂ PSL(2,C) be a nonelementary Kleinian group with limit
set Λ(Σ) ⊂ ←−→e1, e2 ∼= P1

C
. Let G be a multiplicative subgroup of C∗ and let Γ be the

suspension of Σ extended by G. Let C be the complex cone with base Λ(Σ) and
vertex e3 = [0 : 0 : 1]. Then:

(i)

ΛKul(Γ) =

{
C if G is finite,
C ∪←−→e1, e2 if G is infinite.

(ii) The set ΩKul(Γ) is the largest open set where Γ acts discontinuously.

(iii) The Kulkarni region of discontinuity ΩKul(Γ) := P2
C
\ΛKul(Γ) coincides with

the region of equicontinuity,

ΩKul(Γ) = Eq (Γ) .

5.8.2 A discontinuity region for some weakly semi-controllable
groups

We now look at the largest class of weakly semi-controllable groups. The following
result enables us to provide a region of discontinuity under certain conditions. Alas
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we are unable to give necessary conditions to insure that this open set coincides
with the Kulkarni region of discontinuity, neither can we decide whether or not
this region is maximal.

Theorem 5.8.2. Let Γ ⊂ PSL(3,C) be discrete and weakly semi-controllable, with
p ∈ P2

C
a Γ-invariant point and � a complex line not containing p. Define Π =

Πp,� : Γ −→ Bihol(�) ∼= PSL(2,C) as above. Consider the control group Πp,�(Γ)
(which is independent of the choice of the line � up to conjugation in PSL(2,C)).

(i) If Ker(Π) is finite and Π(Γ) is discrete, then Γ acts properly discontinuously
on

Ω =
( ⋃
z∈Ω(Π(Γ))

←→z, p
)
− {p},

where Ω(Π(Γ)) ⊂ � ∼= P1
C
denotes the discontinuity set of Π(Γ).

(ii) If Γ is controllable with an invariant line, Π(Γ) is nondiscrete, then Γ acts
properly discontinuously on

Ω =
⋃

z∈Eq (Π(Γ))

←→z, p− (� ∪ {p}).

Proof. For (i), assume that Γ does not act discontinuously on Ω, so there is K ⊂
Ω a compact set such that K(Γ) = {g ∈ Γ : g(K) ∩ K �= ∅} is infinite. Let
(gn) ⊂ K(Γ) be a sequence of distinct elements. Since Ker(Π) is finite, there is a
subsequence of (gm), still denoted by (gm), such that Π(gl) �= Π(gm), whenever
l ≤ m. Therefore {Π(hn) : n ∈ N} ⊂ {g ∈ Π(Γ) : g(π(K)) ∩ π(K) �= ∅}. This is a
contradiction since Π(Γ) acts discontinuously on Ω(Π(Γ)).

Let us prove (ii). Take p = e3, l =
←−→e1, e2 and assume that the action is not

properly discontinuous. Then there are k = [z;h;w], q ∈ ΩΓ, (kn)n∈N ⊂ ΩΓ and

(gn = (g
(n)
ij )3i,j=1)n∈N ⊂ Γ, a sequence of distinct elements such that kn n→∞ �� k

and gn(kn) n→∞ �� q. By Corollary 5.4.9 we can assume that there is a holomorphic
map

f : Eq (Π(Γ)) −→ Eq (Π(Γ)) ,

such that Π(gn) n→∞ �� f uniformly on compact sets of Eq (Π(Γ)). Moreover, ei-

ther f ∈ Bihol(�) or f is a constant function c ∈ ΛGr(Π(Γ)). Since π(gn(kn))
converges to π(q) ∈ Eq (Π(Γ)) as →∞, we conclude that f is not constant. Thus

f [z;w; 0] = [g11z + g12w; g21z + g22w; 0] , with g11g22 − g12g21 = 1 .

Since g
(n)
13 = g

(n)
23 = g

(n)
31 = g

(n)
32 = 0, g

(n)
33 (g

(n)
11 g

(n)
22 − g

(n)
12 g

(n)
21 ) = 1 we can assume

that g
(n)
ij

√
g
(n)
33 n→∞ �� gij . Thus we can assume that there is g ∈ C∗ such that

g
(n)
33 n→∞ �� g ∈ C∗ (otherwise we may assume g

(n)
33 n→∞ �� 0 or g

(n)
33 n→∞ �� ∞;
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this implies gn(kn) n→∞ �� [g11z + a12h; g21z + g22h; 0] or gn(kn) n→∞ �� [0; 0; 1],

which is a contradiction). Thence,

gn =

⎛⎜⎝ g
(n)
11 g

(n)
12 0

g
(n)
21 g

(n)
22 0

0 0 g
(n)
33

⎞⎟⎠ n→∞ ��

⎛⎝ g11
√

g−1 g12
√
g−1 0

g21
√

g−1 g22
√
g−1 0

0 0 g

⎞⎠ ∈ PSL(3,C).

This is a contradiction since Γ is discrete. �
Remark 5.8.3. (See [14].) Let Γ be a semi-controllable group. Let Ω be its maximal
region of discontinuity and set Λ := P2

C
\ Ω. Then the set Λ is Γ-invariant and

contains infinitely many lines, all of them concurrent to a certain point, say p,
which is therefore a fixed point of Γ.



Chapter 6

The Limit Set in Dimension 2

As we know already, there is no unique notion of “the limit set” for complex
Kleinian groups in higher dimensions. There are instead several natural such no-
tions, each with its own properties and characteristics, providing each a different
kind of information about the geometry and dynamics of the group. The Kulkarni
limit set has the property of “quasi-minimality”, which is interesting for under-
standing the minimal invariant sets; and the action on its complement is properly
discontinuous, which is useful for studying geometric properties of the group. Yet,
this may not be the largest region where the action is properly discontinuous.
There is also the region of equicontinuity, which provides a set where we can use
the powerful tools of analysis to study the group action.

In this chapter we study, in the two-dimensional case, conditions under which
all these notions coincide, as they do for one-dimensional Kleinian groups (see
Theorem 6.3.6). This is interesting also from the viewpoint of having a Sullivan
dictionary between Kleinian groups and iteration theory in several complex vari-
ables. In fact we recall that there is an important theorem due to J. E. Fornæss
and N. Sibony (see [60]), stating that in the space of all rational maps of degree
d in Pn

C
, for n ≥ 2, those whose Fatou set is Kobayashi hyperbolic form an open

dense set with the Zariski topology. Similarly, in this chapter we see that under
certain “generic” conditions, the region of equicontinuity of a complex Kleinian
group in P2

C
coincides with the Kulkarni region of discontinuity, and it is the largest

open invariant set where the group acts properly discontinuously. And this region
is Kobayashi hyperbolic.

Hence the results in this chapter, which are based on work by W. Barrera,
A. Cano and J. P. Navarrete, contribute to getting a better understanding of the
concept of “the limit set” in higher dimensions, and set down the first steps of a
theory that points towards an analogy for Kleinian groups of the aforementioned
theorem of Fornæss-Sibony.

DOI 10.1007/978-3-0348-0481-3_6, © Springer Basel 2013
A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 137
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6.1 Montel’s theorem in higher dimensions

The first studies on iteration theory of holomorphic functions, due to Siegel, Cre-
mer, Fatou, Bochner and others (see for instance[130]) were all of a local charac-
ter, mostly focusing on the behaviour near the fixed points. A key step for getting
global results was Montel’s theorem, which provides a simple criterium granting
that a given family of holomorphic maps on an open set in the Riemann sphere is
a normal family.

Montel’s theorem is a very powerful and useful tool for holomorphic dynam-
ics in one complex variable, with significant applications for both, the theory of
classical Kleinian groups (see for instance [146]), and for the iteration theory of
rational maps, and also of more general endomorphisms of the Riemann sphere.

Theorem 6.1.1 (Montel). Let Ω ⊂ P1
C be a domain and F be a family of holomor-

phic functions defined on Ω with values in P1
C
. If

⋃
f∈F f(Ω) omits at least three

points in P1
C
, then F is a normal family.

There is a generalization of Montel’s theorem to higher dimensions due to H.
Cartan, see [135], [126], which has had significant applications to holomorphic dy-
namics in several complex variables (see for instance [60]). Notice that in Montel’s
theorem, points in the Riemann sphere can be regarded as being codimension 1
projective subspaces in P1

C
; this is the viewpoint that generalizes to higher dimen-

sions.

Recall that Pn
C
can be identified with its dual (Pn

C
)∗ := Gr(n, n+1), which is

the Grassmanian of n-planes in Cn+1. In other words, a set of hyperplanes in Pn
C

can be also regarded as being points in (Pn
C
)∗. We may thus define:

Definition 6.1.2. Let H be a (possibly infinite) set of hyperplanes in Pn
C
. We say

that these hyperplanes are in general position if for each subset H̃ in H with at
most k elements, k ≤ n+1, one has that the dimension of the projective subspace
in (Pn

C
)∗ generated by H̃ is k − 1.

Now we can state Cartan’s generalization of Montel’s theorem:

Theorem 6.1.3 (H. Cartan). Let Ω ⊂ Pn
C be a domain and F be a family of

holomorphic functions defined in Ω with values in Pn
C
. If

⋃
f∈F f(Ω) omits at

least 2n+ 1 hyperplanes in general position in Pn
C
, then F is a normal family.

It is worth saying that this theorem can be also stated in terms of algebraic
curves in the projective space (see [60]).

Of course, if n = 1, we are back in Montel’s theorem, granting that a family
that omits at least three points is a normal family. In this chapter we focus on
dimension 2 and in this case Cartan’s theorem says that if a family of holomorphic
functions omits five projective lines in general position, then the family is normal.
This can be improved as follows:
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Theorem 6.1.4 (Barrera-Cano-Navarrete). Let F ⊂ PSL(3,C) and Ω ⊂ P2
C
be a

domain. If
⋃

f∈F f(Ω) omits at least three lines in general position in P2
C
, then F

is a normal family in Ω.

This result is essential for the classification theorems of two-dimensional com-
plex Kleinian groups whose limit set has few lines, shown by W. Barrera, A. Cano
and J. P. Navarrete (see the bibliography at the end). We refer to [14] for the proof
of this theorem, which is based on the theory of pseudo-projective transformations
introduced in [40] and explained in Chapter 7 of this monograph.

6.2 Lines and the limit set

We know from Chapter 1 that for classical Kleinian groups acting on the Riemann
sphere, the equicontinuity region is also the maximal open subset in the Riemann
sphere where the action is properly discontinuous. We also know that in this
setting, if the limit set has finite cardinality, then it consists of at most two points.
We now study the equivalent statements in the case of complex Kleinian groups
in P2

C
.
Recall from Proposition 3.3.4, see page 85, that for complex Kleinian groups

acting on higher-dimensional projective spaces, the Kulkarni limit set must con-
tain at least one projective line. Recall too, that there are examples of Kleinian
subgroups of PSL(3,C) such that their Kulkarni region of discontinuity is neither
the maximal region where the action is properly discontinuous, nor coincides with
the region of equicontinuity. Yet one has:

Theorem 6.2.1. Let Γ be an infinite discrete subgroup of PSL(3,C) and let Ω ⊂ P2
C

be either its equicontinuity region, its Kulkarni region of discontinuity or a maximal
region where the group acts properly discontinuously. Then:

(i) The number of lines contained in P2
C
\ Ω is either 1, 2, 3 or infinite.

(ii) The number of lines contained in P2
C
\Ω lying in general position is either 1,

2, 3, 4 or infinite.

There are examples showing that this result is best possible, in the sense
that there are groups where the number of lines contained in P2

C
\ Ω is exactly 1,

examples where this number is 2 and examples where this is 3. And similarly for
the number of lines in general position. In fact it is also interesting to study and
classify the complex Kleinian groups whose limit set has few lines. This is being
done in a series of articles by Barrera, Cano and Navarrete (see references in the
bibliography).

This theorem actually is a key step for showing that “generically”, there is
a well defined notion of the limit set, where “generically” means that, within the
space of all complex Kleinian groups with d generators, we consider those whose
Kulkarni limit set has at least three lines in general position. These turn out to
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form an open and dense subset with respect to a certain appropriate topology
(compare with Remark 6.3.7).

6.3 The limit set is a union of complex projective lines

Let us define the following sets, which are used in the sequel:

Definition 6.3.1. Let Γ be a discrete subgroup of PSL(3,C).

(i) The set C(Γ) is the union of the Kulkarni limit sets of all elements in Γ. That
is, for each γ ∈ Γ, let ΛKul(γ) be the limit set of the corresponding cyclic
group generated by γ, then C(Γ) :=

⋃
γ∈Γ ΛKul(γ).

(ii) The set E(Γ) consists of all the projective lines l for which there exists an
element γ ∈ Γ such that l ⊂ ΛKul(γ).

(iii) The set E(Γ) is the subset of P2
C defined by E(Γ) =

⋃
l∈E(Γ) l.

It is clear that E(Γ) ⊂ C(Γ) and it is not hard to show that E(Γ) =
⋃
l∈E(Γ)

l.

The following lemma is used for showing that when the limit set has enough
lines, the Kulkarni region of discontinuity coincides with the region of equiconti-
nuity.

Lemma 6.3.2. Assume that the Kulkarni limit set ΛKul(Γ) has at least three pro-
jective lines in general position. Then ΛKul(γ) ⊂ ΛKul(Γ) for every γ ∈ Γ, and
therefore C(Γ) ⊂ ΛKul(Γ).

Proof. Let γ be an element in Γ, then there are three cases depending on whether γ
is elliptic, parabolic or loxodromic. Assume first that the element is either parabolic
or elliptic. If the Kulkarni limit set is empty, then there is nothing to prove, so we
assume ΛKul(Γ) 6= ∅. Then the Kulkarni limit set satisfies that:

(i) Either it is the whole space PnC; or

(ii) it consists of either a single line; or

(iii) it consists of a line and a point.

(iv) it consists of two lines

In the first case, one can show, see [39], that γ has a diagonalizable lift γ̃ ∈
SL(n+ 1,C) such that each of its proper values is a unitary complex number and
at least one has infinite order, therefore Λ(Γ) = PnC . For the cases (ii) and (iii)
we have that using the same arguments as in [161], we find that the limit set of
each element in Γ necessarily shares a line with the limit set of Γ itself. In the last
case, γ is loxodromic, we have several cases, but as we will see below, the only
interesting one is when γ has a lift γ̃ whose normal Jordan form is λ1 0 0

0 λ2 0
0 0 λ3

 , |λ1| < |λ2| < |λ3| .
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Let us assume that γ̃ is such a matrix. It follows that ΛKul(γ) =
←→
e1, e2 ∪

←→
e2, e3,

and the Lambda-lemma 7.3.6 implies that

←→
e1, e2 ⊂ ΛKul(Γ) or

←→
e2, e3 ⊂ ΛKul(Γ).

Let us assume, without loss of generality, that ←−→e1, e2 ⊂ ΛKul(Γ), then there exists
l ⊂ ΛKul(Γ) such that l does not pass through the point [1 : 0 : 0], because
ΛKul(Γ) contains at least three projective lines in general position. We note that
the sequence of projective lines γn(l) goes to the projective line ←−→e2, e3 as n→∞,
therefore ←−→e2, e3 ⊂ ΛKul(Γ). �

The theorem below says that when the group has neither fixed points nor
fixed lines, then there is a well-defined region of discontinuity.

Theorem 6.3.3. Let Γ ⊂ PSL(3,C) be a group with four lines in general position
in ΛKul(Γ). Then:

(i) The set C(Γ) is the whole limit set: C(Γ) = ΛKul(Γ), and its complement
ΩKul(Γ) is the equicontinuity region Eq(Γ).

(ii) The limit set ΛKul(Γ) is a union of projective lines.

(iii) If the group acts without fixed points or lines, then the equicontinuity set of
Γ is the largest open set where the groups act properly discontinuously.

Proof. To prove statement (i) notice that P2
C
\ C(Γ) is contained in Eq(Γ), by

the theorem of Montel-Cartan. Similarly, Theorem 6.1.4 implies that we have
Eq(Γ) = ΩKul(Γ). The proof then follows from the quasi-minimality lemma for
the Kulkarni limit set, Proposition 3.3.6.

For statement (ii) we notice that a point in C(Γ) can be approximated by
points belonging each to the limit set of some element in the group. We know, see
[161], that such limit sets consist of either one line, two lines, or a line and a point,
and in the latter case the corresponding isolated points are all attractors.

If the point in C(Γ) can be approximated by points belonging each to a
projective line in the limit set of some element in the group, then the limit of
these lines is a union of lines and we have proved statement (ii). Otherwise the
point in C(Γ) can be approximated by points which are each an attractor for some
element in the group. Then, by hypothesis we have enough lines in C(Γ) in general
position as close to the given point in C(Γ). Thus we arrive at statement (ii).

The proof of (iii) is by inspection on the number of lines in the Kulkarni
limit set. If ΛKul(Γ) only has one line, this line must be invariant, which is not
possible by hypothesis. If ΛKul(Γ) has exactly two lines in general position, then
the intersection point p of these lines is a fixed point of Γ, which, again, is not
possible by hypothesis. Hence the group must have at least three lines in ΛKul(Γ).
We will see in Chapter 8 that every such group necessarily is co-compact and
its equicontinuity set Eq(Γ) is the largest open set where the action is properly
discontinuous. �
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Lemma 6.3.4. If Γ ⊂ PSL(3,C) is a discrete group and E(Γ) contains at least
four projective lines in general position, then E(Γ) ⊂ (P2

C
)∗ is a perfect set. Hence,

C(Γ) is an uncountable union of complex projective lines.

Proof. The proof of this lemma uses Lemma 6.3.5 below. Notice that it suffices to
prove that each projective line in E(Γ) is an accumulation line of projective lines
lying in E(Γ). Furthermore, it is sufficient to prove that each projective line in E(Γ)
is an accumulation line of projective lines lying in E(Γ). Let l1 be a projective line
in E(Γ), then there exists γ ∈ Γ such that l1 ⊂ ΛKul(γ). By Lemma 6.3.5 and given
that E(Γ) contains at least four projective lines in general position, we have that
there exists a projective line l in E(Γ) such that some of the sequences of distinct
projective lines in E(Γ), (γn(l))n∈N or (γ−n(l))n∈N go to l1 as n→∞. �
Lemma 6.3.5. Let γ ∈ PSL(3,C) be any element. Let us assume that l1 is a
projective line contained in ΛKul(γ), then for every projective line l different from
l1 (except, maybe, for a family of projective lines in a pencil of projective lines),
some of the sequences of distinct projective lines, (γn(l))n∈N or (γ−n(l))n∈N goes
to l1, as n→∞.

Now we arrive to the main theorem in this Chapter:

Theorem 6.3.6. Let Γ ⊂ PSL(3,C) be an infinite discrete subgroup without fixed
points nor invariant projective lines. Then one has:

a) Eq(Γ) = ΩKul(Γ), is the maximal open set on which Γ acts properly and
discontinuously. Moreover, if E(Γ) contains more than three projective lines,
then every connected component of ΩKul(Γ) is complete Kobayashi hyperbolic
(compare with [16]).

b) The set

ΛKul(Γ) =
⋃

l∈E(Γ)
l =

⋃
l∈E(Γ)

l =
⋃
γ∈Γ

ΛKul(Γ)

is path-connected.

c) If E(Γ) contains more than three projective lines, then E(Γ) ⊂ (P2
C
)∗ is a

perfect set, and it is the minimal closed Γ-invariant subset of (P2
C
)∗.

Proof. a) Clearly the set ΛKul(Γ)∩C(Γ) contains at least three projective lines in
general position, then Eq(Γ) = ΩKul(Γ).

If U ⊂ P2
C
is a Γ-invariant open set on which Γ acts properly and discontinu-

ously, then there exists a projective line l contained in P2
C
\ U . Given that Γ does

not have invariant projective lines nor fixed points, then P2
C
\ U contains at least

three projective lines in general position. Hence U ⊂ Eq(Γ) = ΩKul(Γ). Therefore
ΩKul(Γ) is the maximal open set on which Γ acts properly and discontinuously.
The proof that every connected component of ΩKul(Γ) is complete Kobayashi hy-
perbolic is obtained by imitating the proof of Lemma 2.3 in [16], and of the main
theorem in [16].
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(b) The equality ΛKul(Γ) = C(Γ) follows easily. Convexity follows from the
facts that two distinct projective lines always intersect and a projective line is
path-connected.

(c) Lemma 6.3.4 implies that E(Γ) is a perfect set. Now, if D ⊂ (P2
C
)∗ is

a nonempty, closed Γ-invariant subset, then there is a projective line l ∈ D and
the set {γ(l) | γ ∈ Γ} contains at least three projective lines in general position.
It cannot happen that {γ(l) | γ ∈ Γ} contains only three projective lines because
in such case ΛKul(Γ) would consist of only three projective lines, a contradiction.
Therefore, there are more than three projective lines in the set {γ(l) | γ ∈ Γ},
so we obtain that {γ(l) | γ ∈ Γ} contains four projective lines in general position.
Therefore, D contains four projective lines in general position. Let γ be an element
in Γ, applying Lemma 6.3.5 we deduce that every projective line contained in
ΛKul(γ) is contained in D, hence E(Γ) ⊂ D. �
Remark 6.3.7. The above discussion shows that for Kleinian groups in P2

C
with

“enough” lines in their Kulkarni limit set, the various concepts of a limit set
discussed in this monograph coincide. It is natural to ask what can be said about
groups with “few” lines in their limit set. The simplest cases of such groups are
the cyclic groups, studied in Chapter 4, and we already know that for those groups
the different notions of the limit set may not coincide. In [15] the authors study
groups with exactly four lines in their limit set, and in [42] the authors give the
complete classification of the groups with few lines in their limit set. It is proved
that although the different notions of the limit set may not coincide, in all cases but
an exceptional one, there is always a maximal region where the action is properly
discontinuous, and there is a “simple” description of its complement. In that article
the authors show too that except for some exceptional cases, complex Kleinian
groups in dimension 2 always contain loxodromic elements. This has important
consequences, as for instance the fact that the groups with “many lines” in their
limit set, are Zariski dense. This relies on a certain “duality technique” introduced
in [17], where the authors use Pappus’ theorem in a similar way to [196], to show
the existence of groups in PSL(3,C) with many lines in their limit set, which are
not conjugate to groups in PU(2, 1).

There is yet another interesting notion of a limit set which has not been
discussed in this monograph: The closure of the set of fixed lines of loxodromic
elements. This is the analogue of considering, for hyperbolic groups, the closure
of the fixed points of loxodromic elements. It looks likely that using the results of
[42] one can study this set and show that, just as in dimension 1, its complement
is an open set where the action is properly discontinuous. Moreover, in dimension
2 we should also have that generically, this set coincides with the Kulkarni region
of discontinuity.



Chapter 7

On the Dynamics of Discrete
Subgroups of PU(n, 1)

If G is a discrete subgroup of PU(n, 1) ⊂ PSL(n+1,C), then it acts on the complex
projective space Pn

C
preserving the unit ball

{[z0 : z2 : . . . : zn] ∈ Pn
C

∣∣ |z1|2 + · · ·+ |zn|2 < |z0|2} ,

which can be equipped with the Bergman metric and provides a model for the
complex hyperbolic space Hn

C
, with PU(n, 1) as its group of holomorphic isome-

tries.
In this chapter we look at the action of G globally, on all of Pn

C
. We compare

the limit set ΛCG(G) of G in the sense of Chen-Greenberg, which is a subset of
∂Hn

C
, with Kulkarni’s limit set of ΛKul(G) and with the complement of the region

of equicontinuity Eq (G). This allows us to get information about the dynamics of
G on all of Pn

C
from its behaviour on the ball Hn

C
.

We consider first the case n = 2, following [161]. We prove that the equicon-
tinuity region and the Kulkarni region of discontinuity coincide, and their com-
plement, the Kulkarni limit set, is the union of all the complex projective lines in
P2
C
which are tangent to ∂H2

C
at points in ΛCG(G). And if G is nonelementary

(i.e., ΛCG(G) has more than two points), then Eq (G) is the largest open set on
which G acts properly discontinuously. This proof uses geometric arguments from
complex hyperbolic geometry.

We then look at the case n ≥ 2 following [40]. This approach is analytic
and it relies on the use of a class of maps called pseudo-projective transforma-
tions, introduced in [40], which provide a completion of the noncompact Lie group
PSL(n + 1,C). These are reminiscent of the quasi-projective transformations in-
troduced by Furstenberg in [61] and studied in [1].

We prove in Section 7.5 that the complement of the region of equicontinu-
ity Eq (G) is the union of all complex projective hyperplanes tangent to ∂Hn

C
at

DOI 10.1007/978-3-0348-0481-3_7, © Springer Basel 2013
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points in ΛCG(G), and G acts discontinuously on Eq (G). Furthermore, the set of
accumulation points of the G-orbit of every compact set K ⊂ Eq (G) is contained
in ΛCG(G). However we have not yet been able to decide whether or not Eq (G)
is the complement of ΛKul(G) in higher dimensions.

We also have some geometric applications of our results, the main one being
that if G ⊂ PU(n, 1) is discrete and such that ΛCG(G) does not lie in any k-chain,
then each connected component of Eq (G) is a complete Kobayashi hyperbolic
manifold, and therefore a holomorphy domain.

The methods we use in higher dimensions work also for n = 2, and in this
case one can say more due to dimensional reasons. This leads to an alternative
proof of the theorem in [161] that we mentioned above. This is done in Section
7.7.

7.1 Discrete subgroups of PU(n, 1) revisited

As before, we denote by [ ]n : Cn+1 \{0} → Pn
C
the natural projection map. Recall

that a nonempty set H ⊂ Pn
C
is said to be a projective subspace of dimension k

(i.e., dimC(H) = k) if there is a C-linear subspace H̃ of dimension k+1 such that

[H̃]n = H. Hyperplanes are the projective subspaces of dimension n − 1. Given
distinct points p, q ∈ Pn

C
, there is a unique projective line passing through p and

q that we denote by ←→p, q. This line is the image under [ ]n of a two-dimensional
linear subspace of Cn+1. Observe that if n = 2 and �1, �2 are different complex
lines, then one has that �1 ∩ �2 contains exactly one point.

We recall too that the group of projective automorphisms of Pn
C
is

PSL(n+ 1,C) := GL (n+ 1,C)/(C∗)n+1 ∼= SL(n+ 1,C)/Zn+1 ,

where (C∗)n+1 is regarded as the group of diagonal matrices with a single nonzero
eigenvalue, and Zn+1 is regarded as the roots of unity in C∗. As before, we denote
by [[ ]]n+1 the quotient map SL(n+ 1,C)→ PSL(n+ 1,C).

As in Chapter 3, in what follows Cn,1 is a copy of Cn+1 equipped with a
Hermitian form of signature (n, 1) that we assume is given by

〈u, v〉 =
n∑

j=1

ujvj − un+1vn+1 ,

where u = (u0, u1, . . . , un) and v = (v0, v1, . . . , vn). We let V−, V0 and V+ be as
before, the sets of negative, null and positive vectors, respectively. The image [V−]
is a complex n-ball that serves as a model for complex hyperbolic space Hn

C
. Its

boundary ∂Hn
C
is the sphere at infinity.

We recall too, from Chapter 2, that an element in PU(n, 1) is classified as:

• elliptic, if it has a fixed point in Hn
C
;
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• parabolic, if it has a unique fixed point in ∂Hn
C
; and

• loxodromic, if it fixes a unique pair of points in ∂Hn
C
.

As before, we set H
n

C = Hn
C
∪∂Hn

C
, and recall that if G is a discrete subgroup

of PU(n, 1), then its region of discontinuity in the hyperbolic space is the set
Ω = Ω(G) of all points in H

n

C which have a neighbourhood that intersects only
finitely many copies of its G-orbit. The Chen-Greenberg limit set of G, denoted
by ΛCG(G) or simply ΛCG, is the set of accumulation points in H

n

C of orbits of
points in Hn

C
. We know from Chapter 2 that for nonelementary groups, this set is

independent of the choice of orbit.

On the other hand, if we look at the action of G on all of Pn
C
, then its Kulkarni

limit set is ΛKul(G) = L0(G) ∪ L1(G) ∪ L2(G), where: L0(G) is the closure of the
set of points in Pn

C
with infinite isotropy; the set L1(G) is the closure of the set of

cluster points of orbits of points in Pn
C
\L0(G); the set L2(G) is the closure of the

set of cluster points of {G(K)}G∈G, where K runs over all the compact subsets of
Pn
C
\ {L0(G) ∪ L1(G)}. Its complement ΩKul(G) := Pn

C
\ ΛKul(G) is the Kulkarni

region of discontinuity.

We remark again that the domain of discontinuity as defined by Kulkarni
is not necessarily the maximal domain of discontinuity. However, we know by
Theorem 2.6.1 that L0(G)∩Hn

C
= ∅ = L1(G)∩Hn

C
wheneverG is discrete. Moreover

we have:

Proposition 7.1.1. If G ⊂ PU(n, 1) is a discrete subgroup, then L2(G) ∩ H2 = ∅,
and therefore Hn

C
⊂ ΩKul(G).

Proof. Let x be a point in Hn
C
and suppose that there exists a compact set K ⊂

Pn
C
\ (L0(G) ∪ L1(G)), such that x is a cluster point of the family of compact

sets {g(K)}g∈G. Then, there exists a sequence gn of distinct elements of G and
a sequence kn of elements in K such that kn → k ∈ K and gn(kn) → x ∈ Hn

C
.

Furthermore, we can suppose that (kn) ⊂ Hn
C
and then k ∈ Hn

C
. If k is a point in

Hn
C
, then there exists a subsequence of (gn(k)) which converges to q ∈ Hn

C
; this

implies that q ∈ ∂Hn
C
, because L1(G) ∩Hn

C
= ∅.

Now, using the Bergman metric, the length of the geodesic segment connect-
ing kn to k is equal to the length of the geodesic segment connecting gn(kn) to
gn(k). As n→∞ this length tends to the length of the geodesic segment connect-
ing x to q, which is equal to infinity. This contradicts kn → k, so k ∈ ∂Hn

C
.

By [45, Lemma 4.3.1] or Lemma 7.4.4 below, we can suppose, taking a sub-
sequence if needed, that g−1

n converges uniformly in compact subsets of Hn
C
to a

constant function with value p ∈ ∂Hn
C
. In particular, taking the compact subset

of Hn
C
given by {gn(kn)} ∪ {x} we have that kn = g−1

n (gn(kn))→ p, which means
that k = p ∈ L1(G), a contradiction. Hence L2(G) ∩Hn

C
= ∅. �
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7.2 Some properties of the limit set

In this section we review some properties of the Chen-Greenberg limit set ΛCG(G)
for subgroups of PU(2, 1) that we use in the sequel. Most of these statements hold
also in higher dimensions and they were essentially discussed in the last section
of Chapter 2. We include them here for completeness and to have these stated in
exactly the way we use them.

Recall from Chapter 2 that if z1, z2 ∈ H2
C
are two distinct points, then the

bisector E{z1, z2} is defined as the set {z ∈ H2
C
|ρ(z1, z) = ρ(z2, z)}, where ρ

is the Bergman metric. The complex geodesic Σ ⊂ H2
C

spanned by z1 and z2
is the complex spine of E{z1, z2}. By definition, the spine of E{z1, z2} equals
σ = E{z1, z2} ∩ Σ = {z ∈ Σ|ρ(z1, z) = ρ(z2, z)}; this is the orthogonal bisector of
the geodesic segment joining z1 and z2 in Σ (see [67]).

The slice decomposition of the bisector E{z1, z2} says that

E{z1, z2} = Π−1
Σ (σ),

where ΠΣ : H2
C
→ Σ is the orthogonal projection onto Σ (see [63], [154]). This

implies that the half-space {z ∈ H2
C
|ρ(z, z1) ≥ ρ(z, z2)} is equal to the set Π−1

Σ {z ∈
Σ | ρ(z, z1) ≥ ρ(z, z2)}. We use this equality to prove the following lemma, which is
reminiscent of the convergence property for complex hyperbolic groups explained
in Chapter 2 (see page 74).

Lemma 7.2.1. Let (xn) be a sequence of elements of H2
C
such that xn → q ∈ ∂H2

C
.

In order to simplify notation we identify H2
C
with the unit ball of C2, and 0 with

the origin of C2. Then:

(i) If Sn denotes the closed half-space {z ∈ H2
C
|ρ(z,0) ≥ ρ(z, xn)}, and ∂Sn ⊂

∂H2
C
denotes its ideal boundary, then the Euclidean diameter of Sn∪∂Sn goes

to 0 as n→∞.

(ii) If (zn) is a sequence such that zn ∈ Sn ∪ ∂Sn for all n ∈ N, then zn → q.

Proof. We prove (i) first. We can assume that xn = (rn, 0), 0 < rn < 1 for all n,
because the elements of U(2) are isometries for the Bergman metric. It follows that
the complex spine, Σn, of E{0, xn} is equal to the disc H1

C
× {0} for each n, and

the orthogonal projection ΠΣn : H2
C
→ Σn is given by ΠΣn(z1, z2) = (z1, 0). By the

comments above concerning the slice decomposition we have that Sn = Π−1
Σn

({z ∈
H1

C
× {0} | ρ(z,0) ≥ ρ(z, xn)}). We notice that the set {z ∈ H1

C
× {0} | ρ(z,0) ≥

ρ(z, xn)} is contained in the set {(z1, 0) ∈ H1
C
× {0} |Re(z1) ≥ mn} for each n,

where mn is the intersection point of the real axis in H1
C
× {0} and the spine, σn,

of E{0, xn}. Then Sn ⊂ Π−1
Σ ({(z1, 0) ∈ H1

C
× {0} |Re(z1) ≥ mn}) = {(z1, z2) ∈

H2
C
|Re(z1) ≥ mn}, therefore

Sn ∪ ∂Sn ⊂ {(z1, z2) ∈ H2
C
|Re(z1) ≥ mn},
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and the Euclidean diameter of the set {(z1, z2) ∈ H2
C
|Re(z1) ≥ mn} goes to zero

when n → ∞, because mn → 1 when n → ∞. This proves (i). The proof of (ii)
follows easily from (i). �

Proposition 7.2.2. If (gn) is a sequence of distinct elements of a discrete subgroup
G of PU(2, 1), then there exists a subsequence, still denoted by (gn), and elements

x, y ∈ ΛCG(G), such that gn(z)→ x uniformly on compact subsets of H
2

C \ {y}.

Proof. Discarding a finite number of terms if necessary, we assume that gn(0) �= 0
for all n. There exists a subsequence, still denoted by gn, such that gn(0) → x ∈
ΛCG(G) and g−1

n (0)→ y ∈ ΛCG(G). Let

Sgn = {z ∈ H2
C | ρ(z,0) ≥ ρ(z, g−1

n (0))}

and

Sg−1
n

= {z ∈ H2
C | ρ(z,0) ≥ ρ(z, gn(0))}.

The result now follows from statement (ii) in Proposition 7.2.1, together with the
fact that the Euclidean diameters of the sets Sgn ∪ ∂Sgn , Sg−1

n
∪ ∂Sg−1

n
tend to

zero as n→∞, and the maps gn carry H
2

C \ (Sgn ∪ ∂Sgn) into Sg−1
n
∪ ∂Sg−1

n
. �

Our proof of Proposition 7.2.2 is inspired by the proof in [141] of the anal-
ogous result in real hyperbolic geometry. The sets Sgn ∪ ∂Sgn play a role similar
to that of the isometric circle. In fact, in [67] the boundary of ∂Sgn in ∂H2

C
is

the isometric sphere of gn with respect to 0 ∈ H2
C
. Some mild changes in these

arguments yield the following result, which is essentially contained in [103].

Corollary 7.2.3. Let G be as above. If (gn) is a sequence of distinct elements of G,
then there exists a subsequence (gn) and points x, y ∈ ΛCG(G) such that gn(z)→ x

uniformly on compact subsets of H2
C
\ {y}, and g−1

n (z)→ y uniformly on compact

subsets of H2
C
\ {x}.

Lemma 7.2.4. If G is nonelementary, then there exist x, y ∈ ΛCG(G), x �= y, and a
sequence (gn) of distinct elements of G such that gn(z)→ x uniformly on compact

subsets of H2
C
\ {y}, and g−1

n (z)→ y uniformly on compact subsets of H2
C
\ {x}.

Proof. Let x be a point of ΛCG(G) not fixed by every element of G, see [102].
By Corollary 7.2.3, there is a sequence gn of distinct elements of G and a point
x′ ∈ ΛCG(G), such that gn(z) → x uniformly on compact subsets of H2

C
\ {x′}

and g−1
n (z) → x′ uniformly on compact subsets of H2

C
\ {x}. If x �= x′ we are

done. If x = x′, then there exists g ∈ G such that y = g(x′) �= x. The elements
x, y ∈ ΛCG(G) and the sequence (gng

−1) satisfy the conditions of the lemma. �

Proposition 7.2.5. Let G be a discrete subgroup of PU(2, 1) such that ΛCG(G)
contains at least two distinct points, then there exists a loxodromic element in G.
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Proof. First assume ΛCG(G) has precisely two points, then we may consider G as
a classical Fuchsian group, because the complex geodesic determined by the points
in ΛCG(G) is G-invariant. Moreover, ΛCG(G) agrees with the classical limit set,
so G has a loxodromic element.

If G is nonelementary, then we apply Lemma 7.2.4 and use its notation.
Choose two disjoint open 3-balls Dx, Dy ⊂ ∂H2

C
, such that x ∈ Dx, y ∈ Dy. There

exists n such that gn(∂H2
C
\Dy) ⊂ Dx. The Brouwer fixed point theorem implies

that gn has a fixed point in Dx and a similar reasoning implies that g−1
n has a

fixed point in Dy. Now it is easy to see that gn is a loxodromic element. �

7.3 Comparing the limit sets ΛKul(G) and ΛCG(G)

In this section we prove the following theorem from [161]:

Theorem 7.3.1. Let G be a discrete subgroup of PU(2, 1), then:

a) The limit set ΛCG satisfies

ΛCG = L0(G) ∩ ∂H2
C = L1(G) ∩ ∂H2

C = L2(G) ∩ ∂H2
C = ΛKul(G) ∩ ∂H2

C.

b) The limit set ΛKul(G) is the union of all complex projective lines lz tangent
to ∂H2

C
at points in ΛCG;

ΛKul(G) =
⋃

z∈ΛCG

lz.

Furthermore, if G is nonelementary, then the orbit of each line lz, z ∈ ΛCG,
is dense in ΛKul(G) (though the G-action on ΛKul(G) is not minimal).

The proof we now give uses methods from complex hyperbolic geometry. We
remark that this proof also shows that the Kulkarni region of discontinuity of G in
P2
C
coincides with its region of equicontinuity, i.e., ΩKul(G) = Eq (G). In Section

7.7 we give an alternative proof of Theorem 7.3.1 using analytic methods, and we
prove also the claim that ΩKul(G) = Eq (G).

We first need several lemmas.

Lemma 7.3.2. Let (wn) ⊂ P2
C
\ H2

C be a sequence such that wn → w. Denote by
Σn the complex geodesic which is polar to wn. Assume (vn) is a sequence of points
such that each vn is in Σn for all n ∈ N, and vn → v.

a) If w ∈ ∂H2
C
, then w = v.

b) If w ∈ P 2
C
\H2

C, then v ∈ Σ∪∂Σ, where Σ denotes the complex geodesic which
is polar to w. In particular, if v ∈ ∂H2

C
, then w ∈ lv, where lv is the only

complex line which is tangent to ∂H2
C
at v.
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Proof. Let 〈·, ·〉 denote the Hermitian product in C3 given by

〈(x1, x2, x3), (y1, y2, y3)〉 = x1ȳ1 + x2ȳ2 − x3ȳ3.

Let w̃n (respectively ṽn) be a lift of wn (respectively vn) to S5 ⊂ C3. Take subse-
quences such that ṽn → ṽ and w̃n → w̃. The elements ṽ and w̃ are lifts of v and w,
respectively, to S5; and the equations 〈ṽn, w̃n〉 = 0, n ∈ N, imply that 〈ṽ, w̃〉 = 0.

In order to prove a) we assume w ∈ ∂H2
C
, then the complex line in P2

C
,

induced by the two-dimensional complex space {w̃}⊥, is the only complex line

which is tangent to ∂H2
C
at w. Given that ṽ ∈ {w̃}⊥ and v ∈ H

2

C, we have that
v = w.

For b) we assume w ∈ P2
C
\H2

C, then the equation 〈ṽ, w̃〉 = 0 implies that v ∈
Σ∪ ∂Σ, where Σ denotes the complex geodesic which is polar to w. In particular,
when v ∈ ∂Σ, the equation 〈ṽ, w̃〉 = 0 implies w ∈ lv. �
Lemma 7.3.3. If G is a discrete subgroup of PU(2, 1), then ΛCG(G) = L0(G)∩∂H2

C
.

Proof. If L0(G) ∩ ∂H2
C

= ∅, then Proposition 2.1.2 implies that G is finite, so
ΛCG(G) = ∅.

If L0(G)∩∂H2
C
consists of a single point, then this point is fixed by the whole

group G, and Proposition 7.2.2 implies that it belongs to ΛCG(G). If ΛCG(G) has
more than one point, then there exists a loxodromic element in G, whose fixed
points are in L0(G), a contradiction to our assumption. Therefore ΛCG(G) =
L0(G) ∩ ∂H2

C
.

Finally, we assume |L0(G) ∩ ∂H2
C
| ≥ 2. Since L0(G) ∩ ∂H2

C
is a G-invariant

closed set, Proposition 2.6.5 implies that ΛCG(G) ⊂ L0(G) ∩ ∂H2
C
. The converse

inclusion is easily obtained from Proposition 7.2.2. �
Lemma 7.3.4. If G is a discrete subgroup of PU(2, 1), then ΛCG(G) = L1(G)∩∂H2

C
.

Proof. If G is finite, then both sets in the equality are empty. Assume G is infinite
and notice that the definition of ΛCG(G) and the fact that L0(G) ∩H2

C
= ∅ show

that ΛCG(G) ⊂ L1(G) ∩ ∂H2
C
.

Let us show the converse, i.e., that L1(G) ∩ ∂H2
C
⊂ ΛCG(G). Assume that

z ∈ ∂H2
C
, suppose that there exist a sequence gn of distinct elements of G and one

point ζ ∈ P 2
C
\L0(G), such that gn(ζ)→ z. We consider the following three cases:

1. We suppose ζ ∈ H2
C
\ L0(G), then by definition z ∈ ΛCG(G).

2. If ζ ∈ ∂H2
C
\ L0(G), then Lemma 7.3.3 implies that ζ ∈ ∂H2

C
\ ΛCG(G). By

Proposition 7.2.2, we have that z ∈ ΛCG(G).

3. Finally we assume ζ ∈ P 2
C
\ (H2

C
∪L0(G)). Let Σ denote the complex geodesic

which is polar to ζ, then the complex geodesic gn(Σ) is polar to gn(ζ). We
take a point x ∈ Σ, and a subsequence of gn, still denoted by gn, such that
gn(x)→ q ∈ ΛCG(G). Lemma 7.3.2 a) implies that z = q ∈ ΛCG(G). �

Lemma 7.3.5. If G is a discrete subgroup of PU(2, 1), then ΛCG(G) = L2(G)∩∂H2
C
.
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Proof. We assume G is infinite, because when G is finite the equality is trivial.
The definition of ΛCG(G) and the fact that (L0(G) ∪ L1(G)) ∩H2

C
= ∅ show that

ΛCG(G) ⊂ L2(G) ∩ ∂H2
C
.

Let us show the converse, i.e., that L2(G) ∩ ∂H2
C
⊂ ΛCG(G). Let K ⊂ P 2

C
\

(L0(G)∪L1(G)) be a compact set. If z ∈ ∂H2
C
is a cluster point of the orbit of K,

then there exists a sequence (kn) ⊂ K, such that kn → k ∈ K, and a sequence of
distinct elements (gn) ⊂ G such that gn(kn)→ z. We consider four cases:

1. If k ∈ H2
C
\ (L0(G) ∪ L1(G)), then we can assume that kn ∈ H2

C
for all

n. By Proposition 7.2.2, there exists a subsequence, gn, and elements x, y ∈
ΛCG(G) such that gn(·)→ x uniformly on compact subsets of H2

C
\{y}. Then

z = x ∈ ΛCG(G).

2. We assume k ∈ ∂H2
C
\ (L0(G) ∪ L1(G)) and there exists a subsequence of

kn, still denoted by kn, such that kn ∈ H2
C
for each n. By Lemmas 7.3.3 and

7.3.4 we have that k ∈ ∂H2
C
\ ΛCG(G), and Proposition 7.2.2 implies that

z ∈ ΛCG(G).

3. We assume k ∈ ∂H2
C
\ (L0(G) ∪ L1(G)) = ∂H2

C
\ ΛCG(G) and there exists

a subsequence of kn, still denoted by kn, such that kn ∈ P 2
C
\ H2

C
for all

n. We denote by Σn the complex geodesic which is polar to kn, and let xn

be an element of Σn. We can assume, taking a subsequence, if needed, that
xn → x ∈ H2

C
. Lemma 7.3.2 a) implies that x = k. By Proposition 7.2.2 we

can suppose, taking subsequences if needed, that gn(xn)→ q ∈ ΛCG(G).

The complex geodesic gn(Σn) is polar to gn(kn), and we know that
gn(kn)→ z, thus Lemma 7.3.2 a) implies that z = q ∈ ΛCG(G).

4. Finally, if k ∈ P 2
C
\ (H2

C
∪ L0(G) ∪ L1(G)), then we can assume, discarding a

finite number of terms, that kn ∈ P 2
C
\H2

C
for all n. Let Σn (respectively Σ)

be the complex geodesic which is polar to kn (respectively k), and xn a point
in Σn. We assume, taking a subsequence, if needed, that xn → x ∈ Σ ∪ ∂Σ.
Also, we can choose the sequence in such a way that x ∈ Σ ⊂ H2

C
. Once

more, we apply Proposition 7.2.2 to find subsequences of gn and xn such
that gn(xn) → q ∈ ΛCG(G). Finally, the complex geodesic gn(Σn) is polar
to gn(kn), and we know that gn(kn)→ z, then Lemma 7.3.2 a) implies that
z = q ∈ ΛCG(G). �
It follows immediately from Lemmas 7.3.3, 7.3.4 and 7.3.5 that ΛCG(G) =

ΛKul(G) ∩ ∂H2
C
. We have thus proved the first statement of Theorem 7.3.1.

We need a few results in order to prove statement b). The first of these is
reminiscent of the λ-lemma in [167]; we use it to prove that the limit set ΛKul(G)
contains a line whenever G contains a loxodromic element. As before, we denote
by ←→x, y the complex projective line determined by the points x, y ∈ P2

C
.

Lemma 7.3.6 (λ-Lemma). Let g ∈ PU(2, 1) be a loxodromic element with fixed
points zr, zs, za ∈ P 2

C
, where zr is a repelling fixed point for g, zs is a saddle, and
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za is an attractor. Let S ⊂ P2
C
be any 3-sphere that does not contain either zr or

zs and meets transversally the complex projective line ←−→zr, zs in a circle. Then the
set of cluster points of the family of compact sets {gn(S)}n∈N is equal to the whole
complex projective line ←−→zs, za.

Proof. We can assume that, up to conjugation in SL(3,C), g is induced by a matrix
in SL(3,C) of the form ⎛⎝ λ1 0 0

0 λ2 0
0 0 λ3

⎞⎠ ,

where 0 < |λ1| < |λ2| = 1 < |λ3|, so we have zr = [1 : 0 : 0], zs = [0 : 1 : 0], and
za = [0 : 0 : 1]. The set of cluster points of the family {gn(S)}n∈N is contained
in ←−→zs, za because the sequence of functions {d(gn(·),←−→zs, za)}n∈N converges to zero
uniformly on S, where d(·, ·) denotes the Fubini-Study metric in P 2

C
.

Now we want to prove that every point in←−→zs, za is a cluster point of the family
{gn(S)}n∈N. For this, we take z ∈ ←−→zs, za \ {za} and ε > 0. Since the sequence
of functions {d(gn(·),←−→zs, za)}n∈N converges to zero uniformly on S, there exists
N1 > 0 such that d(gn(s),←−→zs, za) < ε for every n > N1 and s ∈ S.

Let Π : P 2
C
\ {zr} → ←−→zs, za be the projection given by [x1 : x2 : x3] �→ [0 : x2 :

x3]. Given that Π(S) is a neighbourhood of zs in ←−→zs, za, we consider a disc D in
←−→zs, za with centre zs such that D ⊂ Π(S). The transformation g acts on ←−→zs, za as
a classical loxodromic transformation with zs as a repelling point, therefore there
exists N2 ∈ N such that z ∈ gN2(D).

Now, let n > max(N1, N2), then gN2(D) ⊂ gn(D) ⊂ gn(Π(S)), thus z =
gn(Π(s)) for some s ∈ S, and

d(gn(s), z) = d(gn(s), gn(Π(s))) = d(gn(s),Π(gn(s))) = d(gn(s),←−→zs, za) < ε.

Then z is a cluster point of the family {gn(S)}n∈N, and we have proved that the
set ←−→zs, za \ {za} is contained in the (closed) set of cluster points of {gn(S)}n∈N,
therefore the whole complex projective line←−→zs, za is contained in this set of cluster
points. �
Lemma 7.3.7. If G is a discrete subgroup of PU(2, 1) and g ∈ G is a loxodromic
element with fixed points zr, zs, za ∈ P2

C
, where zr is a repelling fixed point, zs is a

saddle fixed point, and za is an attracting fixed point, then

←−→zr, zs ⊂ ΛKul(G) or ←−→zs, za ⊂ ΛKul(G).

Proof. Clearly {zr, zs, za} ⊂ L0(G). If←−→zr, zs ⊂ (L0(G)∪L1(G)), then we are done.
If ←−→zr, zs � (L0(G) ∪ L1(G)), then ←−→zr, zs \ (L0(G) ∪ L1(G)) �= ∅ is an open set
in ←−→zr, zs. Thus there exists a 3-sphere satisfying the hypothesis of Lemma 7.3.6,
therefore ←−→zs, za ⊂ ΛKul(G). �

We remark, using the notation of Lemma 7.3.7, that←−→zr, zs (respectively
←−→zs, za)

is the only complex projective line tangent to ∂H2
C
at the point zr (respectively za).
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Therefore, when G ⊂ PU(2, 1) is a discrete group containing a loxodromic element,
the limit set ΛKul(G) contains at least one complex projective line tangent to ∂H2

C

at a point in ΛCG(G). In the sequel we denote by lz the only complex projective
line tangent to ∂H2

C
at the point z ∈ ∂H2

C
.

Lemma 7.3.8. If G is a discrete subgroup of PU(2, 1), then L0(G) ⊂
⋃

z∈ΛCG(G) lz.

Proof. Let ζ be a point in P2
C
whose isotropy subgroup has infinite order, and con-

sider the two possible cases: either ζ ∈ H
2

C or not. In the first case Proposition 7.1.1
and Theorem 7.3.1 a) imply that ζ ∈ L0(G) ∩ ∂H2

C
= ΛCG(G) ⊂

⋃
z∈ΛCG(G) lz.

If ζ ∈ P 2
C
\ H2

C
, let Σ denote the complex geodesic polar to ζ. Observe that

∂Σ is invariant under the isotropy subgroup of ζ, so Proposition 2.6.5 implies that
the (nonempty) Chen-Greenberg’s limit set of this isotropy subgroup is contained
in ∂Σ. Hence there exists a point z ∈ ΛCG(G) such that z ∈ ∂Σ, then ζ ∈ lz for
some z ∈ ΛCG(G). �

Lemma 7.3.9. If G is a discrete subgroup of PU(2, 1), then L1(G) ⊂
⋃

z∈ΛCG(G) lz.

Proof. Proposition 7.1.1 implies L0(G) ⊂ P 2
C
\ H2

C
. If L0(G) = P 2

C
\ H2

C
, then

L1(G) = ΛCG(G) ⊂
⋃

z∈ΛCG(G) lz, and we have finished. Therefore, we assume

that L0(G) � P 2
C
\H2

C
. We take x ∈ P2

C
\ L0(G) and there are two possible cases,

according to whether x ∈ H2
C
\ L0(G) = H2

C
\ ΛCG(G) or not. In the first case

Proposition 7.2.2 implies that the cluster points of the orbit of x are contained in
ΛCG(G) ⊂

⋃
z∈ΛCG(G) lz proving the lemma in this case.

If x ∈ P 2
C
\ (H2

C
∪L0(G)) and gn is a sequence of different elements of G such

that gn(x) → ξ ∈ L1(G), then one has two possibilities: either ξ ∈ H
2

C or not.
In the first case Proposition 7.1.1 implies ξ ∈ ∂H2

C
, and Theorem 7.3.1 a) implies

that ξ ∈ ΛCG(G) ⊂
⋃

z∈ΛCG(G) lz as claimed.

If ξ ∈ P 2
C
\H2

C
, let Σ be the complex geodesic which is polar to x. Then gn(Σ)

is the complex geodesic polar to gn(x). Let Σ
′ be the complex geodesic polar to ξ.

Using Proposition 7.2.2, take a subsequence of gn, still denoted by gn, such that
gn(z)→ p ∈ ΛCG(G) for all z ∈ H2

C
. In particular, if σ ∈ Σ, then gn(σ)→ p, and

gn(σ) ∈ gn(Σ). Thus Lemma 7.3.2 b) implies p ∈ ∂Σ′ and therefore ξ ∈ lp. �

Lemma 7.3.10. If G is a discrete subgroup of PU(2, 1), then L2(G) ⊂
⋃

z∈ΛCG(G) lz.

Proof. By Proposition 7.1.1, we have L0(G)∪L1(G) ⊂ P 2
C
\H2

C
. If L0(G)∪L1(G)

is equal to P 2
C
\H2

C
, then L2(G) = ΛCG(G) ⊂

⋃
z∈ΛCG(G) lz and we have finished.

Assume L0(G)∪L1(G) � P 2
C
\H2

C
. Let z be a cluster point of the orbit of the

compact set K ⊂ P 2
C
\ (L0(G) ∪ L1(G)), then there exists a sequence (kn) ⊂ K,

such that kn → k ∈ K, and a sequence of distinct elements (gn) ⊂ G such that
gn(kn)→ z.
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If z ∈ H2
C
, then Proposition 7.1.1 and Theorem 7.3.1 a) imply that z ∈

L2(G) ∩ ∂H2
C
= ΛCG(G) ⊂

⋃
z∈ΛCG(G) lz. Otherwise, if z /∈ H

2

C, then k /∈ H2
C
, and

we consider two cases:

1. If k ∈ ∂H2
C
\ (L0(G) ∪ L1(G)), then kn ∈ P2

C
\ H2

C
for almost every n ∈ N,

for otherwise there would exist a subsequence, still denoted by kn, such that
kn ∈ H2

C
for all n, and given that gn(kn) → z we have z ∈ H2

C
, which is a

contradiction.

We denote by Σn the complex geodesic which is polar to kn. Let xn be
a point in Σn; we can assume, taking a subsequence if needed, that xn →
x ∈ H2

C
. Lemma 7.3.2 a) implies that x = k. By Proposition 7.2.2, we can

suppose, taking subsequences if needed, that gn(xn) → q ∈ ΛCG(G). The
complex geodesic gn(Σn) is polar to gn(kn), and we know that gn(kn) → z,
then Lemma 7.3.2 b) implies that z ∈ lq.

2. If k ∈ P 2
C
\ (H2

C
∪ L0(G) ∪ L1(G)), then we can assume, discarding a finite

number of terms, that kn ∈ P 2
C
\ H2

C
for all n. Let Σn (respectively Σ)

denote the complex geodesic which is polar to kn (respectively k). Let xn

be an element of Σn. We assume, taking a subsequence if necessary, that
xn → x ∈ Σ ∪ ∂Σ. Also, we can choose the sequence in such a way that
x ∈ Σ ⊂ H2

C
. Once more, we apply Proposition 7.2.2 to find subsequences of

gn and xn such that gn(xn) → q ∈ ΛCG(G). Finally, the complex geodesic
gn(Σn) is polar to gn(kn), and we know that gn(kn)→ z, then Lemma 7.3.2
b) implies that z ∈ lq. �
We are now ready to finish the proof of Theorem 7.3.1 b). First notice that

Lemmas 7.3.8, 7.3.9 and 7.3.10 imply that ΛKul(G) ⊂
⋃

z∈ΛCG(G) lz, so it suffices to

prove the converse inclusion. If ΛCG(G) = ∅, then G is finite and there is nothing
to do. So we split the proof in three cases according to whether the cardinality
of ΛCG(G) is 1, 2 or more than 2. We begin with the last case which is the most
interesting.

If |ΛCG(G)| > 2, then G is nonelementary. Let g0 ∈ G be a loxodromic
element, and p ∈ ΛCG(G) a fixed point of g0 such that the line lp, tangent to ∂H2

C

at p, is contained in ΛKul(G) (Lemma 7.3.7). Observe that g(lp) = lg(p) for each
g ∈ G ⊂ PU(2, 1). So ∪g∈Glg(p) is contained in ΛKul(G), because ΛKul(G) is a
G-invariant closed set. Thus,

ΛKul(G) ⊃
⋃
g∈G

lg(p) =
⋃

z∈{g(p)}g∈G

lz =
⋃

z∈{g(p)}g∈G

lz =
⋃

z∈ΛCG(G)

lz .

Now notice that, by Proposition 2.6.5, if lz ⊂ ΛKul(G), then its orbit is dense
on ΛKul(G). This proves Theorem 7.3.1 b) when G is nonelementary.

Assume now that |ΛCG(G)| = 2 and denote by x and y the two points in
ΛCG(G). Then G contains a loxodromic element and it is not difficult to see that
L0(G) = {x, y, z} = L1(G), where z = lx ∩ ly, and L2(G) = lx ∪ ly.
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Finally consider the case |ΛCG(G)| = 1 and denote by x the only point in
ΛCG(G). Proposition 2.1.2 implies that there exists an element g0 ∈ G of infinite
order which is parabolic and fixes x, and one has ΛKul(G) = ΛKul(〈g0〉) = lx. �

Corollary 7.3.11. Let G,G1, G2 be discrete subgroups of PU(2, 1). Then:

a) The limit set ΛKul(G) is path connected.

b) If ΛCG(G) is all of ∂H2
C
, then ΛKul(G) = P2

C
\H2

C
.

c) If G1 ⊂ G2, then ΛKul(G1) ⊂ ΛKul(G2).

d) If G is nonelementary and W is a G-invariant open set such that G acts
properly discontinuously on W , then W ⊆ ΩKul(G). In other words, Ω(G) is
the maximal open set on which G acts properly discontinuously.

Proof. a) Let x1, x2 be points in ΛKul(G). By Theorem 7.3.1 b) there exist
z1, z2 ∈ ΛCG(G) such that x1 ∈ lz1 and x2 ∈ lz2 . If z1 = z2, then we can join
x1 to x2 by a path in lz1 ⊂ ΛKul(G). Finally, if z1 �= z2, then we can join x1

to x2 by a path in lz1 ∪ lz2 ⊂ ΛKul(G), because any two complex lines in P2
C

have nonempty intersection.

b) This claim follows immediately from Theorem 7.3.1 b).

c) This claim follows from Theorem 7.3.1 b) and the fact that for the Chen-
Greenberg limit sets one obviously has ΛCG(G1) ⊂ ΛCGL(G2).

d) If W � ΩKul(G), then W ∩ lz �= ∅ for every z ∈ ΛCG(G) (for otherwise there
exists z0 ∈ ΛCG(G) such that lz0 ⊂ (P2

C
\W ). Theorem 7.3.1 b) and the fact

that P2
C
\W is a G-invariant closed set imply that ΛKul(G) =

⋃
g∈G g(lz0) ⊂

P2
C
\W . Hence W ⊂ ΩKul(G), which is a contradiction to our assumption).

In particular, if g0 ∈ G is a loxodromic element having fixed points z1, z2 ∈
ΛCG(G), then W ∩ lz1 �= ∅ �= W ∩ lz2 . But Lemma 7.3.6 says that G does not
act properly discontinuously on W , so we get a contradiction and therefore
W ⊆ ΩKul(G). �

7.4 Pseudo-projective maps and equicontinuity

In this section we develop some machinery that we use in the sequel in order to
extend to higher dimensions the previous results. For this we look at a completion
of the Lie group PSL(n,C) inspired by the space of quasi-projective maps intro-
duced in [61] and studied in [1]. We call this completion of PSL(n+1,C) the space
of pseudo-projective maps.

Let M̃ : Cn+1 → Cn+1 be a nonzero linear transformation which is not
necessarily invertible. Let Ker(M̃) be its kernel and let Ker([[M̃ ]]n+1) denote its

projectivization. That is, Ker([[M̃ ]]n+1) := [Ker(M̃) \ {0}]n where [ ]n is the
projection Cn+1 → Pn

C
.
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Then M̃ induces a map [[M̃ ]]n+1 : Pn
C
\Ker(M)→ Pn

C
given by

[[M̃ ]]n+1([v]n) = [M̃(v)]n .

This is well defined because v /∈ Ker(M̃). Moreover, the commutative diagram

below implies that [[M̃ ]]n+1 is a holomorphic map:

Cn+1 \Ker(M̃)
M̃ ��

[ ]n

��

Cn+1 \ {0}

[ ]n

��
Pn
C
\Ker(M)

[[M̃ ]]n+1

�� Pn
C

.

We call the map M = [[M̃ ]]n+1 a pseudo-projective transformation, and we denote
by QP(n+ 1,C) the space of all pseudo-projective transformations of Pn

C
. Thence

QP(n+ 1,C) is the space

{M = [[M̃ ]]n+1 : M̃ is a nonzero linear transformation of Cn+1}.

Clearly PSL(n+ 1,C) ⊂ QP(n+ 1,C).
A linear map M̃ : Cn+1 → Cn+1 is said to be a lift of the pseudo-projective

transformation M if [[M̃ ]]n+1 = M . Conversely, given a pseudo-projective trans-

formation M and a lift M̃ we define the image of M as

�(M) = [M̃(Cn+1) \ {0}]n .

Notice that if M is in QP(n+ 1,C) \ PSL(n+ 1,C), then

dimC(Ker(M)) + dimC(�(M)) = n− 1 ;

this will be used later.

Proposition 7.4.1. Let (γm)m∈N ⊂ PSL(n+1,C) be a sequence of distinct elements,
then there is a subsequence of (γm)m∈N, still denoted by (γm)m∈N, and γ ∈ QP(n+
1,C) such that γm m→∞ �� γ uniformly on compact sets of Pn

C
\Ker(γ).

Proof. For each m, let γ̃m = (γ
(m)
ij ) ∈ SL(n+ 1,C) be a lift of γm. Define

|γm| = max{|γ(m)
ij | : i, j = 1, . . . , n+ 1}.

Notice that |γm| is independent of the choice of lift in SL(n + 1,C) since the
projection map SL(n + 1,C) → PSL(n + 1,C) is determined by the action of
Zn+1 regarded as the roots of unity. Notice also that |γm|−1γ̃m is again a lift of

γm. Since every bounded sequence in M(n+ 1,C) = Cn2+2n+1, has a convergent
subsequence, we deduce that there is a subsequence of (|γm|−1γ̃m), still denoted
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by (|γm|−1γ̃m), and a nonzero
(
(n+1)× (n+1)

)
-matrix γ̃ = (γij) ∈M(n+1,C),

such that for each entry γij we have

|γm|−1γ
(m)
ij m→∞ �� γij .

This implies that, regarded as linear transformations, we have the following con-
vergence in the compact-open topology

|γm|−1γ̃m m→∞ �� γ̃. (7.4.1)

Now, let K ⊂ Pn
C
− Ker(γ) be a compact set and let K̂ = {k ∈ Cn+1|[k]n ∈

K} ∩ Sn
C
, where || || : Cn → R is the usual norm and Sn

C
= {v ∈ Cn+1 : ||v|| = 1}.

Clearly K̂ is a compact set which satisfies [K̂]n = K. On the other hand, by the
convergence described in equation (7.4.1), we get the following convergence in the
compact-open topology,

|γm|−1γ̃m|K̂ m→∞ �� γ̃|K̂ . (7.4.1)

Since [[ |γm|−1γm ]]n+1 = γm and [K̂]n = K, it follows that equation (7.4.1)
implies the following convergence in the compact-open topology,

γm|K m→∞ �� [γ̃]n|K . �

In what follows we will say that the sequence (γm)m∈N ⊂ PSL(n + 1,C)
converges to γ ∈ QP(n + 1,C) in the sense of pseudo-projective transformations
if γm m→∞ �� γ uniformly on compact sets of Pn

C
\Ker(γ).

Proposition 7.4.2. Let (γm)m∈N ⊂ PSL(n + 1,C) be a sequence which converges
to γ ∈ QP(n + 1,C) such that Ker(γ) is a hyperplane, p ∈ Ker(γ) \ �(γ), U
a neighborhood of p and � a line such that Ker(γ) ∩ � = {p}. Then there is a
subsequence of (γm)m∈N, still denoted by (γm)m∈N, and a line L, such that for
every open neighborhood W of p with compact closure in U , the set of cluster
points of {γm(W ∩ �)} is L.

Proof. Since Gr1(Pn
C
) is compact, there is a subsequence of (γm)m∈N, still denoted

by (γm)m∈N, and a line L such that γm(�)
m→∞ �� L. On the other hand, since

the sequence (γm)m∈N converges to γ and � ∩ Ker(γ) = {p} we conclude that
L ∩ �(γ) = �(γ) is a point, say q. Let x ∈ L \ {q}, then there is a sequence
(ym)m∈N ⊂ � such that (ym)m∈N is convergent and γm(ym)

m→∞ �� x. This implies

that the limit point of (ym)m∈N lies in Ker(γ), thence such a point is p. In short
ym m→∞ �� p and γm(ym)

m→∞ �� x. �

We now recall that the equicontinuity region for a family G of endomorphisms
of Pn

C
, denoted by Eq (G), is defined to be the set of points z ∈ Pn

C
for which there
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is an open neighborhood U of z such that G|U is a normal family. (Where normal
family means that every sequence of distinct elements has a subsequence which
converges uniformly on compact sets.)

As a consequence of Proposition 7.4.2 one has:

Corollary 7.4.3. Let (γm)m∈N ⊂ PSL(n + 1,C) be a sequence which converges to
γ ∈ QP(n+ 1,C). If Ker(γ) is a hyperplane, then the equicontinuity set is

Eq ({γm : m ∈ N}) = Pn
C \Ker(γ).

Proof. Let us assume on the contrary, that there is

x ∈ Ker(γ) ∩ Eq ({γm : m ∈ N}).

Let y0 ∈ Pn
C
\ Ker(γ) and �(γ) = {w0}. Define: � = 〈{x, y0}〉 and U = Eq ({γm :

m ∈ N}). Then �∩Ker(γ) = x and U is a neighborhood of x. By Proposition 7.4.2
there is a subsequence of (γm)m∈N, still denoted by (γm)m∈N, and a line L such
that for every open neighborhood W of x with compact closure in U , the set of
cluster points of {γm(W ∩�)} is L. Let z0 ∈ L\{w0}; the previous argument yields
that there is a sequence (zm) ⊂ U such that zm m→∞ �� x and γm(zm)

m→∞ �� z0.

On the other hand, there is a subsequence of (γm), still denoted by (γm), and
τ : U → Pn

C
such that (γm |U ) converges to τ with respect to the compact open

topology. Therefore τ is holomorphic.
Finally, by hypotesis it follows that τ |U\Ker(γ)= w0, so τ is constant. In

particular γm(zm)
m→∞ �� w0. Which is a contradiction. �

Now we have:

Lemma 7.4.4. Let G ⊂ PU(n, 1) be a discrete group, (γm)m∈N ⊂ G a sequence
of distinct elements and γ ∈ QP(n + 1,C) \ PSL(n + 1,C) such that (γm)m∈N

converges to γ in the sense of pseudo-projective transformations. Then:

(i) The image �(γ) is a point in ∂Hn
C
.

(ii) Ker(γ)⊥ is a point in ∂Hn
C
.

(iii) One has Ker(γ) ∩ ∂Hn
C
∈ ΛCG(G).

Proof. Let us prove (i) by contradiction. Since γ is holomorphic the set γ(Hn
C
\

Ker(γ)) is a relative open set in the projective subspace �(γ). On the other hand,
by Theorem 1.2.21 the set γ(Hn

C
\Ker(γ)) is contained in �(γ) ∩ ∂Hn

C
, which as a

subspace of �(γ) has empty interior, which is a contradiction. In the rest of the
proof the unique element in �(γ) will be denoted by q.

Now let us prove (ii). From the previous part, it follows that Ker(γ) is a
hyperplane, thus to get the proof it will be enough to show Ker(γ) ∩Hn

C
= ∅ and

Ker(γ) ∩H
n

C �= ∅.
Claim 1. Ker(γ) ∩ Hn

C
= ∅. Let us assume, on the contrary, that Ker(γ) ∩ Hn

C
�=

∅. Thus there exists x ∈
(
Ker(γ) \ �(γ)

)
∩ Hn

C
. Applying Proposition 7.4.2 to
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(γm)m∈N, γ, x and Hn
C
, it follows that there is a line � such that each point

contained in � is a cluster point of {γm(Hn
C
) : m ∈ N}. Since (γm)m∈N ⊂ Γ

and Γ ⊂ PU(1, n), it follows that � ⊂ Hn
C
, which is a contradiction. Therefore

Ker(γ) ∩Hn
C
= ∅.

Claim 2. Ker(γ) ∩H
n

C �= ∅. Assume, on the contrary, that Ker(γ) ∩H
n

C = ∅. From
this and (i) of the present lemma we conclude that γm converges uniformly to the
constant function q on H

n

C. Let x ∈ Hn
C
and U be a neighborhood of q in H

n
such

that U ∩Hn
C
⊂ Hn

C
\ {x}. The uniform convergence implies that there is a natural

number n0 such that γm(H
n

C) ⊂ U ∩ Hn
C
⊂ Hn

C
\ {x} for each m > n0. This is a

contradiction since each γm is a homeomorphism.

Let us prove (iii). By Proposition 7.4.1 we can assume that there is τ ∈
QP(n+1,C) such that (γ−1

m )m∈N converges to τ in the sense of pseudo-projective
transformations. Thus by (i) of the present lemma we have that �(τ) is a point
p in ΛCG(G). We claim that {p} = �(τ) = Ker(γ) ∩ ∂Hn

C
. Assume this does not

happen; let x ∈ Hn
C
, then γ−1

m (x)
m→∞ �� p, thus {γ−1

m (x) : m ∈ N} ∪ {p} is a

compact set which lies in Pn
C
\ Ker(γ), thus x = γm(γ1

m(x))
m→∞ �� q. Which is a

contradiction. �

From the proof of the previous result one gets:

Corollary 7.4.5. Let G ⊂ PU(1, n) be a discrete group, (γm)m∈N ⊂ G a sequence
of distinct elements and γ ∈ QP(n + 1,C) such that (γm)m∈N converges to γ in
the sense of pseudo-projective transformations. Then there are a subsequence of
(γm)m∈N, still denoted by (γm)m∈N, and an element τ ∈ QP(n+ 1,C) such that:

(i) the sequence (γ−1
m ) converges to τ in the sense of pseudo-projective transfor-

mations;

(ii) the image �(τ) and Ker(τ)⊥ are points in ∂Hn
C
;

(iii) one has �(τ) = Ker(γ) ∩ ∂Hn
C
;

(iv) also �(γ) = Ker(τ) ∩ ∂Hn
C
.

7.5 On the equicontinuity region

Let V ⊂ Pn
C
be a proper and nonempty projective subspace, set Ṽ = {v ∈ Cn+1 \

{0}|[v]n ∈ V }, and define (its orthogonal complement):

V ⊥ = [{w ∈ Cn+1 \ {0}| < v,w >= 0 for all w ∈ Ṽ }]n.

When V consists of a single point v ∈ ∂Hn
C
, one has that V ⊥ is the hyperplane

tangent to ∂Hn
C
at v.
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Now, given a discrete subgroup G ⊂ PU(n, 1) let us define

C(G) :=
⋃

p∈ΛCG(G)

{p}⊥.

In other words, for each point p ∈ ∂Hn
C
, the space {p}⊥ is the projective hyperplane

in Pn
C
tangent to partial Hn

C
at p. Clearly C(G) is a closed G-invariant subset of

Pn
C
. The following lemma proves part of Theorem 7.5.3, which is the main result

in this section.

Lemma 7.5.1. The equicontinuity region of G is

Eq (G) = Pn
C \ C(G) .

Proof. Since G is infinite and discrete, it contains at least a parabolic or a loxo-
dromic element γ, by (2.1.2). Let x0 be a fixed point of γ. By Corollary 7.4.5 we
can ensure that {x0}⊥ is contained in Pn

C
\ Eq (G). On the other hand by Propo-

sition 2.6.5, the closure of the orbit of x0 is ΛCG(G). Thus Eq (G) ⊂ Pn
C
\ C(G).

Let us now prove Pn
C
\ C(G) ⊂ Eq (G). Let p ∈ Pn

C
\ C(G) and (γm)m∈N a sequence

of distinct elements. By Lemma 7.4.4 there are points p, q ∈ ΛCG(G) and a sub-
sequence of (γm)m∈N, still denoted by (γm)m∈N, such that γm m→∞ �� q uniformly

on compact sets of Pn
C
\ {p}⊥. This completes the proof. �

Corollary 7.5.2. Let G ⊂ PU(n, 1) be a discrete subgroup. Then G acts discontin-
uously on Eq (G) and, moreover, for every compact set K ⊂ Eq (G) the cluster
points of the orbit GK lie in ΛCG(G).

Proof. Assume on the contrary that G does not act discontinuously on Eq (Γ).
Then there is a compact set K and a sequence of distinct elements (γm)m∈N ⊂
G, such that γm(K) ∩ K �= ∅. By Proposition 7.4.1, there is a subsequence of
(γm)m∈N, still denoted by (γm)m∈N, and γ ∈ QP(n + 1,C), such that (γm)m∈N

converges to γ in the sense of pseudo-projective transformations. Moreover, by
Lemma 7.4.4, �(γ) is a point p in ∂Hn

C
and Ker(γ)⊥ is a point in ∂Hn

C
. Therefore

there is a neighborhood U of p disjoint from K and a natural number n0 such that
γm(K) ⊂ U for all m > n0. This implies γm(K)∩K = ∅, which is a contradiction.
Therefore Γ acts discontinuously on Eq (G).

From the previous argument we deduce also that for every compact set K ⊂
Eq (G) the cluster points of GK lie in ΛCG(G). �

Summarising the above results, we arrive at the following theorem of [40]:

Theorem 7.5.3. Let G ⊂ PU(n, 1) be a discrete subgroup and let Eq (G) be its
equicontinuity region in Pn

C
. Then Pn

C
\ Eq (G) is the union of all complex pro-

jective hyperplanes tangent to ∂Hn
C

at points in ΛCG(G), and G acts properly
discontinuously on Eq (G).

Remark 7.5.4. By the previous theorem and Proposition 3.3.6 we have Eq (G) ⊂
ΛKul(G) for every discrete group G ⊂ PU(n, 1).
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7.6 Geometric Applications

7.6.1 The Kobayashi Metric

Let M be a (nonnecessarily connected) complex manifold and d the distance on
H1

C
defined by the Poincaré metric. Given two points p and q of M , choose the

following objects:

(i) Points p = p0, p1, . . . , pk−1, pk = q of M .

(ii) Points a1, . . . , ak, b1, . . . , bk ∈ H1
C
.

(iii) Holomorphic maps f1, . . . , fk of H1
C
into M such that

fj(aj) = pj−1, fj(bj) = pj for each j ∈ {1, . . . , k}.

For each choice of points and mappings satisfying (i) and (ii), consider the number∑k
j=1 d(aj , bj), where d is the hyperbolic distance in H1

C
. Let ρM (p, q) be the

infimum of the numbers obtained in this manner for all possible choices. Then ρM
is a pseudometric on M . When ρM is a metric, M is called Kobayashi hyperbolic.
The Kobayashi distance can be considered as a generalisation of the Poincaré
distance because both agree on the unit disc.

The following important result from [121] is used in the sequel.

Theorem 7.6.1. Let D ⊂ Pn
C
be a nonempty open set, then:

(i) Every holomorphic map of M is norm decreasing with respect ρM .

(ii) If D is the complement of 2n+ 1 or more hyperplanes in general position in
Pn
C
, then the Kobayashi metric is complete.

(iii) Let Di ⊂ Pn
C
, i ∈ I, be connected open sets of Y , i.e. domains, such that

D =
⋂

i∈I Xi. If every Di is complete Kobayashi hyperbolic, so is D.

(iv) If D is a domain that omits a hyperplane and is complete Kobayashi hyper-
bolic, then D is a holomorphy domain, see [129].

7.6.2 Complex Hyperbolic groups and k-chains

Recall from Chapter 2 that given 0 < k < n we say that V ⊂ ∂Hn
C
is a k-chain if

V = W ∩ [N−]n where W is a projective subspace of dimension k, and V contains
more than two points. Clearly every k-chain is diffeomorphic to S2k−1.

Proposition 7.6.2. Let G ⊂ PU(n, 1) be a discrete group. Then the limit set
ΛCG(G) lies in a k-chain if and only if there is a proper G-invariant projective
subspace which is nonempty.

Proof. If ΛCG(G) lies in a k-chain, then there is a projective subspace V � Pn
C
such

that ΛCG(G) ⊂ V , thus 〈ΛCG(G)〉 ⊂ V , and clearly 〈ΛCG(G)〉 is a G-invariant
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projective subspace. On the other hand, if there is a G-invariant projective proper
subspace V which is nontrivial, then either V ∩ Hn

C
�= ∅ or V ⊥ ∩ Hn

C
�= ∅. Notice

that V ⊥ is also G-invariant, due to G-invariance of the Hermitian form 〈 〉. In any
case there is a G-invariant space such that W ∩Hn

C
�= ∅. Thus given z ∈ W ∩Hn

C

the set of accumulation points of Gz lies in W , which concludes the proof. �

Corollary 7.6.3. If G ⊂ PU(n, 1) is a discrete subgroup which does not leave in-
variant any k-chain, then ΛCG(G) is the unique minimal closed set for the action
of G in Pn

C
.

Proof. Let C be a closed G-invariant set and c ∈ C.

Claim 1. There is γ ∈ G and x ∈ Fix(γ|∂Hn) such that c ∈ {x}⊥. Otherwise, let
us set

FLP(G) = {p ∈ ∂Hn|p ∈ Fix(G) for some loxodromic elementγ ∈ G},

then c ∈
⋂

y∈FLP(G){y}⊥. That is c ∈ 〈FLP(G)〉⊥ and therefore 〈FLP(G)〉 �= Pn
C
.

Thus ΛCG(G) is contained in a k-chain.
Now let γ ∈ G be a loxodromic element and x ∈ ∂Hn be a fixed point by

γ such that c /∈ {x}⊥. Then one has that there is a sequence (nm) such that
γnm(c)

m→∞ �� q, where q is the other fixed point by γ on ∂Hn. Hence q ∈ C,
which concludes the proof. �

Lemma 7.6.4. Let G ⊂ PU(n, 1) be a discrete group such that ΛCG(G) does not
lie in a k-chain and x ∈ ΛCG(G). Then for each m ∈ N, m ≥ n+1, there is a set
Am = {γ1, . . . , γm} ⊂ G, such that the points in Amx are in general position.

Proof. By induction on m. Let us show the case m = n + 1. Let {γm|m ∈ N} be
an enumeration for G and for each m ∈ N, set Cm = 〈γ1(x), . . . , γm(x)〉 and km =
dimC(Cm). Then Cm ⊂ Cm+1 and km ≤ Km+1 ≤ n. DefineK0 = max{km|m ∈ N}
and m0 = min{m ∈ N|km = k0}. Thus Cm = Cm0 for all m ≥ m0. Hence
〈Gx〉 = Cm0 , so that Cm0 is G−invariant. Therefore Cm0 = Pn

C
. Then there is

a set A = {τ1, . . . , τn+1} such that 〈Ax〉 = Pn
C
, which concludes this part of the

proof.

Now assume that there is m ≥ n + 1 and Am = {γ1, . . . , γm} ⊂ G such
that the points in Amx are in general position. Set B = {B ⊂ Am|card(B) = n},
κ : Gx → 2B given by κ(y) = {β ∈ B|y ∈ 〈β〉} and φ : Gx → N ∪ {0} given
by φ(y) = card(κ(y)). Clearly the result will follow by proving l = min{φ(y)|y ∈
Gx} = 0.

Claim 1. l = 0. Assume on the contrary that l > 0. Let y0 ∈ Gx be such that
φ(y0) = l. Set r0 = min{d(y0, 〈β〉)|β ∈ B \ κ(y0)}. Thus there is a loxodromic
element γ0 ∈ G such that Fix(γ0|Hn

C

) ⊂ W = Br0(y0) ∩ Hn
C
. Thus for l ∈ N

large γl
0(Amx) ⊂ W . Then for each z ∈ γl

0(Amx) it follows that κ(z) ⊂ κ(y0).
Since l = min{φ(y)|y ∈ Gx} = card(κ(y0)) we have that κ(z) = κ(y0) for each
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z ∈ γl
0(Amx). Thus γl

0(Amx) ⊂
⋂

β∈κ(y)〈β〉, which is a contradiction since γl
0(Amx)

is a set with m points, m ≥ n+ 1, and dimC(
⋂

β∈B(y)〈β〉) < n. Thus l = 0. �

Now we get an application of the previous results to the geometry of Eq (G):

Theorem 7.6.5. Let G ⊂ PU(n, 1) be a discrete group such that ΛCG(G) does not lie
in any k-chain. Then each connected component of Eq (G) is complete Kobayashi
hyperbolic, and therefore a holomorphy domain.

Recall that a holomorphy domain means an open set which is maximal in
the sense that there exists a holomorphic function on this set which cannot be
extended to a bigger one.

Proof. For each point p ∈ ΛCG(G), let γp,1, . . . , γp,2n ∈ G be such that the points
in the set {γp,j(p)|j = 0, . . . , 2n}, where γp,0 = Id, are in general position. Define

Xp = Pn
C
\ (

⋃2n
j=0{γp,j(p)}⊥). Thus by Theorem 7.6.1 we have that Xp is com-

plete Kobayashi hyperbolic. Moreover, since Eq (G) =
⋂
Xp, it follows that each

connected component of Eq (G) is complete Kobayashi hyperbolic. �
Remark 7.6.6. In the 2-dimensional case the previous theorem asserts that if G ⊂
PU(2, 1) is a discrete group without fixed points, then each connected component
of ΩKul(G) is a Kobayashi hyperbolic space and a holomorphy domain (compare
with
[162]).

7.7 The two-dimensional case revisited

We now use the results of the previous sections to give an alternative proof, us-
ing pseudo-projective transformations, of the theorem of Navarrete discussed in
Section 7.3 and stated below:

Theorem 7.7.1. Let G be a discrete subgroup of PU(2, 1), then:

(i) If G is nonelementary and W is a G-invariant open set such that G acts
properly discontinuously on W , then W ⊆ Eq (G). In other words, Eq (G) is
the largest open set on which G acts properly discontinuously.

(ii) Eq (G) = ΩKul(G).

(iii) The limit set ΛKul(G) is the union of all complex projective lines lz tangent
to ∂H2

C
at points in ΛCG(G), that is,

ΛKul(G) =
⋃

z∈ΛCG(G)

lz.

Of course statement (iii) follows from (ii) together with Theorem 7.5.3. We
also notice that by Proposition 3.1.1 the first statement in this theorem is false
for elementary groups.
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We have:

Lemma 7.7.2. Let c ∈ C∗ be a nonunitary complex number, θ ∈ R and γc ∈
PSL(3,C) induced by the matrix⎛⎝ c 0 0

0 ce2πiθ 0
0 0 c−2

⎞⎠ .

Then γ cannot be conjugate to a transformation in PU(n, 1) by a homeomorphism
of P2

C
.

Proof. Taking the inverse of γ if necessary, we can assume that |c| > 1. Define

γ̃m =

⎛⎝ 1 0 0
0 e2πiθm 0
0 0 c−3m

⎞⎠ ; γ̃ϑ =

⎛⎝ 1 0 0
0 e2πiϑ 0
0 0 0

⎞⎠ , where ϑ ∈ R.

Thus γ̃m is a lift of γm and for any subsequence (τm) of (γm) which converges to
τ ∈ QP(n,C), one has that τ = γϑ for some ϑ ∈ R. On the other hand, if γ is
topologically conjugate to an element of PU(2, 1), by Lemma 7.4.4 we deduce that
for any sequence (ϑm) ⊂ 〈γ〉 which converges to ϑ ∈ QP(2, 1), we must have that
�(ϑ) is a single point, which is a contradiction. �

Now we have:

Proof of Theorem 7.7.1. Let us prove (i) by contradiction. Then by Theorem 7.5.3
there is x ∈ ΛCG(G) such that the line �x tangent to ∂H2

C
at x, is not contained

in P2
C
\W . Now let: p ∈ W ∩ �x, � be a line different from �x and contained in

P2 \H2
C
. Let (γm) ⊂ G be a sequence of distinct elements, γ ∈ QP(n,C) such that

Ker(γ) = �x and (γm) converges to γ. Applying Proposition 7.4.2, to �, p,W, (γm)
and γ, we get a line �p such that each point in �p is a cluster point of (γm(K)), where
K is a compact set which varies on W ∩ �. Therefore �p ⊂ (P2

C
\W ) ∩ (P2 \ H2

C
).

By Corollary 2.6.8 we conclude that P2 \ Eq (G) ⊂ G�p ⊂ P2 \ W , which is a
contradiction.

Let us prove (ii). By Remark 7.5.4 one has ΩKul(G) ⊂ Eq (G). So it is enough
to prove Eq (G) ⊂ ΩKul(G) in the elementary case. We have two cases.

Case 1. Assume ΛKul(G) is a point q. Let � be the unique line in P2
C
\ Eq (G). We

claim that L0(G) ∪ L1(G) ⊂ �. If L0(G) ∪ L1(G) �= �, let p ∈ � \ (L0(G) ∪ L1(G)),
(γm) ⊂ G be an infinite sequence and γ ∈ QP(n,C) such that (γm) converges to
γ, �(γ) = {q} and Ker(γ) = �. Applying Proposition 7.4.2 to �, p,P2

C
\ (L0(G) ∪

L1(G)), (γm) and γ, we get a line �p such that each point in �p is a cluster point of
(γm(K)), where K is a compact set which varies on W ∩ �. Hence �p ⊂ ΛKul(G),
concluding the proof.

Case 2. The set ΛKul(G) consists of exactly two points q, p. Let �p, �q be the tangent
lines to H2

C
at p and q respectively. In this case we claim that L0(G) ∪ L1(G) =
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{p, q} ∪ (lp ∩ lq). Since {p, q} ∪ (�p ∩ �q) is trivially contained in the set of fixed
points of γ, for any γ ∈ G with infinite order, and by Lemma 7.7.2 we conclude
that L0(G) = {p, q} ∪ (�p ∩ �q). Let τ ∈ PSL(3,C) such that τ(p) = e1, τ(q) = e3
and τ(�p∩�q) = e2, then for any γ ∈ G one has that τγτ−1 has one of the following
lifts: ⎛⎝ 0 0 f

0 e 0
d 0 0

⎞⎠ where − def = 1 and e, d, f are roots of unity,

⎛⎝ a 0 0
0 b 0
0 0 c

⎞⎠ where abc = 1 and |a| < |b| < |c| ,

(7.7.2)

depending on whether γ interchanges p and q or not. Now let z ∈ L1(G) \ L0(G).
Then there are x ∈ P2

C
\ L0(G) and (γm) ⊂ G a sequence of distinct elements in

G such that (γm(x)) converges to z. Thus there is an infinite sequence of (γm),
still denoted by (γm), such that γm leaves invariant p, for every m, for otherwise
by equation (7.7.2) one has that (γm) is eventually constant, which is a contra-
diction. Now, by Proposition 7.4.1, Lemma 7.4.4 and equation (7.7.2) there is a
subsequence of (γm), still denoted by (γm), and sequences (am), (bm), (cm) ∈ C,
such that either

τγmτ
−1

=

⎡
⎣ am 0 0

0 bm 0
0 0 cm

⎤
⎦

m→∞
��

⎡
⎣ 0 0 0

0 0 0
0 0 1

⎤
⎦ ;

τγmτ
−1

=

⎡
⎣ a−1

m 0 0

0 b−1
m 0

0 0 c−1
m

⎤
⎦

m→∞
��

⎡
⎣ 1 0 0

0 0 0
0 0 0

⎤
⎦ or

τγmτ
−1

=

⎡
⎣ am 0 0

0 bm 0
0 0 cm

⎤
⎦

m→∞
��

⎡
⎣ 1 0 0

0 0 0
0 0 0

⎤
⎦ ;

τγmτ
−1

=

⎡
⎣ a−1

m 0 0

0 b−1
m 0

0 0 c−1
m

⎤
⎦

m→∞
��

⎡
⎣ 0 0 0

0 0 0
0 0 1

⎤
⎦ .

In any case, it follows that z ∈ {p, q} ∪ �p ∩ �q , which proves our claim.

Finally, let γ ∈ G be any element with infinite order, thus by equation (7.7.2)
we deduce that γ is a strongly loxodromic element. Thus applying the argument
used in the calculation of the limit set (see page 111) in the Kulkarni sense for
strongly loxodromic elements to γ, we conclude that �p ∪ �q ⊂ ΛKul(G). This
completes the proof. �



Chapter 8

Projective Orbifolds and
Dynamics in Dimension 2

Köbe’s retrosection theorem says that every compact Riemann surface is isomor-
phic to an orbit space Ω/Γ, where Ω is an open set in the Riemann sphere S2 ∼= P1

C

and Γ is a discrete subgroup of PSL(2,C) that leaves Ω invariant; in fact Γ is a
Schottky group. It is thus natural to go one dimension higher and ask which com-
pact orbit spaces one gets as quotients of an open set Ω in P2

C
divided by some

discrete subgroup Γ ⊂ PSL(3,C). That is the topic we explore in this chapter.

We study discrete subgroups Γ of PSL(3,C) whose action on P2
C
leaves in-

variant a nonempty open invariant set Ω with compact quotient M = Ω/Γ; we call
such groups quasi-cocompact. The surfaceM is then an orbifold naturally equipped
with a projective structure, and the open set Ω is a divisible set in Benoist’s sense.

We determine the subgroups one has in PSL(3,C) with this property. In
each case we describe its region of discontinuity, the corresponding limit set and
the kind of surfaces one gets as quotients. Of course among these are the complex
hyperbolic groups Γ ⊂ PU(2, 1) with compact quotient H2

C
/Γ. This is based on [41]

together with previous work by Kobayashi, Ochiai, Inoue, Klingler and Navarrete.

Although our main focus is on the complex case, there is a lot of interesting
related literature on the topic of real projective structures on manifolds, and par-
ticularly on real surfaces. Thence before going into the complex case we have a
glance at the real setting. This should serve as both an introduction to the topic
we envisage in this chapter, and also as a source of inspiration for further research.

We begin the chapter with a fast review of geometric structures on manifolds
and we briefly describe some of the work done by Goldman, Benoist and others,
about projective structures on real manifolds, mainly on surfaces. We then look at
compact complex surfaces with a projective structure, following the work on the
topic by Kobayashi, Ochiai, Inoue and Klingler. Section 4 begins with a summary
of basic results and ideas of Thurston about orbifolds, and then gives an extension

DOI 10.1007/978-3-0348-0481-3_8, © Springer Basel 2013
A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 167
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of the work of Kobayashi et al for complex surfaces, to the case of compact,
complex 2-dimensional orbifolds with a projective structure. Sections 5 to 7 are
an outline of the results in [41], improving the aforementioned results of Kobayashi
et al, and carrying them to the level of group actions. We include a classification of
the quasi-cocompact discrete subgroups of PSL(3,C). Finally we describe in each
case, the region of discontinuity, the limit set and the quotient orbifold.

8.1 Geometric structures and the developing map

In his celebrated Erlangen talk in 1872, Felix Klein defined geometry as the study
of those properties of figures that remain invariant under a particular group of
transformations. Thus for instance, Euclidean geometry is the study of proper-
ties such as length, volume and angle which are all invariants of the group of
Euclidean motions. By considering other groups of transformations, one obtains
other geometries, such as hyperbolic geometry, conformal geometry, projective ge-
ometry, etc. This line of thought naturally leads to studying homogeneous spaces
G/H of a Lie group G: These are manifolds which are “locally modeled” by the
Lie group G. More generally, as described by W. Thurston, one may consider a
simply connected manifold X equipped with some Riemannian metric, together
with a group G of isometries of X acting transitively on this space; one then looks
at manifolds of the form X/Γ, where Γ is a discrete subgroup of G that acts freely
on X. Manifolds like this are said to have an (G,X)-structure.

In fact this way for describing geometric structures goes back to the classical
Riemann-Koebe uniformisation theorem of Riemann surfaces, saying that the uni-
versal cover or every compact Riemann surface is conformally equivalent to either
the Riemann sphere, the complex line, or the open unit 1-disc. In real dimension
3, the analogous question is given by Thurston’s geometrisation conjecture, now
proved by Perelman.

Here we are interested in the “uniformisation problem for complex mani-
folds”, studied by many authors. It is well-known that the set of complex structures
on a nice contractible higher-dimensional complex manifold is huge and cannot be
classified in a simple manner. Therefore, in order to find a simple analogue of
the aforementioned uniformisation theorem, one must impose a certain type of
restrictions on the manifold.

In his “Lectures on Riemann surfaces”, R. Gunning discusses holomorphic
affine and projective structures and connections on Riemann surfaces. He shows
there that a compact Riemann surface of any genus always admits projective struc-
tures while it admits affine structures only when the genus is 1. He then suggested
looking at complex manifolds equipped with a projective structure, aiming to have
for this class of manifolds a uniformisation theorem in the vein of the classical the-
orem for Riemann surfaces. This has been successfully done by Kobayashi, Ochiai
and others in the case of compact complex surfaces, i.e., complex manifolds of
complex dimension 2, and that is the subject we envisage in this chapter.
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In complex dimension 3 there are several interesting articles by M. Kato on
the subject (see for instance [107], [109], [108],[110]) where the author looks at
complex 3-manifolds equipped with a projective structure, and also the results
from [203], that we explain in Chapter 9, where the authors look at manifolds of
the form Ω/Γ where Ω is an open subset of P3

C
which is invariant under the free

action of Γ, a complex Schottky subgroup of PSL(4,C).
Of course there is the real counter-part, of looking at real projective spaces on

smooth manifolds. This is a rich area of current research, with remarkable recent
work by W. Goldman, Y. Benoist and others. We briefly discuss this below.

In the sequel we say more about the previous discussion.

8.1.1 Projective structures on manifolds

Consider a real analytic manifold X and a Lie group G acting transitively on X.

Definition 8.1.1. A smooth manifold M has a (G,X)-structure if it has a maximal
atlas by coordinate charts with values in X and all the local changes of coordinates
are restriction of elements in G. In this case we also say that M is a (G,X)-
manifold.

In other words, a (G,X)-structure on M means that M is locally modeled
on X and the gluing maps are all in G.

Examples 8.1.2. (i) A real projective structure on a real manifoldM of dimension
n means a (Pn

R
,PGL(n+ 1,R)-structure on M .

(ii) If Aff (Cn) ∼= GL (n,C)�Cn is the complex affine group, then an affine struc-
ture on a complex n-manifold, denoted as an (Aff (Cn),Cn)-structure, means
a maximal atlas by coordinate charts where the transition functions are lo-
cal affine maps in Cn, i.e., restriction of elements in (Aff (Cn). Since every
affine map is a projective map, one has that affine structures are a special
class of projective structures. Also notice that every Euclidean isometry in
Cn is an affine map, thence Euclidean structures are a special class of affine
structures.

(iii) A complex hyperbolic structure on a complex manifold M means a maximal
atlas modelled on the complex hyperbolic space Hn

C
; the local changes of

coordinates are now restriction of elements in PU(n, 1). Examples of this
type are manifolds of the form Hn

C
/Γ where Hn

C
is the complex hyperbolic

n-space (diffeomorphic to a 2n-ball) and Γ ⊂ PU(n, 1) is a discrete subgroup
of isometries of Hn

C
.

(iv) A complex projective structure on a complex manifold M of dimension n is a
maximal atlas for M modelled on open subsets of the projective space Pn

C
, so

that for any two overlapping charts, the corresponding change of coordinates
is restriction of a projective transformation of Pn

C
. Since the groups in the

previous examples, PU(n, 1) and Aff (Cn), are both subgroups (canonically)
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of PSL(n + 1,C), it follows that all complex affine and complex hyperbolic
structures are automatically projective. A similar statement holds in the real
setting.

On a manifold with a complex projective structure one has a local projective
geometry which coincides with the local geometry of Pn

C
. Projective structures

arise in many areas of mathematics, including differential geometry, mathemati-
cal physics, topology, and analysis. See [68], [66] for clear accounts on projective
structures on real manifolds, and we refer to [83] for more on the topic for complex
manifolds.

Examples 8.1.3. (i) Let M be a compact Riemann surface of genus g > 1. Then
the Fuchsian uniformisation is the representation of M as the quotient of
the hyperbolic disc Δ ∼= H1 by a Fuchsian group Γ. In this case one has (see
Remark 8.4.10 below) that Δ is the universal covering space of M and Γ is
isomorphic to the fundamental group π1(M) acting on Δ by deck transfor-
mations.

(ii) Now consider an arbitrary compact Riemann surface (any genus). By Koebe’s
theorem (see also [83]) M has a uniformisation as the quotient of a domain in
P1
C
by a Schottky group (Retrosection Theorem). This provides a projective

structure on M whose developing map (see below) is not injective, although
the holonomy group is discrete. For surfaces of genus > 1 this projective
structure is in general different from the previous one.

(iii) Let Γ ⊂ PSL(n + 1,C) be a complex Kleinian group acting freely and dis-
continuously on an invariant open subset Ω ⊂ Pn

C
. Then the quotient space

Ω/Γ is obviously a projective manifold. Examples of this type are given for
instance by the complex Schottky groups of Chapter 9.

(iv) If Λ is a lattice in C2, then M = C2/Λ is an affine complex manifold.

(v) If g ∈ GL (2,C) is a contracting automorphism, then the Hopf surface (C \
{0})/〈g〉 is an affine manifold.

Remark 8.1.4. Observe that since a complex projective structure is locally mod-
elled on the complex projective space, with the coordinate changes being restric-
tions of projective transformations, every projective structure determines an un-
derlying complex structure.

8.1.2 The developing map and holonomy

Coordinate atlases may be a bit unwieldy, so it may be convenient to work instead
with the developing map, that we now introduce. As noticed by W. Thurston,
if one has a geometric structure on a manifold, then one has a developing map
D : M̃ → X, from the universal covering M̃ of M into the model space X,
which globalises the coordinate charts. This is a concept that formalises the idea
of “unrolling” a manifold, just as the 2-torus that can be “unrolled” on the plane.
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To define the developing map D we start with some geometry (G,X) on a

smooth manifold M and consider the universal cover π : M̃ → M . We choose a
base point x0 ∈M and a lifting x̃0 of it to M̃ . We consider also an atlas {(Uα, φα)}
for M with transition functions

gij = φi ◦ φ−1
j : φj(Ui ∩ Uj)→ φi(Ui ∩ Uj) .

By definition of a geometric structure, each gij is the restriction of an element in
G and so defines a locally constant map from Ui ∩ Uj into G.

We now choose a coordinate chart (U0, φ0) around x0, and a corresponding

chart (Ũ0, φ̃0) around x̃0. This gives a local diffeomorphism between Ũ0 and an

open set in X, which can be extended along any path in M̃ by analytic continu-
ation. This process is well defined because M̃ is simply connected. We thus get a
map

D : M̃ → X ,

which is the developing map of the (G,X) manifold M . This is a local diffeomor-
phism.

The manifold M̃ has a unique (G,X)-structure making the projection π :

M̃ →M a (G,X)-map. The choice of a base point x0 for M determines an action

of the fundamental group Γ := π1(M,x0) on M̃ , which is by deck transformations
and preserves the (G,X)-structure. One gets in this way a natural group morphism

H : Γ→ G

with respect to which the map D is equivariant. The image H(Γ) is called the
holonomy of M .

We remark that up to multiplication by an element in G, the (G,X)-structure
on M is fully determined by its developing map. In particular one has the following
important result due to Thurston:

Theorem 8.1.5. If M has a (G,X)-structure which is complete, then the develop-
ing map D is a covering projection and if X is simply connected, then Γ can be
identified with the holonomy subgroup H(Γ) and M is the quotient space X/Γ as
a (G,X)-manifold.

8.2 Real Projective Structures and Discrete Groups

Notice that every Euclidean structure is an affine structure, and the embedding

(Rn,Aff (Rn))→ (Pn
R,PGL(n+ 1,R))

gives an embedding of affine geometry into projective geometry. Similarly, the in-
clusion of the projective orthogonal group PO(n + 1) in PGL(n + 1;R) gives an
embedding of elliptic geometry into projective geometry. Also, the Klein model of
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hyperbolic geometry (Hn
R
,PO(n, 1)) gives an embedding of hyperbolic geometry

into projective geometry. In the particular case n = 2 we know, by the uniformi-
sation theorem, that every closed oriented surface admits either an elliptic, a
Euclidean or a hyperbolic structure. Therefore we have that every such manifold
admits a projective structure. With a little more work we can show that every one
of Thurston’s eight geometries for 3-manifolds also leads to a P3

R
-structure.

There is a large literature with interesting results concerning real projective
structures and discrete group actions. We now say a few words about two such
lines of research.

8.2.1 Projective structures on real surfaces

The basic general question concerning geometric structures on manifolds is: Given
a topological manifold M and a geometry (G,X), does there exist a (G,X)-
structure on M , and if so, can we classify all (G,X)-structures on M up to
(some type of) equivalence? In other words we would like to have for the ge-
ometry in question something like the Teichmüller space of a Riemann surface.
That is, a topological space whose points correspond to equivalence classes of
(G,X)-structures on the manifold M . We refer to the interesting recent article
[69] for a survey on this subject.

The first basic results on P2
R
-structures on closed surfaces are due to Kuiper,

Benzécri, Koszul, Kobayashi and Vey, among others. More recently, W. Goldman
has been exploring this topic thoroughly, obtaining deep results, see for instance
[68], [66], [47], [48]. We refer to these articles, and the bibliography in them, for
clear accounts on the subject. Here we only sketch some of the main points.

The most important projective structures are the convex structures. A Pn
R
-

manifold Mn is convex if its universal covering is equivalent to a convex domain Ω
in an affine patch of Pn

R
. In that case the fundamental group of M is represented

as a discrete group of projective transformations acting properly and freely on Ω.

If a closed surface S has a P2
R
-structure, then one defines the space RP2(S) of

equivalence classes of real projective structures on a surface S, in a way similar to
the way the Teichmüller space of the surface S is defined in terms of equivalence
classes of hyperbolic structures.

The following theorem is proved in [66]:

Theorem 8.2.1. Let S be a closed surface with genus g ≥ 2. Then the deformation
space RP2(S) is a real analytic manifold of dimension 16g − 16. Moreover, the
deformation space C(S) of convex P2

R
-structures on S is an open set in RP2(S),

diffeomorphic to an open cell of dimension 16g − 16.

In [66] there is also an extension of this theorem for compact surfaces with
boundary.

As mentioned above, a convex P2
R
-structure on a closed surface S is a rep-

resentation of S as a quotient Ω/Γ where Ω ⊂ P2
R

is a convex domain and
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Γ ⊂ PSL(3,R) is a discrete group of automorphisms of P2
R
acting properly dis-

continuously and freely on Ω. The space C(S) of projective equivalence classes of
convex P2

R
-structures on S embeds, via the holonomy map, as an open subset in

the space of equivalence classes of representations of its fundamental group π1(S)
in SL(3,R).

Consider the space

X(S) = Hom(π1(S),PGL(3,R))/PGL(3,R) ,

and recall that every such equivalence class of representations of π1(S) corresponds
to an isomorphism class of a flat R3-bundle over S. In [96] the author gives precise
topological information concerning the deformation space X(S). In particular he
shows that X(S) has exactly three connected components:

1. C0, the component containing the class of the trivial representation;

2. C1, the component consisting of classes of representations which do not lift
to the double covering of PGL(3,R); or in other words, those for which the
corresponding flat R3-bundle over S has nonvanishing 2nd Stiefel-Whitney
class;

3. C2, the component containing discrete faithful representations into SO(2, 1).
These correspond to the convex real projective structures determined by a
hyperbolic structure on S, so C2 contains the classical Teichmüller space
T (S) of hyperbolic structures on S, which is a cell of dimension 6(g−1). The
component C2 is known as the Hitchin-Teichmüller space of S.

Hitchin showed that C2 is homeomorphic to R16g−16 and he conjectured that C2

is C(S), the space of projective equivalence classes of convex P2
R
-structures on S.

Hitchin’s conjecture is proved in [47]:

Theorem 8.2.2 (Choi-Goldman). The holonomy map defines a diffeomorphism
from the space C(S) onto the (Hitchin-Teichmüller) space C2 of X(S).

8.2.2 On divisible convex sets in real projective space

Y. Benoist has written a series of interesting articles about “divisible convex sub-
sets”. In this subsection we give a glimpse of some of Benoist’s work.

A subset Ω of the real projective space Pn
R
is convex if its intersection with

each projective line in Pn
R
is convex. A convex set Ω is called strictly convex if the

intersection of each projective line in Pn
R
with its boundary ∂Ω contains at most

two points, i.e., ∂Ω contains no nontrivial segment. It is properly convex if there
exists a projective hyperplane in Pn

R
that does not meet its closure Ω ∪ ∂Ω.

An open convex set is divisible if there exists a discrete subgroup Γ ⊂ PSL(n+
1,R) which leaves Ω invariant and acts on it freely and properly discontinuously,
so that the quotient M := Ω/Γ is compact. Of course in this case M is a smooth
manifold equipped with a projective structure and Γ is its fundamental group.
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A typical example of a strictly convex divisible set is the hyperbolic n-space,
regarded via the Klein model.

The following remarkable theorem is proved in [21]:

Theorem 8.2.3. Let Ω be a properly convex open subset of the real projective space
Pn
R
which is divisible by a discrete subgroup Γ ⊂ PGL(n+1,R). Then the following

conditions are equivalent:

(i) The set Ω is strictly convex.

(ii) The boundary ∂Ω is of class C1.

(iii) The group Γ is hyperbolic (in the sense of Gromov, see for instance [78]).

(iv) The geodesic flow on Γ\Ω is Anosov (and if this happens, then the flow is
topologically mixing).

In [20] the author studies the Zariski closure of a group Γ in SL(m,R) that
divides a properly convex open cone C in Rm. Recall that a subset C ⊂ Rm is
a convex cone if it is closed under linear combinations with positive coefficients.
The cone is called:

• Properly convex (or salient) if it contains no affine line, i.e., if there is no
nonzero vector x in C such that its opposite −x is also in C.

• Symmetric if for every x ∈ C there is an automorphism s of C such that
s2 = 1 and the set of fixed points of s is the line containing x.

• A product if there is a direct sum decomposition Rm = Rp ⊕ Rq, p, q ≥ 1,
such that C = C1 × C2 with C1 ⊂ Rp and C2 ⊂ Rq being cones.

• Divisible if there is a discrete subgroup Γ of GL (m,R) preserving C such
that Γ\C is compact.

The main theorem in [20] says that if a discrete subgroup Γ ⊂ GL (m,R)
divides a properly convex open cone C which is not a product nor symmetric,
then Γ is Zarisky dense in GL (m,R).

In [22] the author proves a closedness property of the space of deformations
of divisible convex sets in Pn

R
, and in [23] the author describes the structure of

the boundary ∂Ω of such divisible sets, and of the quotient M = Ω/Γ, in the
case when Ω is not strictly convex and it is indecomposable, i.e., its corresponding
affine cone is not a product.

We remark that the Schottky groups we envisage in Chapter 9 give a natural
way of constructing convex sets in complex projective spaces, which are divisible
by the corresponding Schottky group. This construction is extended in [92] to
real projective spaces, producing interesting examples of real manifolds with a
projective structure.
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8.3 Projective structures on complex surfaces

As mentioned before, every compact Riemann surface admits projective structures.
Now we look at compact complex surfaces which admit a projective structure,
following the work of Kobayashi, Ochiai and Inoue. We already know that all
affine and all complex hyperbolic structures are also projective. It turns out that
for compact nonsingular surfaces, the converse statement also holds. This is the
theorem of Kobayashi-Ochiai proved in [120]:

Theorem 8.3.1. Let M be a compact complex 2-dimensional manifold M that ad-
mits a projective structure. Then M ∼= P2

C
or else it admits either an affine or a

complex hyperbolic structure.

We refer to [120] (see also [116]) for the proof of this theorem. This depends on
Kodaira’s classification of surfaces, the work in [83] giving topological obstructions
for a surface to admit a projective structure, and the article [100] where the authors
build on Vitter’s work in [230] and classify the compact complex surfaces that
admit a holomorphic affine connection.

As we said before, an affine structure on a complex surface M is a maximal
atlas of holomorphic charts into C2 such that the coordinate changes are complex-
affine automorphisms of C2. In [100] it is proved that there are three types of such
structures, up to finite coverings. First, there are complex solvmanifolds, which are
homogeneous spaces of the form Γ\G, where G is a 4-dimensional (real) Lie group
with a left-invariant complex structure and Γ ⊂ G is a lattice. Secondly, there
are Hopf manifolds (C2 − {0})/Γ, where Γ is a cyclic group of linear expansions.
Finally, to every projective structure on a Riemann surface S, there are associated
fibrations by elliptic curves over S which admit complex affine structures.

Theorem 8.3.1 states that in the case of projective structures, aside from P2
C

and the complex affine structures, the only other nonsingular, compact, complex
projective surfaces are complex hyperbolic surfaces.

In [116] the author studies not only which compact surfaces admit a pro-
jective structure, but he actually looks at the more refined question of studying
the deformations of such a structure. Since, by Theorem 8.1.5, geometric struc-
tures are determined by the corresponding developing map D and its holonomy
H(π1(M)), it is essential for Klingler’s work to determine D and the holonomy.

In order to say more about the classification in [120, 100, 116] of surfaces with
a projective structure, their developing maps and the corresponding holonomy, we
now introduce some notation. We identify the complex space C2 with the open
chart {[z : w : 1] ∈ P2

C
| z, w ∈ C}, and we identify the complex affine group with

a subgroup of the projective group by

Aff (C2) = {g ∈ PSL(3,C) : gC2 = C2} .

We now set:
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Sol40 =

⎧⎨⎩
⎛⎝ λ 0 a

0 |λ|−2 b
0 0 1

⎞⎠ : (λ, a, b) ∈ C∗ × C× R

⎫⎬⎭ ;

Sol41 =

⎧⎨⎩
⎛⎝ ε a b

0 α c
0 0 1

⎞⎠ : α, a, b, c ∈ R, α > 0, ε = ±1

⎫⎬⎭ ;

Sol′ 41 =

⎧⎨⎩
⎛⎝ 1 a b+ i logα

0 α c
0 0 1

⎞⎠ : α, a, b, c ∈ R, α > 0

⎫⎬⎭ ;

A1 =

⎧⎨⎩
⎛⎝ 1 0 b

0 a 0
0 0 1

⎞⎠ : (a, b) ∈ C∗ × C

⎫⎬⎭ ;

A2 =

⎧⎨⎩
⎛⎝ a b 0

0 a 0
0 0 1

⎞⎠ : (a, b) ∈ C∗ × C;

⎫⎬⎭ .

With this notation, we can state the following stronger version of Theorem
8.3.1, given in [116, 117]):

Theorem 8.3.2. Let M be a compact complex projective 2-manifold, let D be its
developing map and H its holonomy. Then one of the following facts occurs:

(i) M̃ = P2
C
, D = Id and the holonomy is finite.

(ii) M̃ = H2
C
. In this case D = Id and H(π1(M)) ⊂ PU(2, 1).

(iii) M̃ = C2 − {0}. In this case D = Id, H(π1(M)) ⊂ Aff (C2) contains a cyclic
group of finite index and generated by a contraction, and M has a finite
covering (possibly ramified) which is a primary Hopf surface.

(iv) D(M̃) = C∗ × C∗. In this case H(π1(M)) ⊂ Aff (C2) and M has a finite
covering (possibly ramified) which is biholomorphic to a complex torus T1 ×
T1 × T1 × T1.

(v) D(M̃) = C× C∗. In this case H(π1(M)) ⊂ Aff (C2) has a subgroup of finite
index contained in A1 or A2, and M has a finite covering (possibly ramified)
which is a complex surface biholomorphic to a torus T1 × T1 × T1 × T1.

(vi) D(M̃) = C2. In this case H(π1(M)) ⊂ Aff (C2) contains a unipotent subgroup
of finite index and M has a finite covering (possibly ramified) which is a
surface biholomorphic to a complex torus or a primary Kodaira surface.

(vii) M̃ = C×H = D(M̃). In this case M is an Inoue Surface and H(π1(M)) ⊂
Aff (C2) is a torsion free group contained in one of the groups Sol40, Sol

4
1 or

Sol′ 41 .
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(viii) M̃ is biholomorphic to C × H. In this case D(M̃) = C∗ × Ω where Ω is
a hyperbolic domain contained in P1

C
and M has a finite covering (possibly

ramified) which is an elliptic affine surface.

Notice that in cases (iii) to (viii) the corresponding structures are all affine.

8.4 Orbifolds

In this section we follow [41] and extend the previous results for complex surfaces
to the case of orbifolds with a projective structure. We begin with a brief discussion
about well-known basic facts on orbifolds, mostly due to W. Thurston.

Orbifolds have arisen several times in various contexts: In Satake’s study
of automorphic forms in the 1950s; he called them V -manifolds (see [190]); in
Thurston’s work on the geometry and topology of 3-manifolds in the 1970s, when
he coined the name orbifold (for “orbit-manifold”); and in Haefliger’s work in the
1980s in the context of Gromov’s programme on CAT (k)-spaces, under the name
orbihedron: a slightly more general notion of orbifold, convenient for applications in
geometric group theory (see [85]). More recently, orbifolds appear also in algebraic
topology and mathematical physics, mainly in the context of string theory (see
[2]).

An orbifold is a generalisation of a manifold. It consists of a topological
space (called the underlying space) with an orbifold structure (see below). Like
a manifold, an orbifold is specified by local conditions; however, instead of being
locally modelled on open subsets of Rn, an orbifold is locally modelled on quotients
of open subsets of Rn by finite group actions. The structure of an orbifold encodes
not only that of the underlying quotient space, which need not be a manifold, but
also that of the isotropy subgroups. For instance, every manifold with boundary
carries a natural orbifold structure, since it is the quotient of its double by an
action of Z/2Z.

Orbifolds arose first as surfaces with “marked” (or “singular”) points long
before they were formally defined. One of the first classical examples comes from
the theory of modular forms with the action of the modular group SL(2, Z) on
the upper half-plane. Orbifolds also play a key role in the theory of Seifert fibre
spaces, initiated by Seifert in the 1930s.

Orbifolds appear naturally in the context of this monograph, as quotient
spaces of a manifold under the action of a discrete group of diffeomorphisms with
finite isotropy subgroups.

8.4.1 Basic notions on orbifolds

In what follows, G is a Lie group acting effectively, transitively and locally faith-
fully on a smooth manifold X. We restrict this discussion to orbifolds with a
geometric structure in Thurston’s sense. These are the orbifolds that appear in
the sequel.
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Definition 8.4.1. A (G,X)-orbifold O is a topological Hausdorff space XO, called
the underlying space, with a countable basis and equipped with a collection
{Ũi,Γi, φi, Ui}i∈I , where the {Ui} are an open cover of XO, and the Ũi, called

folding charts, are open subsets of X. For each Ũi there is a finite group Γi ⊂ G
acting on Ũi, and a homeomorphism φi : Ui → Ũi/Γi, called a folding map. These
charts must satisfy a certain compatibility condition (as they do for manifolds).

Namely, whenever Ui ⊂ Uj , there is a group morphism fij : Γi ↪→ Γj and φ̃ij ∈ G

with φ̃ij(Ui) ⊂ Uj and φ̃ij(γx) = fij(γ)φ̃ij(x) for every γ ∈ Γi, such that the
diagram below commutes:

Ũi

φ̃ij

��

�� Ũi/Γi

��

φ−1
i �� Ui

��
Ũj

�� Ũj/fij(Γi) �� Ũj/Γj

φ−1
j �� Uj .

(8.4.1)

Remark 8.4.2. If in the previous definition we require only that the action of the
groups Γi be locally faithful and that φ̃ij be an equivariant embedding with respect
to fij , dropping the conditions about being elements in G, then the space O is
also called an orbifold, but not a geometric one.

Example 8.4.3. (i) If Γ ⊂ G is a finite group of automorphisms of a manifold X,
then M = X/Γ is a (G,X)-orbifold.

(ii) Consider a subgroup Γ ⊂ G acting properly discontinuously on an open
subset Ω ⊂ X, such that the isotropy subgroups are finite. The points with
nontrivial isotropy subgroup form a discrete subset of Ω, and the space of
orbits M = Ω/Γ is a (G,X)-orbifold for which the groups Γi appearing in
the above definition are the corresponding isotropy subgroups.

(iii) If (M,F ) is a foliated manifold with compact leaves and finite holonomy,
then the space of leaves M/F has the structure of an orbifold. This is a
consequence of the local Reeb Stability Theorem.

A point x in a (G,X)-orbifoldXO is called singular if there is a folding map at

x, say φ : Ui → Ũi/Γi with x ∈ Ui, and a point y ∈ Ũi such that y = φ(x) and the
isotropy Isot(y,Γi) is nontrivial. The set ΣO = {y ∈ XO : y is a singular point} is
called the singular locus of XO. We say that O is a (G,X)-manifold if ΣO = ∅.
Remark 8.4.4. (i) Observe that if M is as in parts (i) and (ii) of the above

Example 8.4.3, then the singular set corresponds to the set {x ∈ X : Isot(x,Γ)
is nontrivial}.

(ii) We notice that, topologically, in the particular cases of orbifolds of real di-
mension n = 2, 3 one has that orbifolds are locally modelled by an n-disc Dn

modulo a finite subgroup Γ of SO(3), and it happens that in these dimen-
sions every such quotient Dn/Γ is again homeomorphic to an n-disc. There-
fore every orbifold of dimension 2, 3 is a topological manifold, and thence
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homeomorphic to a smooth manifold, but just as manifolds, not preserving
the orbifold structure. For instance, the Riemann sphere with at least three
marked points is a hyperbolic orbifold. And of course if we forget the marked
points, then the Riemann sphere is not a hyperbolic manifold!

Now, given M,N two (G,X)-orbifolds, a continuous function f : M → N is

called a (G,X)-map if for each point x ∈ N , a folding map for x, φi : Ui → Ũi/Γi,

and y ∈ f−1(x), there is a folding map of y, φj : Uj → Ũj/Γj , and ϑ ∈ G with

ϑ(Ũj) ⊂ Ui, inducing f equivariant with respect to a morphism ψ : Γj → Γi.
The map f is called a (G,X)-equivalence if f is bijective and f, f−1 are

(G,X)-maps. The map f is called a (G,X)-covering orbifold map if f is a surjective

(G,X)-map such that each point x ∈ N has a folding map φj : Uj → Ũj/Γj so

that each component Vi of f
−1Uj has a homeomorphism φ̃i : Vi → Ũj/Γi (in the

orbifold structure) where Γi ⊂ Γj . We require that the quotient map Ũj → Vi

induced by φ̃i composed with f should be the quotient map Ũj → Uj induced by
φ.

Also, if p : M → N is a covering orbifold map with M a manifold, we say
that p is a ramified covering if ΣN �=∅. Otherwise we say that the covering is
unramified. The covering p : M → N is finite if p−1(y) is finite for every y ∈ N .

Example 8.4.5. If M is as part (ii) of Example 8.4.3, then the quotient map
q : Ω→M is a (G,X)-covering orbifold map.

Every covering map between manifolds is a covering orbifold map.

Definition 8.4.6. An orbifoldM is a good orbifold (respectively a very good orbifold)

if there exists a covering orbifold map p : M̃ → M such that M̃ is a manifold
(respectively a compact manifold).

Example 8.4.7. (i) An interesting example is the teardrop, depicted in Figure
8.1. Its underlying topological space is the sphere S2. Its singular set ΣO
consists of a single point, whose neighbourhood is modelled on R2/Zn, where
Zn acts by rotations. One can show that the teardrop is not a good orbifold.
If we had one more singular point of the same type in the “drop”, then this
would be a very good orbifold, corresponding to the quotient S2/Zn.

(ii) If Γ is a discrete subgroup of PSL(2,C), then M = H3/Γ is a good orbifold,

because by Selberg’s theorem, every such group contains a subgroup Γ̃ of
finite index that acts freely on H3. Thus the quotient M̃ = H3/Γ̃ is a manifold

and the natural projection M̃ = H3/Γ̃ → H3/Γ = M is a covering orbifold

map. If M is compact, then M̃ is also compact and therefore M is a very
good orbifold.

One has:

Proposition 8.4.8. Let Γ be a discrete subgroup of PSL(n + 1,C) acting properly
discontinuously on an invariant open subset Ω of Pn

C
. Then M = Ω/Γ is a good

orbifold.
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Figure 8.1: The teardrop

This proposition follows from the fact that all isotropy groups must be finite,
since the action is proper and the group is G discrete.

If M is a simply connected (G,X)-manifold, then one has the developing
map D : M → X which is a (G,X)-map. One can show that if D : M → X is any
other (G,X)-map, then there is a unique g ∈ G such that D = g ◦D. There is also
a unique group morphism HD : Aut(G,X)(M) → G, where Aut(G,X)(M) denotes
the group of (G,X)-equivalences of M , that verifies D ◦ g = HD(g) ◦ D. Trivially,
if D is another (G,X)-map, then there is a unique g ∈ G such that D = g ◦D and
HD = g ◦ HD ◦ g−1. Every (G,X)-map D : M → X will be called a developing
map and the corresponding HD is the holonomy morphism associated to D.

Theorem 8.4.9 (Thurston, see [46]). If M is an orbifold which admits a geometric
structure, then its universal cover is a simply connected manifold. More precisely,
if M is a (G,X)-orbifold, then M is a good orbifold. Moreover, there is a simply

connected manifold M̃ and an a (G,X)-covering orbifold map, with the property
that if q : O → M is another (G,X)-covering orbifold map, ∗ ∈ XM , ∗′ ∈ X

M̃
and z ∈ XO satisfy q(z) = p(∗′) = ∗, then there is a (G,X)-covering orbifold map

p′ : M̃ → O such that p = q ◦ p′ and p′(∗′) = z.
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It is natural to call M̃ the universal covering orbifold of M , the map p is the
universal covering orbifold map and πOrb

1 (M) = {g ∈ Aut(G,X)(M) : p◦g = p} the
orbifold fundamental group of M . Also, if D : M̃ → X is a developing map and H
the holonomy morphism associated to D, then (D,H |πOrb

1 (M)) will be called the
developing pair associated to M .

Remark 8.4.10. Consider for instance a Fuchsian group Γ ⊂ PSL(2,R) of the
second kind. Then the quotient of the upper half-plane H+ = {� z > 0} by Γ
is a manifold with a hyperbolic structure. It is easy to see that in this case the
image of the corresponding developing map is all of H and the holonomy actually
coincides with Γ. More generally, one can show (see [41]) that given a subgroup
Γ ⊂ G acting discontinuously over a nonempty Γ-invariant domain Ω ⊂ X, there
is a developing pair (D,H) for M = Ω/Γ such that D(M̃) = Ω and H(π1(M)) = Γ.

Corollary 8.4.11. Let Γ, Ω, M, D and H be as in Remark 8.4.10 and q the natural
quotient map. Then we have the following exact sequence of groups:

0 �� π1(Ω)
i �� πOrb

1 (M)
H �� Γ �� 0

where i is the inclusion given by:

M̃

p

��

D

��

g �� M̃

D

��
p

��

Ω

q

��
M

8.4.2 Description of the compact (P2
C,PSL3(C))-orbifolds

From now on, the material in this chapter is an outline of the material in [41],
and we refer to that article for details. Using the fact that, by the aforemen-
tioned theorem of Thurston, every compact (Pn

C
,PSLn+1(C))-orbifold is a very

good orbifold, the classification of (P2
C
,PSL3(C))-manifolds given by Kobayashi,

Ochiai, Inoue and Klingler (Theorem 8.3.2) can be easily extended to compact
(P2

C
,PSL3(C))-orbifolds as follows. For this we set

Aut(C× C∗) = {g ∈ PSL(3,C) : g(C× C∗) = C× C∗};

and

Aut(C∗ × C∗) = {g ∈ PSL(3,C) : g(C∗ × C∗) = C∗ × C∗}

The following classification theorem strengthens Theorem 8.3.2.
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Theorem 8.4.12. Let M be a compact (P2
C
,PSL3(C))-orbifold. Then M is either

affine, complex hyperbolic, the quotient of P2
C
by a finite group of automorphisms,

or it has a (possibly ramified) finite covering which is a surface biholomorphic to
a torus. More precisely, one has the following eight possibilities, the last four of
them being affine.

(i) M̃ = P2
C
. In this case D = Id and H(πOrb

1 (M)) is finite. Hence M is of the
form P2

C
/Γ where Γ is a finite subgroup of PSL(3,C).

(ii) M̃ = H2
C
. In this case D = Id and H(πOrb

1 (M)) ⊂ PU(2, 1). Thence M =
H2

C
/H(πOrb

1 (M)) and M has a complex hyperbolic structure.

(iii) D(M̃) = C∗ × C∗. In this case H(πOrb
1 (M)) ⊂ Aut(C∗ × C∗)(C2) and M

has a finite covering (possibly ramified) which is a surface biholomorphic to
a complex torus. Moreover, if ΣM = ∅, then H(π1(M)) ⊂ Aff (C2).

(iv) D(M̃) = C×C∗. In this case H(πOrb
1 (M)) ⊂ Aut(C×C∗)(C2) has a subgroup

of finite index contained on A1 or A2 and M has a finite covering (possibly
ramified) which is a complex surface biholomorphic to a torus. Moreover, if
ΣM = ∅, then H(π1(M)) ⊂ Aff (C2).

(v) M̃ = C2 − {0}. In this case D = Id, H(πOrb
1 (M)) ⊂ Aff (C2) contains a

cyclic group of finite index, generated by a contraction, and M has a finite
covering (possibly ramified) which is a Hopf surface.

(vi) D(M̃) = C2. In this case H(πOrb
1 (M)) ⊂ Aff (C2) contains an unipotent

subgroup of finite index and M has a finite covering (possibly ramified) which
is a surface biholomorphic to a complex torus or a primary Kodaira surface.

(vii) M̃ = C×H = D(M̃). In this case M is an Inoue Surface and H(π1(M)) ⊂
Aff (C2) is a torsion free group contained on Sol40 or Sol41 or Sol′ 41 . Thus in
these case there there are not new quotients.

(viii) M̃ is biholomorphic to C × H. In this case D(M̃) = C∗ × Ω where Ω is
a hyperbolic domain contained in P1

C
and M has a finite covering (possibly

ramified) which is an elliptic affine surface.

Remark 8.4.13. We notice that in the cases i, ii, v and vii above, the corresponding
orbifold is uniformisable; this follows from Klingler’s work in the first three cases,
and by [98] and [231] in case vii. Conversely, Thurston proved that the orbifolds
in vi are not uniformisable, and this same statement is proved in [116] for the
orbifolds in case viii.

8.5 Discrete groups and divisible sets in dimension 2

In the previous sections we studied several types of discrete subgroups of PSL(3,C)
acting on P2

C
with a largest region of discontinuity Ω with compact quotient Ω/Γ.
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One may call these actions cocompact. We now introduce a larger class of group
actions that we call quasi-cocompact, and their study takes the rest of this chapter.

Definition 8.5.1. Let Γ be a discrete subgroup of PSL(3,C). The group Γ is quasi-
cocompact if there is an invariant, nonempty, open set Ω ⊂ P2

C
where Γ acts

properly discontinuously and the quotient Ω/Γ contains at least one connected
component which is compact.

Example 8.5.2. (i) Let Γ ⊂ PSL(2,C) be discrete. We say that Γ is quasi-
cocompact if its region of discontinuity Ω(Γ) contains an open invariant set
with compact quotient. Now suppose Γ is quasi-cocompact and Ω(Γ)/Γ has
at least one connected component which is compact. Then the suspension
of Γ with respect to G = {2n : n ∈ Z} is a quasi-cocompact group with a
connected component which is compact.

(ii) Let Γ ⊂ PSL(2,C) be a Kleinian group, then by Theorem 8.3.2 its full sus-
pension is not quasi-cocompact.

We now have the following result which extends Theorem 8.3.1 to orbifolds
and to groups acting on open invariant sets of P2

C
. Furthermore, this theorem says

that in dimension 2 there is not a simultaneous uniformisation theorem.

Theorem 8.5.3. Let Γ ⊂ PSL(3,C) be a quasi-cocompact group. Then Γ is elemen-
tary, complex hyperbolic or affine.

We recall (see Definition 3.3.9) that elementary means that its limit set in
the Kulkarni sense has finitely many connected components.

We refer to [41] for the proof of this theorem; here we only sketch the main
points in it. We remark that the proof of this theorem relies heavily on the work
developed in Chapter 5 about controllable groups and (possibly nondiscrete) sub-
groups of PSL(2,C).

Outline of the proof. Let p : Ω −→ Ω/Γ be the quotient map and let M ⊂ Ω/Γ be

a compact connected component. Then Ω̂ = p−1(M) has the form Γ(Ω0), where
Ω0 is a connected component of Ω. Set Γ0 = Isot(Ω0,Γ), then by Remark 8.4.10

there is a developing pair (D,H) such that D(M̃) = Ω0 and H(πOrb
1 (M)) = Γ0.

Moreover by Theorem 8.4.12 one of the following cases must occur:

Case 1. One has Ω0 = H2
C
. From Theorem 7.3.1 we deduce that Γ is complex

hyperbolic and H2
C
= Ω = ΩKul(Γ) is the largest open set where Γ acts discontin-

uously.

Case 2. The set Ω0 is C2 − {0}, C∗ × C∗, C∗ × C, or C2. In all these cases the
group Γ is obviously elementary.

Case 3. Let H+ be the upper half-plane in C. One has Ω0 =
⋃

z∈H+
←−→e1, z−{e1}. Let

�1, �2 ⊂ ∂Ω0 ⊂ P2
C
− ΩΓ be distinct complex lines and g ∈ Γ. Then {e1} = �1 ∩ �2

and g(�1), g(�2) ⊂ P2
C
−ΩΓ are different complex lines. Since g(�i)∩

⋃
z∈H+

←−→e1, z �= ∅
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we deduce {e1} ⊂ g(�i). Hence g(e1) = e1 and therefore we have a control group
as in Chapter 5, Π = Πp,� where p = e1 and � =←−→e2, e3.

Now let p1, p2, p3 ∈ R ⊂ � be distinct elements and K a fundamental region
for the action of Γ0 on Ω0. Since Ω/Γ is compact we deduce that pi, 1 ≤ i ≤ 3, is a
cluster point of Γ0K. Hence each pi, 1 ≤ i ≤ 3, is a cluster point of Π(Γ0)(π(K)).
Thus from Theorem 5.1.3 and Corollaries 5.4.5, 5.4.9 we deduce that Π(Γ0) is

nondiscrete and ΛCG(Π(Γ0)) = R̂.
Now, since Π(Γ(Ω)) is an open set which omits R̂ and contains H+ we

conclude that ΛCG(Π(Γ)) �= �. Finally, since ΛCG(Π(Γ0)) ⊂ ΛCG(Π(Γ)) with
ΛCG(Π(Γ0)) a circle in �, by Theorem 5.1.3 we conclude that ΛCG(Π(Γ)) =

R̂. Moreover from (vii) of Theorem 8.4.12 and Corollary 5.4.5 we deduce that
Π(Γ)∞ =∞, which ends this part, proving that the line ←−→e1, e2 is invariant. Hence
the group is affine.

Case 4. By hypothesis Ω0 is of the form Ω×C∗. So we can write Ω0 =
⋃

z∈Ω
←−→z, e1−

(Ω ∪ {e1}). Let g ∈ Γ. Since Ω is hyperbolic, in the sense of hyperbolic sets of
P1
C
, we can assume that there exist �1, �2 ⊂ ∂Ω0 ⊂ P2

C
− ΩΓ distinct complex

lines such that e1 ∈ �1 ∩ �2 and g(�1) �= ←−→e3, e2 �= g(�2). Let z1, z2 ∈ Ω, then
ξij = ←−→zi, e1 ∩ g(�j) ⊂ P2

C
− Ω. From this we get ξi,j ∈ {e1, zj}. Thus e1 ∈ g(�i)

(i = 1, 2) and therefore g(e1) = e1, so the group is weakly semi-controllable.
Moreover, we have shown that any line in P2

C
− ΩΓ which does not contain e1 is

equal to ←−→e3, e2. Now we can consider Π = Πp,�, where p = e1 and � =←−→e3, e2. Thus
we must consider the following cases:

(i) The group Π(Γ0) is nondiscrete. In this case, we must have←−→e3, e2 ⊂ P2
C
−Ω

and e1 /∈ g(←−→e3, e2) ⊂ P2
C
− ΩΓ for every g ∈ Γ. That is Γ(←−→e3, e2) =

←−→e3, e2. Hence in
this case we have an invariant line and therefore the group is affine.

(ii) The group Π(Γ0) is discrete. In this case by (i) of Theorem 5.8.2 and
Proposition 2.1.2 we deduce that Ker(Π) is infinite. By Proposition 2.1.2 there is
γ ∈ Ker(Π) with infinite order. Since γ(� ∪ {e1}) = � ∪ {e1} we conclude that

γ =

⎛⎝ a−2 0 0
0 a 0
0 0 a

⎞⎠ where |a| �= 1.

This implies e1 /∈ ←−→e3, e2 ⊂ L0(Γ) ⊂ P2
C
−ΩΓ and therefore Γ(←−→e3, e2) =

←−→e3, e2. Hence
we also have an invariant line in this case, so the group is affine. �

8.6 Elementary quasi-cocompact groups of PSL(3,C)

In this section we classify the elementary quasi-cocompact groups of PSL(3,C).
We also describe their maximal region of discontinuity, the corresponding divisible
sets in P2

C
, and the Kulkarni limit sets. First we state without proof the following

two technical lemmas.
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Lemma 8.6.1 ([41]). Let Γ ⊂ (PSL(3,C) be a group, � ⊂ P2
C
a complex line invari-

ant under Γ and p ∈ P2
C
\ � a fixed point by Γ. If there is a domain Ω0 ⊂ � such

that Γ acts discontinuously on Ω × C∗ with compact quotient, then Ker(Π |Γ0) is
infinite.

Lemma 8.6.2 ([221]). Let F be a free abelian group acting on C2 freely and dis-
continuously. If the rank of F is less than or equal to 3, then the quotient space of
C2/F cannot be compact.

Recall that in Section 8.3 we introduced the affine groups

A1 =

⎧⎨⎩
⎛⎝ 1 0 b

0 a 0
0 0 1

⎞⎠ : (a, b) ∈ C∗ × C

⎫⎬⎭ ;

A2 =

⎧⎨⎩
⎛⎝ a b 0

0 a 0
0 0 1

⎞⎠ : (a, b) ∈ C∗ × C;

⎫⎬⎭ .

We have

Theorem 8.6.3. Let Γ ⊂ PSL(3,C) be a quasi-cocompact elementary group. If
Ω/Γ is not a Hopf surface, then ΩKul(Γ) is the largest open set on which Γ acts
properly discontinuously, and up to projective equivalence we are in one of the
following three cases:

(i) ΩKul(Γ) = C2. Then Γ is affine and it is a finite extension of a unipotent
group. The quotient ΩKul(Γ)/Γ has a finite covering (possibly ramified) which
is a surface biholomorphic to a complex torus or a primary Kodaira surface.
The Kulkarni limit set is a line.

(ii) ΩKul(Γ) = C×C∗. Then the group Γ is a finite extension of a group isomor-
phic to Z3 = Z⊕Z⊕Z and it is contained in A1 or A2. Moreover, ΩKul(Γ)/Γ
has a finite covering (possibly ramified) which is a surface biholomorphic to
a complex torus. The Kulkarni limit set consists of two lines.

(iii) ΩKul(Γ) = C∗ × C∗. Then Γ is a finite extension of a group isomorphic to
Z2 and where each element is a diagonal matrix. Moreover, ΩKul(Γ)/Γ has
a finite covering (possibly ramified) which is a surface biholomorphic to a
complex torus. The Kulkarni limit set now consists of three lines.

Remark 8.6.4. If the quotient Ω/Γ is a Hopf surface, then the statement in Theo-
rem 8.6.3 is false whenever there is a finite index cyclic subgroup G of Γ generated
by a strongly loxodromic element. When this happens, we have two maximal
regions of discontinuity and none of them coincides with Kulkarni’s region of dis-
continuity, which equals the equicontinuity region.

Proof. Let us sketch the proof of this theorem. We refer to [41] for details. By the
proof of Theorem 8.5.3 we must consider the following cases:
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1) Ω = C∗ × C∗;

2) Ω0 = C× C∗;

3) Ω0 = C2.

These are the three cases envisaged in the statement of the theorem. Let us look
at each of these separately:

Case 1) One has Ω = C∗×C∗. In this case Γ and Ω have the following properties.

Property 1. The set Ω is the largest open set on which Γ acts properly discontin-
uously.

The idea for this is as follows. By Selberg’s lemma, we can assume (by sim-
plicity) that Γ acts freely, so the quotient is a compact manifold. We can assume
also that the complement of Ω consists of the three lines ←−→e1, e2,

←−→e3, e1 and ←−→e3, e2.
Now, for each of these lines, let Γ←−→ei,ej be the corresponding isotropy group, i.e.,
the set of elements in Γ that leave the line invariant.

Now we set: Γ1 = Γ←−→e1,e2 ∩ Γ←−→e3,e1 ∩ Γ←−→e3,e2 . Since C∗ × C∗ is Γ-invariant, we
deduce that Γ1 is a normal subgroup of Γ and Γ/Γ1 is a subgroup of S3, the group
of permutations in three elements. By Selberg’s lemma there is a normal torsion
free subgroup Γ0 ⊂ Γ1 with finite index. Thus Ω0/Γ0 is a compact manifold and
Γ0 ej = ej (1 ≤ j ≤ 3).

Now let Πi = Πei,
←−→ej ,ek where j, k ∈ {1, 2, 3}−{i} be the stabiliser of the point

and the line in question. Then by Theorem 5.8.2 we deduce that Ker(Πi) is either
finite or nondiscrete. In both cases we have ←−→e1, e2 ∪←−→e3, e1 ∪←−→e3, e2 ⊂ L0(Γ)∪L1(Γ).
Therefore ←−→e1, e2 ∪←−→e3, e1 ∪←−→e3, e2 is contained in the complement of every open set
Ω where Γ acts discontinuously. Thus Ω is the largest open set on which Γ acts
discontinuously.

Property 2. The group Γ contains a subgroup Γ0 with finite index, isomorphic to
Z2 := Z⊕ Z and every element in it is a diagonal matrix.

For this let Γ0 ⊂ Γ be a torsion free subgroup with finite index and such that
the lines ←−→e1, e2,

←−→e1, e3 and ←−→e3, e2 are Γ0-invariant. Let (D,H) be a developing pair
for Ω0/Γ0. By Remark 8.4.10 we can assume that �(D) = Ω0 and Γ0 = �(H). By
(iii) of Theorem 8.4.12 we can assume that M = Ω0/Γ0 is a complex torus. Since
π1(M) = Z4, H : π1(Ω0) −→ Γ0 is an epimorphism we conclude that Γ contains a
free abelian subgroup Γ̌ of finite index and rank k = 0, 1, 2, 3 or 4. From here we
deduce that H−1(Γ̌) is a free abelian group of rank 4, see [185]. Let (Ď, Ȟ) be the
developing pair for M̌ = Ω0/Γ̌ given by Remark 8.4.10. Then by Corollary 8.4.11
we have the following exact sequence of groups:

0 �� Z2 = π1(Ω0)
q̌∗ �� Z4 = π1(M̌)

Ȟ �� Zk = Γ̌ �� 0 (8.6.4)

where q̌∗ is the group morphism induced by the quotient map q̌ : Ω0 −→ M̌ . Since
(8.6.4) is a sequence of free abelian groups, we deduce that Z4 = Z2 ⊕ Zk (see
[187]) and therefore k = 2, which ends the proof.
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Case 2) If Ω0 = C × C∗, then, as in the previous case, we can show that there is
a subgroup Γ0 ⊂ Γ with finite index, isomorphic to Z3 and Γ0 ⊂ A1 or Γ0 ⊂ A2.
Let us consider the case Γ0 ⊂ A2, the other case being similar. Then ←−→e1, e2 and
←−→e1, e3 are Γ0-invariant.

Now define group morphisms Di : Γ0 −→ Bihol(←−→e1, ei), i = 2, 3, in the
obvious way: Di(γ) equals the restriction of γ to the corresponding line, which is
Γ0-invariant. That is: Di(γ) = γ |←−→e1,ei . For simplicity we assume that Ker(D2) and
Ker(D3) are trivial. Then D2(Γ0) and D3(Γ0) are isomorphic to Z3. On the other
hand we observe that:

D2(gij)
3
i,j=1(z) = z + g−1

22 g12,

D3(gij)
3
i,j=1(z) = g11z.

This implies that D2(Γ0) is an additive subgroup of C and D3(Γ0) is a multiplica-
tive subgroup of C∗. Thus D2(Γ0) and D3(Γ0) are nondiscrete groups, see [185].
Therefore ←−→e1, e2∪ ⊂ L0(Γ) ∪ L1(Γ), which concludes the proof of this case.

Case 3) Now consider the case Ω0 = C2. By Selberg’s lemma there is a normal
torsion free subgroup Γ1 ⊂ Γ with finite index. Since ←−→e1, e2 is Γ1-invariant, we
deduce that D : Γ −→ Bihol(←−→e1, e2) given by D(γ) = γ |←−→e1,e2 is a group morphism.

Observe that if Ker(D) is nontrivial or D(Γ) is nondiscrete, then we have
that ←−→e1, e2 ⊂ L0(Γ) ∪ l1(Γ). Therefore we can assume that Ker(D) is trivial and
D(Γ) is discrete. From this we have that D is an isomorphism and every element in
Γ1 is unipotent (see (vi) of Theorem 8.4.12). Thus we conclude that every element
in Γ1 − {Id} has a lift with the normal Jordan form⎛⎝ 1 1 0

0 1 1
0 0 1

⎞⎠ .

By Corollary 4.3.4 we deduce that D(Γ1) contains only parabolic elements. Since
D(Γ1) is discrete we conclude that D(Γ1) is isomorphic to Z or Z ⊕ Z, and since
D is an isomorphism, by Lemma 8.6.2 we conclude that Ω0/Γ1 is noncompact,
which is a contradiction. Therefore Ω0 is the largest open set on which Γ acts
discontinuously. �

8.7 Nonelementary affine groups

We now look at the nonelementary quasi-cocompact affine groups. Recall that a
subgroup G ⊂ PSL(2,C) is quasi-cocompact if its discontinuity region contains an
invariant open set with compact quotient.

Theorem 8.7.1. Let Γ ⊂ PSL(3,C) be quasi-cocompact, affine and nonelementary.
Then ΩKul(Γ) is the largest open set on which Γ acts properly discontinuously, and
up to projective equivalence, one of the following assertions applies:
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(i) ΩKul(Γ) = C × (H− ∪ H+) and ΓC×H is a torsion free group of Sol40 or
Sol41 or Sol′ 41 . In addition, ΩKul(Γ)/Γ is equal to M or M �M where M =
(C×H)/ΓC×H is an Inoue Surface and � denotes disjoint union.

(ii) ΩKul(Γ) = Ω × C∗ where Ω ⊂ P1
C

is the discontinuity region of a quasi-

cocompact group GΓ ⊂ Möb(Ĉ), Γ is a controllable group with quasi-cocom-
pact control group and infinite kernel. In addition, ΩKul(Γ)/Γ =

⊔
i∈I Ni

where I is at most countable, the Ni are orbifolds whose universal covering
orbifold is biholomorphic to H × C and every compact connected component
is a finite covering (possibly ramified) of an elliptic affine surface.

Proof. Take Ω0,Γ0 as in Theorem 8.5.3. Then we must consider the following two
cases: Ω0 = C×H and Ω0 = Ω× C∗.

Case 1. One has Ω0 = C×H. Take Π, π and � as in Theorem 8.5.3. Let [z; r; 1] ∈
∂Ω0 − {e1}, then r ∈ R and z ∈ C. Since Ω/Γ is compact we deduce that

there is a sequence (gn = [(φ
(n)
i,j )

3
i,j=1]2)n∈N ⊂ Γ0 of distinct elements and (kn =

[zn;wn; 1])n∈N ⊂ Ω0 such that zn n→∞ �� z0 ∈ C, wn n→∞ �� w0 ∈ H and gn(kn)

n→∞ �� [z; r; 1].

Since (Π(gn))n∈N ⊂ PSL(2,R) and Π(gn)(π(kn)) n→∞ �� r, we can assume

that the sequence Π(gn) converges uniformly on compact sets of π(Ω0), i.e., Π(gn)

n→∞ �� r. From this we deduce φ
(n)
22 n→∞ �� 0 and φ

(n)
23 n→∞ �� r. Now consider

the following three possible subcases:
1. Γ0 ⊂ Sol40. In this case by Proposition 9.1 of [231] there is M ∈ SL(3,Z)

with eigenvalues β, β, |β|−2, β �= β, a real eigenvector (a1, a2, a3) belonging to
|β|−2 and an eigenvector (b1, b2, b3) belonging to β such that Γ0 = 〈g0, g1, g2, g3〉,
where gi has a lift g̃i given by

g̃0 =

⎛⎝ β 0 0
0 |β|−2 0
0 0 1

⎞⎠ ; g̃i =

⎛⎝ 1 0 bi
0 1 ai
0 0 1

⎞⎠ (1 ≤ i ≤ 3).

Let i ∈ {1, 2, 3} be such that bi �= 0. Set hn,m = (g̃0
ng̃ig̃0

−n)m. Then

hk,m ◦ hl,n =

⎛⎝ 1 0 bi(nβ
l +mβk)

0 1 ai(n|β|−2l +m|β|−2k)
0 0 1

⎞⎠ , k, l ∈ N, n,m ∈ Z.

Since βn, βn+1 are linearly independent we have b−1
i (z− z0) = rnβ

n + snβ
n+1 for

some rn, sn ∈ R. Then bi([rn]β
n + [sn]β

n+1)
n→∞ �� z − w.

If W is an open neighbourhood of the point [z; r; 1], then there is ε ∈ R+

such that:

W0 = {[w1 : w2 : 1]
∣∣ |w1 − z| < ε and |w2 − r| < ε} ⊂W.
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Let n0 ∈ N be such that

|bi([rn0 ]β
n0 + [sn0 ]β

n0+1)− z + z0| < ε ,

where [x] denotes the integer part of x. Define

τn = [(τ
(n)
ij )]2)

3
i,j=1 = gn ◦ h−1

n0,[rn0 ]
◦ h−1

n0+1,[sn0 ]
,

and k̃n = hn0+1,[sn0
](hn0,[rn0

](kn)) = [z̃n; w̃n; 1]. Then

k̃n = [zn + bi([rn0 ]β
n0 + [sn0 ]β

n0+1);wn + ai([rn0 ]|β|−2n0 + [sn0 ]|β|−2(n0+1))].

Thus τnk̃n n→∞ �� [z; r; 1] and

z̃n n→∞ �� z0 + bi([rn0
]βn0 + [sn0

]βn0+1) ,

w̃n n→∞ �� w0 + ai([rn0 ]|β|−2n0 + [sn0 ]|β|−2(n0+1)).

As in the case of the sequence (gn)n∈N we can deduce that |τ (n)11 |−2
n→∞ �� 0 and

τ
(n)
23 n→∞ �� r. From here we deduce that

pn = [τ
(n)
13 (1− τn11)

−1; τ
(n)
23 (1− τn22)

−1; 1]} ∈ Fix(gn) ,

and
pn n→∞ �� [z0 + bi([rn0 ]β

n0 + [sn0 ]β
n0+1); r; 1] ∈W0 ∩ L0(Γ) ,

which completes the proof in this case.

2. Γ0 ⊂ Sol41. In this case φ
(n)
11 = ±1 and

gn(kn) = [±zn + φ
(n)
12 wn + φ

(n)
13 ;φ

(n)
22 wn + φ

(n)
23 ; 1].

Thus φ
(n)
12 wn+φ

(n)
13 n→∞ �� z∓ z0. Now we claim that (φ

(n)
12 )n∈N and (φ

(n)
13 )n∈N are

bounded. Otherwise we have the following possibilities:

Possibility 1. (φ
(n)
12 )n∈N and (φ

(n)
13 )n∈N are unbounded. In this case we may

assume that φ
(n)
12 , φ

(n)
13 n→∞ �� ∞. Then (φ

(n)
12 (φ

(n)
13 )−1)n∈N or ((φ

(n)
12 )−1(φ

(n)
13 )n∈N)

are bounded. Assume without loss of generality that φ
(n)
12 (φ

(n)
13 )−1

n→∞ �� c ∈ C.
Now, if cwo + 1 �= 0 we can deduce that

gnkn = [
±zn + φ

(n)
12 wn

φ
(n)
13

+ 1;
φ
(n)
22 wn + φ

(n)
23

φ
(n)
13

;
1

φ
(n)
13

]
n→∞ �� [cw0 + 1; 0; 0].

Since this is not the case, we conclude that c �= 0 and φ
(n)
13 (φ

(n)
12 )−1

n→∞ �� − w0.

Thus �(φ(n)
13 (φ

(n)
12 )−1) < 0 for n large, which is a contradiction since, for all n ∈ N,

�(φ(n)
13 (φ

(n)
12 )−1) = 0.
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Possibility 2. (φ
(n)
12 )n∈N is bounded and (φ

(n)
13 )n∈N is unbounded. We may

assume that φ
(n)
12 n→∞ �� φ12 ∈ C and φ

(n)
13 n→∞ �� ∞. Then

gnkn = [
zn + φ

(n)
12 wn

φ
(n)
13

+ 1;
φ
(n)
22 wn + φ

(n)
23

φ
(n)
13

;
1

φ
(n)
13

]
n→∞ �� [1; 0; 0].

This is not possible. Hence we can deduce φ
(n)
12 n→∞ �� φ12 ∈ C and φ

(n)
13 n→∞ ��

φ13 ∈ C. This implies that

gn[∓z − φ13 − iφ12; i; 1]

= [z + i(φ
(n)
12 − φ12) + φ

(n)
13 − φ13;φ

(n)
22 i+ φ

(n)
33 ; 1]

n→∞ �� [z; r; 1].

That is [z; r; 1] ∈ L0(Γ).

3. Assume now Γ0 ⊂ Sol′ 41 . By Proposition 9.1 of [231] we know there is a
nontrivial γ ∈ Ker(Π |Γ0). Now one has, see [41], that γ has a lift γ̃ given by

γ̃ =

⎛⎝ 1 0 γ13
0 1 0
0 0 1

⎞⎠ .

Let (γn)n∈N ⊂ Γ0, where each element has a given lift (γ
(n)
ij )3i,j=1, be a sequence

such that (Π(γn))n∈N is a sequence of distinct elements and Π(γn) n→∞ �� Id. From

here γ
(n)
22 n→∞ �� 1, γ(n)

23 n→∞ �� 0 and �(γ(n)
13 )

n→∞ �� 0. Thus we can assume that

there is (ln)Z ∈ Z such that γ
(n)
13 + lnγ13 n→∞ �� c ∈ C. Then one can check that

γln ◦ γn[z; 0; 1] = [z + γ
(n)
13 + lnγ13; γ

(n)
23 ; 1]

n→∞ �� [z + c; 0; 1].

Thus ←−→e1, e2 ⊂ L0(Γ). To conclude observe thatgn(
←−→e1, e2) n→∞ �� ←−−−−−→e1, [0; r; 1].

Case 2. One has Ω0 = Ω × C∗. Take Π, π and l as in the proof of the case
Ω0 = Ω× C∗ of Theorem 8.5.3. Then Π(Γ) has the following properties:

Property 1. The group Π(Γ) is discrete.

Otherwise we have that there is a sequence (γn = [(γ
(n)
i,j )

3
i,j=1)]2)n∈N ⊂ Γ such

that (Π(gn))n∈N is a sequence of distinct elements that verify Π(gn) n→∞ �� Id.

This implies that√
γ
(n)
33 γ

(n)
11 ,

√
γ
(n)
33 γ

(n)
22 n→∞ �� 1 and

√
γ
(n)
33 γ

(n)
12 ,

√
γ
(n)
33 γ

(n)
21 n→∞ �� 0 .
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Now by Lemma 8.6.1 there is an element γ = [(γij)
3
i,j=1]2 ∈ Ker(Γ) with infinite

order. Thus we can assume there is (ln)n∈N ⊂ Z such that γ2ln
11 γ

(n)
33 n→∞ �� h2 ∈ C∗.

Hence

((γij)
3
i,j=1)

−ln(γ
(
ijn))

3
i,j=1)

⎛⎜⎝ γ−ln
11 γ

(n)
11 γ−ln

11 γ
(n)
12 0

γ−ln
11 γ

(n)
21 γ−ln

11 γ
(n)
22 0

0 0 γ2ln
11 γ

(n)
33

⎞⎟⎠
n→∞ ��

⎛⎝ h−1 0 0
0 h−1 0
0 0 h2

⎞⎠ .

This is a contradiction since Γ is discrete.

Property 2. The group Π(Γ0) acts discontinuously on π(Ω0).

This follows because ∂(π(Ω0)) is closed and Π(Γ0)-invariant, so we have
Λ(Π(Γ0)) ⊂ ∂π(Ω0).

Property 3. The quotient π(Ω0)/Π(Γ0) is a compact orbifold.

Let R ⊂ Ω0 be a fundamental domain for the action of Γ0 on Ω0. Then
π(R) = π(R) ⊂ π(Ω0) is compact and the assertion follows.

Property 4. The set
⋃

w∈Ω(Π(Γ))
←−→w, e3− ({e3}∪←−→e1, e2) is the largest open set where

Γ acts discontinuously.

Without loss of generality we can assume that the points [1; 1; 0], [1; 0; 0]

and [0; 1; 0] are in Λ(Π(Γ0)). We will show that l =
←−−−−−→
[1; 1; 0], e3 ⊂ P2

C
− Ω. Let

[1; 1; z] ∈ l; since Ker(Π) is infinite we can assume that z �= 0. Let (gn)n∈N ⊂ Γ0,

where each element has the lift (a
(n)
ij )3i,j=1, be such that (Π(gn))n∈N is a sequence of

distinct elements with Π(gn) n→∞ �� [1; 1; 0] uniformly on compact sets of π(Ω0).

Set [z0; 1; 1] ∈ π(Ω0). Then we can assume that there is ln ∈ Z such that

a
(n)
33 γ3ln

11

a
(n)
21 z0 + a

(n)
22

n→∞ �� c ∈ C∗.

Finally, let γ ∈ Ker(Γ) = [(γij)
3
i,j=1]2. Then we have the convergence

γ−l(n)γn[z0; 1; zc
−1] = [πgn(z0); 1;

a
(n)
33 γ

3l(n)
11 c−1z

a
(n)
21 z0 + a

(n)
22

]
n→∞ �� [1; 1; z],

and Proposition 3.3.3 completes the proof. �
Remark 8.7.2. Observe that from the above proof we deduce that for the fun-
damental groups π1(M) of Inoue surfaces that satisfy π1(M) ⊂ Sol40, we have
Eq (π1(M)) = ∅.
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8.8 Concluding remarks

We now summarise the information we have about quasi-cocompact subgroups of
PSL(3,C), and we discuss some lines of further research.

8.8.1 Summary of results for quasi-cocompact groups

Theorem 8.4.12 says that there are four types of compact orbifolds of complex
dimension 2 having a (P2

C
,PSL(3,C)-structure. These are either:

• quotients of P2
C
by a finite group;

• complex hyperbolic;

• elementary (i.e. the holonomy leaves invariant finitely many lines);

• affine.

Then we looked (in Section 8.5) at quasi-cocompact actions on P2
C
. In this setting

we have a group Γ ⊂ PSL(3,C) acting on P2
C

so that there is an open invari-
ant set Ω where the action is discontinuous and the quotient Ω/Γ is a compact
(P2

C
,PSL(3,C))-orbifold. Theorem 8.5.3 says all such actions are either complex

hyperbolic, affine or elementary.

We then studied the elementary case in Section 8.6. We proved that there
are essentially four possible cases, corresponding to the nature of the limit set,
which can be:

• a line;

• two lines;

• three lines,

• a line and a point;

and we gave examples of each type. In several of these cases the corresponding
group is actually affine or complex hyperbolic, but there are examples which are
of none of these types, as for instance the kissing-Schottky groups in Chapter 9.

We then looked (in Section 8.7) at the nonelementary affine case; we saw that
the Kulkarni discontinuity set ΩKul(Γ) is the largest open set on which Γ acts dis-
continuously. There are essentially two different possibilities for quasi-cocompact
groups:

• either the orbit space is an Inoue surface (or a union of two such surfaces);
or

• the group Γ is controllable and every compact connected component of
ΩKul(Γ)/Γ is a finite covering of an elliptic affine surface.
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If Γ is quasi-cocompact and there is an open invariant set Ω such that Ω/Γ
contains a connected component which is compact and complex hyperbolic, then
by Theorem 7.3.1 we have that, up to conjugation, H2

C
is the maximal region of

discontinuity of Γ, and the Chen-Greenberg limit set ΛCG(Γ) is the whole sphere
at infinity, S3∞. This is the setting we envisaged in Chapter 7. The Kulkarni limit
set ΛKul(Γ) is now the union of all complex projective lines in P2

C
which are tangent

to S3∞ at points in ΛCG(Γ). Moreover, the orbit of each of these lines is dense in
ΛKul(Γ), and its complement ΩKul(Γ) = P2

C
\ΛKul(Γ) coincides with the region of

equicontinuity and it is the maximal open set where the action is discontinuous
(Theorem 7.7.1).

It is worth noting that if Γ ⊂ PU(2, 1) is such that its limit set ΛCG(Γ)
is not all of S3∞, then something interesting happens, noticed in [162]: there is
a connected component Ω of ΩKul(Γ) which contains H2

C
, and it is a Γ-invariant

complete Kobayashi-hyperbolic metric space.

8.8.2 Comments and open questions

If we now drop the condition of “quasi-cocompactness” we know for instance that
there are kissing-Schottky groups in PSL(3,C) which are neither elementary, nor
affine nor hyperbolic: This type of groups will be studied in Chapter 9. Can we
describe all types of discrete subgroups of PSL(3,C) in some comprehensible way?
In other words:

Problem 1. Study the “zoo” of Kleinian groups in dimension 2.

Of course this includes, among other things, understanding the discrete sub-
groups of PU(2, 1) and this is already a rich enough problem in itself, with lots of
interesting ongoing research and questions. For instance, much of the interesting
results concerning complex hyperbolic Kleinian groups on H2

C
start by looking at a

discrete subgroup Γ of PSL(2,R), which is a 3-dimensional Lie group, isomorphic
to PU(1, 1). Then one observes that this group embeds as a subgroup of PU(2, 1),
the group of hyperbolic motions of complex hyperbolic 2-space H2

C
. Since PU(2, 1)

has real dimension 8, we have a lot of “freedom” to deform Γ in PU(2, 1), and
one gets very interesting phenomena. Now we observe that PU(2, 1) is naturally
a subgroup of PSL(3,C), which has complex dimension 15, and we may as well
deform Γ in PSL(3,C) where we have lots more space!. This brings us to the next
problem:

Problem 2. Study deformations in PSL(3,C) of discrete subgroups of PSL(2,R).

Of course this line of research is in some sense analogous to that followed by
M. Burger and A. Lozzi, studying representations of surface groups in PU(n, k).

It would also be interesting to compare the deformations of the group in
PSL(3,C) with the corresponding deformations of the manifold obtained as quo-
tient of its Kulkarni region of discontinuity by the group action. For instance, in
the following chapter we study a type of Schottky groups in PSL(2n+ 1,C) that
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produce compact manifolds as quotient. They have a rich deformation theory and
their infinitesimal deformations can be regarded as deformations of the embedding
of the group in PSL(2n+1,C). Yet, this type of groups do not appear in dimension
2, as we see in Chapter 9.



Chapter 9

Complex Schottky Groups

Classical Schottky groups in PSL(2,C) play a key role in both complex geometry
and holomorphic dynamics. On one hand, Köbe’s retrosection theorem says that
every compact Riemann surface can be obtained as the quotient of an open set in
the Riemann sphere S2 which is invariant under the action of a Schottky group.
On the other hand, the limit sets of Schottky groups have rich and fascinating
geometry and dynamics, which has inspired much of the current knowledge we
have about fractal sets and 1-dimensional holomorphic dynamics.

In this chapter we study generalisations to higher dimensions of the classical
Schottky groups.

Firstly we study a construction of Schottky groups from [203], which is similar
to a previous construction in [164] aimed at giving a method for constructing
compact complex manifolds with a rich geometry. In dimension 3 the manifolds
one gets are reminiscent of the Pretzel Twistor Spaces of [176]. We then give a
general abstract definition, from [38], of complex Schottky groups, which captures
the essence of this type of groups and generalises a characterisation given by
Maskitt for Schottky subgroups of PSL(2,C).

In Section 9.3 we focus on the Schottky groups from [203]. We study the limit
sets of these actions on P2n+1

C
, which turn out to be solenoids of the form C × Pn

C
,

where C is a Cantor set. We also look at the compact complex manifolds obtained
as the quotient of the region of discontinuity, divided by the action. We determine
their topology and the dimension of the space of their infinitesimal deformations.
This shows that for n > 2, every such deformation arises from a deformation of the
embedding of the group in question in PSL(2n+2,C): reminiscent of the classical
Teichmüller theory.

The Schottky groups of [164] and [203] are all groups of automorphims of
odd-dimensional complex projective spaces, and their construction extends easily
to real projective spaces of odd dimension (see for instance [92]). In Section 9.4
we follow [38] and prove, using the results of Section 9.2, that Schottky groups
do not exist in even dimensions (neither over the complex nor the real numbers).

DOI 10.1007/978-3-0348-0481-3_9, © Springer Basel 2013
A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 195



196 Chapter 9. Complex Schottky Groups

The proof requires having a certain understanding of the dynamics of projective
transformations in general, so we begin Section 9.4 by doing so.

Finally, in Section 9.5 we show that if we relax slightly the conditions im-
posed for defining Schottky groups, we get kissing-Schottky groups that exist in all
dimensions. The examples of kissing-Schottky groups that we give in this section
are also interesting because they are not elementary (see the text for the defini-
tion), nor affine, nor complex hyperbolic, a fact which shows that the hypothesis in
Chapter 8 of the group being quasi-cocompact is necessary to get the conclusions
of that chapter.

9.1 Examples of Schottky groups

Recall that classical Schottky groups are obtained by considering pairs of pairwise
disjoint closed n-discs D1, . . . , D2r in Sn, and for each pair of discs D2i−1, D2i

one has a Möbius transformation Ti of Sn such that Ti(D2i−1) = Sn −D2i. The
Schottky group is defined to be the group of conformal maps generated by these
transformations. The main purpose of this chapter is to study generalisations of
Schottky groups to higher-dimensional complex projective spaces, and we begin
with some examples:

9.1.1 The Seade-Verjovsky complex Schottky groups

Consider the subspaces of C2n+2 = Cn+1×Cn+1 defined by L0 := {(a, 0) ∈ C2n+2}
and M0 := {(0, b) ∈ C2n+2}. Let S be the involution of C2n+2 defined by S(a, b) =
(b, a), which clearly interchanges L0 and M0.

Lemma 9.1.1. Let Φ: C2n+2 → R be given by Φ(a, b) = |a|2 − |b|2 . Then:
(i) The set ES := Φ−1(0) is a real algebraic hypersurface in C2n+2 with an

isolated singularity at the origin 0. It is embedded in C2n+2 as a (real) cone
over S2n+1 × S2n+1, with vertex at 0 ∈ C2n+2.

(ii) This set ES is invariant under multiplication by λ ∈ C, so it is in fact a
complex cone that separates C2n+2 \ {(0, 0)} in two diffeomorphic connected
components U and V , which contain respectively L0\{(0, 0)} and M0\{(0, 0)}.
These two components are interchanged by the involution S, for which ES is
an invariant set.

(iii) Every linear subspace K of C2n+2 of dimension n + 2 containing L0 meets
transversally ES and M0. Therefore a tubular neighbourhood V of M0 \
{(0, 0)} in P2n+1

C
is obtained, whose normal disc fibres are of the form K∩V ,

with K as above.

Proof. The first part of statement (i) is clear because Φ is a quadratic form with
0 ∈ C2n+2 as unique critical point. That ES ∩ S4n+3 = S2n+1 × S2n+1 ⊂ C2n+2 is
because this intersection consists of all pairs (x, y) so that |x| = |y| = 1√

2
. That S
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leaves ES invariant is obvious, and so is that S interchanges the two components
of C2n+2 \ {(0, 0)} determined by ES , which must be diffeomorphic because S is
an automorphism.

Now let K be a subspace as in (iii), then K meets transversally ES because
through every point in ES there exists an affine line in K which is transverse to
ES . �

Since ES is a complex cone, we have that [ES \ {0}]2n+1 is a codimension 1
real submanifold of P2n+1

C
, that we denote simply by ES .

Corollary 9.1.2. (i) ES is an invariant set of [S]2n+1.

(ii) ES is an S2n+1-bundle over Pn
C
; in fact ES is the sphere bundle associated

to the holomorphic bundle (n + 1)OPn
C
, which is the normal bundle of Pn

C
in

P2n+1
C

.

(iii) ES separates P2n+1
C

in two connected components which are interchanged
by [S]2n+1 and each one is diffeomorphic to a tubular neighbourhood of the
canonical Pn

C
in P2n+1

C
.

Definition 9.1.3. We call ES the canonical mirror and [S]2n+1 the canonical invo-
lution.

It is an exercise to show that Lemma 9.1.1 holds in the following more general
setting. Of course one has the equivalent of Corollary 9.1.2 too.

Lemma 9.1.4. Let λ be a positive real number and consider the involution

Sλ : Cn+1 × Cn+1 → Cn+1 × Cn+1 ,

given by Sλ(a, b) = (λb, λ−1a). Then Sλ also interchanges L0 and M0, and the set

Eλ = {(a, b) : |a|2 = λ2|b|2}

satisfies, with respect to Sλ, the analogous properties (i)–(iii) of Lemma 9.1.1
above.

We notice that as λ tends to∞, the manifold Eλ gets thinner and approaches
the L0-axes.

Consider now two arbitrary disjoint projective subspaces L and M of dimen-
sion n in P2n+1

C
. As before, we denote by [ ]2n+1 the natural projection C2n+2 →

P2n+1
C

. It is clear that C2n+2 splits as a direct sum C2n+2 = [L]−1
2n+1 ⊕ [M ]−1

2n+1

and there is a linear automorphism H of C2n+2 taking [L]−1
2n+1 to L0 and [L]−1

2n+1

to M0. For every λ ∈ R+ the automorphism [H−1 ◦ Sλ ◦H]2n+1 is an involution
of P2n+1

C
that interchanges L and M . Conversely one has:

Lemma 9.1.5. Let T be a linear projective involution of P2n+1
C

, with a lifting T̃ that
interchanges L and M . Then T is conjugate in PSL(2n+ 2,C) to the canonical
involution S.
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Proof. Let {l1, . . . , ln+1} be a basis of [L]−1
2n+1. Then

{l1, . . . , ln+1, T̃ (l1), . . . , T̃ (ln+1)}

is a basis of C2n+2. The linear transformation that sends the canonical basis of
C2n+2 = Cn+1 ⊕ Cn+1 to this basis induces a projective transformation which
realises the required conjugation. �

Definition 9.1.6. A mirror in P2n+1
C

means the image of the canonical mirror ES

under an element of PSL(2n+ 2,C).

Observe that a mirror is the boundary of a tubular neighbourhood of a Pn
C

in P2n+1
C

, so it is an S2n+1-bundle over Pn
C
. For n = 0 mirrors are just circles in

P1
C
∼= S2; one has that for n = 1 (and only in these dimensions) this bundle is

trivial, so in P3
C
mirrors are copies of S3 × S2.

One has:

Lemma 9.1.7. Let L and M be as above. Given an arbitrary constant λ, 0 < λ < 1,
we can find an involution T interchanging L and M , with a mirror E such that
if U∗ is the open component of P2n+1

C
\ E which contains M and x ∈ U∗, then

d(T (x), L) < λd(x,M), where the distance d is induced by the Fubini-Study metric.

Proof. The involution Tλ := H−1 ◦ Sλ ◦H, with H and Sλ as above, satisfies the
lemma. �

We notice that the parameter λ in Lemma 9.1.7 gives control upon the degree
of expansion and contraction of the generators of the group, so one can estimate
bounds on the Hausdorff dimension of the limit set (see Subsection 9.3.2 below).

The previous discussion can be summarised in the following theorem:

Theorem 9.1.8. Let L1, . . . , Lr be disjoint projective subspaces of dimension n;
r > 1, then:

(i) There exist involutions T1, . . . , Tr of P2n+1
C

with mirrors ETj such that if
Nj denotes the connected component of P2n+1 \ ETj that contains Lj, then
{Nj ∪ ETj} is a closed family of pairwise disjoint sets.

(ii) Γ = 〈T1, . . . , Tr〉 is a discrete group with a nonempty region of discontinuity.

(iii) Given a constant C > 0, we can choose the T ′
js so that if T := Tj1 · · ·Tjk is a

reduced word of length k > 0 (i.e., j1 �= j2 �= · · · �= jk−1 �= jk), then T (Ni) is
a tubular neighbourhood of the projective subspace T (Li) which becomes very
thin as k increases: d(x, T (Li)) < Cλk for all x ∈ T (Ni).

A group as in Theorem 9.1.8 was called Complex Schottky in [203].
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9.1.2 Nori’s construction of complex Schottky groups

In [164] there is the following construction of higher-dimensional analogues of the
classical Schottky groups: let n = 2k + 1, k > 1 and g ≥ 1. Choose 2g mutually
disjoint projective subspaces L1, . . . , L2g of dimension k in Pn

C
and 0 < α < 1

2 . For
every integer 1 ≤ j ≤ g choose a basis of Cn+1 so that Lj = [{z0, . . . , zk = 0}\{0}]n
and Lg+j = [{zk+1, . . . , zn = 0} \ {0}]n. Define φj : Pn

C
→ R by the formula

φj [z0, . . . , zn] =
|z0|2 + . . .+ |zk|2
|z0|2 + . . .+ |zn|2

,

and consider the open neighbourhoods

Vj = {x ∈ Pn
C : φj(x) < α}, Vg+j = {x ∈ Pn

C : φj(x) > α} ,

of Lj and Lg+j respectively. Consider the projective transformation γj ∈ PSL(n+
1,C) given by

γj [z0, . . . , zn] = [λz0, . . . , λzk, zk+1, . . . , zn] ,

where λ ∈ C and |λ| = 1
α − 1. Then γj(Vj) = Pn

C
\ Vg+j . Moreover, for all α small

the group Γ generated by γ1, . . . , γg is a Schottky group.

9.2 Schottky groups: definition and basic facts

The previous section leads naturally to the following abstract definition of Schottky
groups given in [38]:

Definition 9.2.1. A subgroup Γ ⊂ PSL(n+ 1,C) is called a Schottky group if:

(i) There are 2g , g ≥ 2, open sets R1, . . . , Rg, S1, . . . , Sg in Pn
C
with the property

that:

(a) each of these open sets is the interior of its closure; and

(b) the closures of the 2g open sets are pairwise disjoint.

(ii) Γ has a generating set Gen(Γ) = {γ1, . . . , γg} such that for all 1 ≤ j ≤ g one
has that

γ(Rj) = Pn
C \ Sj ,

where the bar means topological closure.

From now on Int(A) will denote the topological interior and ∂(A) the topo-
logical boundary of the set A, and for each 1 ≤ j ≤ g, Rj and Sj will be denoted
by R∗

γj
and S∗

γj
respectively, to emphasise their relation with the corresponding

generator of the Schottky group.

Remark 9.2.2. (i) By the characterisation of Schottky groups acting on the Rie-
mann sphere given in [143] (see Chapter 1), one has that a subgroup of
PSL(2,C) is a Schottky group in the sense of Definition 9.2.1 (see [143], [144]
and [139]) if and only if it is Schottky in the sense of Definition 9.2.1.
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(ii) Let Γ be a complex Schottky group generated by T1, . . . , Tg and let Γ̃ be the
index 2 subgroup consisting of elements of Γ which can be written as reduced
words of even length in the generators (recall that w = zεnn · · · zε22 zε11 ∈ Γ is a
reduced word of length n if z� ∈ {T1, . . . Tg}; ε� ∈ {−1,+1} and if zj = zj+1,

then εj = εj+1). For g > 2 one has that Γ̃ is also a Schottky group.

Definition 9.2.3. For a Schottky subgroup Γ ⊂ PSL(n,C), as in Definition 9.2.1,
we define:

(i) A fundamental domain F (Γ) = Pn
C
\ (

⋃
γ∈Gen(Γ) R

∗
γ ∪ S∗

γ).

(ii) The region of discontinuity ΩS(Γ) =
⋃

γ∈Γ γ(F (Γ)).

(iii) The limit set Λ := Pn
C
\ ΩS(Γ).

In Proposition 9.2.8 we prove that the set F (Γ) indeed is a fundamental
region for the action of Γ on ΩS(Γ).

The subscript S in these definitions stands for the fact that they are made
ad-hoc for Schottky groups. An open question is to decide whether they coincide
in general with the corresponding Kulkarni limit set and discontinuity region.

Remark 9.2.4. When n = 1 the set ΩS(Γ) is the discontinuity domain of Γ as
defined in Chapter 1. Its complement Λ(Γ) = P1

C
\ ΩS(Γ) is the usual limit set,

which is now a Cantor set.

Definition 9.2.5. Let Γ ⊂ PSL(n,C) be a subgroup. For an infinite subset H ⊂ Γ
and a nonempty, Γ-invariant open set ΩS ⊂ Pn

C
, we define Ac(H,ΩS) to be the

closure of the set of cluster points of HK, where K runs over all the compact
subsets of ΩS . Recall that p is a cluster point ofHK if there is a sequence (gn)n∈N ⊂
H of different elements and (xn)n∈N ⊂ K such that gn(xn) n→∞ �� p.

Lemma 9.2.6. Let Γ ⊂ PSL(n,C) be a subgroup satisfying Definition 9.2.1. Then:

(i) For each reduced word w = zεnn · · · zε22 zε11 ∈ Γ one has:

(a) If εn = 1, then w(Int(F (Γ))) ⊂ S∗
zn .

(b) If εn = −1, then w(Int(F (Γ)) ⊂ R∗
zn .

(ii) Let γ ∈ Gen(Γ). Then

R(γ) =
⋂

k∈N∪{0}
γ−k(R∗

γ) and S(γ) =
⋂

k∈N∪{0}
γk(S∗

γ)

are closed disjoint sets contained in Pn
C
\ ΩS(Γ).

(iii) Let Γk = {γ ∈ Γ : γ is a reduced word of length at most k} and Fk(Γ) =
Γk(F (Γ)). Then F (Γ) ⊂ F1(Γ) ⊂ · · · ⊂ Fk(Γ) ⊂ · · · and

ΩS(Γ) =
⋃

k∈N∪{0}
Int(Fk(Γ)).
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(iv) For each γ ∈ Gen(Γ) one has that ∅ �= Ac({γn}n∈N,ΩS(Γ)) ⊂ S(γ) and
∅ �= Ac({γ−n}n∈N,ΩS(Γ)) ⊂ R(γ).

Proof. For (i) we proceed by induction on the length of the reduced words. Clearly
the case k = 1 follows from the definition of Schottky group. Now assume we have
proven the statement for j = k. Let w = z

εk+1

k+1 · · · z
ε1
1 be a reduced word and x ∈

Int(F (Γ)). By the induction hypothesis we deduce that z
−εk+1

k+1 w(x) ∈ Pn
C
\ R∗

zk+1

if εk+1 = 1 and z
−εk+1

k+1 w(x) ∈ Pn
C
− S∗

zk+1
if εk+1 = −1. Now the proof follows by

the definition of Schottky group.

Let us prove (ii). Let γ ∈ Gen(Γ). Since γm(S∗
γ) ⊂ γm−1(S∗

γ), we deduce that⋂
m∈N

γm(S
∗
γ) ⊂

⋂
m∈N

γm−1(S∗
γ) = S(γ).

To finish observe that

S(γ) =
⋂
m∈N

γm−1(S∗
γ) ⊂

⋂
m∈N

γm−1(S
∗
γ) ⊂

⋂
m∈N

γm(S
∗
γ).

For (iii) we will prove that that F (Γ) ⊂ Int(F1(Γ)). Let x ∈ ∂(F (Γ)), then
there is γ0 ∈ Gen(Γ) such that x ∈ ∂S∗

γ0
∪∂R∗

γ0
. For simplicity we assume x ∈ ∂S∗

γ0
.

Define:

r1 = min{d(x, γ0(S∗
γ)) : γ ∈ Gen(Γ)};

r2 = min{d(x,R∗
γ) : γ ∈ Gen(Γ)};

r3 = min{d(x, γ0(R∗
γ)) : γ ∈ Gen(Γ)− {γ0}};

r4 = min{d(x, S∗
γ) : γ ∈ Gen(Γ)− {γ0}};

r = min{r1, r2, r3, r4}

where d denotes the Fubini-Study metric. Clearly r > 0. Now let y ∈ Br/4(x)∩S∗
γ0
,

then by the definition of r we have that y ∈ F (Γ)∪γ(F (Γ)). If y ∈ Br/2(x)∩Pn
C
\S∗

γ0
,

then by definition of r we deduce y ∈ F (Γ). In other words, we have shown that
F (Γ) ⊂ Int(F1(Γ)). Therefore Fk(Γ) ⊂ Γk(Int(F1)) ⊂ Γk(F1(Γ)) ⊂ Fk+1(Γ), i.e.,
Fk(Γ) ⊂ Int(Fk+1(Γ)). To finish the proof observe that

ΩS(Γ) =
⋃

k∈N∪{0}
Fk(Γ) ⊂

⋃
k∈N∪{0}

Int(Fk+1(Γ)) ⊂
⋃

k∈N∪{0}
Int(Fk(Γ)) .

We now prove (iv). Let K ⊂ ΩS(Γ) be a compact set and x a cluster point
of {γm(K)}m∈N. Then there is a subsequence (nm)m∈N ⊂ (m)m∈N and a sequence
(xm)m∈N ⊂ K such that γnm(xm)

m→∞ �� x. If x /∈ S(γ), then there is k0 ∈ N such

that x /∈ γk0(S∗
γ). Taking r = d(x, γk0(S∗

γ)) we have that

Br/2(x) ∩ γk0(S∗
γ) = ∅. (9.2.7)
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On the other hand, observe that since K is compact, by part (iii) of the present
lemma there is l0 ∈ N such that K ⊂ Fl0(Γ); also observe that since (nm)m∈N is a
strictly increasing sequence, there is k1 ∈ N such that nm > l0+1+k0 for m > k1.
It follows that we have γl0+1(K) ⊂ S∗

γ and therefore

γnm(xm) ∈ γnm−l0−1(S∗
γ) ⊂ γk0(S∗

γ) for m > k1.

Hence x ∈ γk0(S∗
γ), which contradicts (9.2.7). Thus ∅ �= Ac({γn}n∈N,ΩS(Γ)) ⊂

S(γ). Observe that similar arguments prove also ∅ �= Ac({γ−n}n∈N,ΩS(Γ)) ⊂
R(γ). �

Proposition 9.2.8. If Γ is a Schottky group, then:

(i) Γ is a free group generated by Gen(Γ).

(ii) ΩS(Γ)/Γ is a compact complex n-manifold and Int(F (Γ)) is a fundamental
domain for the action of Γ.

Proof. (i) Assume there is a reduced word h with length > 0 such that h = Id.
Now let x ∈ Int(F (Γ)). Then by part (i) of Lemma 9.2.6 we have x = h(x) ∈⋃

γ∈Gen(Γ)(R
∗
γ ∪ S∗

γ), which contradicts the choice of x. Therefore Γ is free.

(ii) Let K ⊂ ΩS(Γ) be a compact set, then there is a k ∈ N such that
K ⊂ Fk(Γ). Assume there is a word w with length ≥ 2k+2 such that w(Fk(Γ))∩
Fk(Γ) �= ∅. Then there are x1, x2 ∈ F (Γ) and a word w2 of length at most k such
that x1 = w−1

1 w−1w2x2. On the other hand w−1
1 w−1w2 is a word with length

≥ 2. By (i) of Lemma 9.2.6, x1 = w−1
1 w−1(w2(x2)) ∈

⋃
g∈Gen(Γ) S

∗
j ∪R∗

j , but this
contradicts the choice of x1. Therefore Γ acts properly discontinuously and freely
on ΩS(Γ). �

Remark 9.2.9. Notice that the results in this section remain valid if we replace Pn
C

by Pn
R
.

Definition 9.2.10. A discrete subgroup Γ of PSL(n,C) is an ideal complex Schottky
group if it contains a finite index subgroup which is Schottky.

Example 9.2.11. Let Γ be a complex Kleinian group in P2n+1
C

generated by invo-
lutions {T1, . . . , Tr} , n ≥ 1 , r > 1 as in Theorem 9.1.8 above. Let Γ̌ be the index
2 subgroup of Γ consisting of the elements that can be written as reduced words
of even length in the generators. It is an exercise to show that Γ̌ is Schottky, and
therefore Γ is an ideal Schottky group.

This is analogous to what happens in conformal geometry, where the groups
one gets by taking as generators the inversions on pairwise disjoint circles is not
Schottky, but its subgroup of words of even length is Schottky. Even so, these
groups of inversions are also called Schottky in the literature. Similarly, for sim-
plicity we will say that the groups obtained as in Theorem 9.1.8 are Schottky
groups.
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9.3 On the limit set and the discontinuity region

This section is based on [203]. We look at the corresponding complex Schottky
groups and determine their limit set and the region of discontinuity. We also study
the topology of the space of orbits in the region of discontinuity, which is a compact
complex manifold, and the infinitesimal deformations of their complex structure.

Theorem 9.3.1. Let Γ be a complex Schottky group in P2n+1
C

, generated by invo-
lutions {T1, . . . , Tr}, n ≥ 1, r > 1, as in Theorem 9.1.8 above. Let ΩS(Γ) be the
region of discontinuity of Γ and let ΛS(Γ) = P2n+1

C
\ΩS(Γ) be the limit set. Then

one has:

(i) Let W = P2n+1
C

\ ∪r
i=1Int(Ni) , where Int(Ni) is the interior of the tubular

neighbourhood Ni as in Theorem 9.1.8. Then W is a compact fundamental
domain for the action of Γ on ΩS(Γ). One has: ΩS(Γ) =

⋃
γ∈Γ γ(W ) , and

the action on ΩS is properly discontinuous.

(ii) If r = 2, then Γ ∼= Z/2Z ∗ Z/2Z , the infinite dihedral group, and ΛS(Γ) is
the union of two disjoint projective subspaces L and M of dimension n. In
this case Γ is elementary,.

(iii) If r > 2, then ΛS(Γ) is a complex solenoid (lamination), homeomorphic to
Pn
C
× C , where C is a Cantor set. Γ acts minimally on the set of projec-

tive subspaces in ΛS(Γ) considered as a closed subset of the Grassmannian
G2n+1,n.

(iv) If r > 2, let Γ̌ ⊂ Γ be the index 2 subgroup consisting of the elements which
are reduced words of even length. Then W̌ = W ∪ T1(W ) is a fundamental
domain for the action of Γ̌ on ΩS(Γ).

(v) Each element γ ∈ Γ̌ leaves invariant two copies, P1 and P2, of Pn
C
in ΛS(Γ).

For every L ⊂ ΛS(Γ), γi(L) converges to P1 (or to P2) as i → ∞ (or
i→ −∞).

In fact one has that if r > 2, then Γ acts on a graph whose vertices have all
valence either 2 or r. This graph is actually a tree, which can be compactified by
adding its “ends”. These form a Cantor set and the action of Γ can be extended
to this compactification. The limit set ΛS(Γ) corresponds to the uncountable set
of ends of this tree. We use this to prove statement v) above.

Proof. Notice that (i) follows by a slight modification of Proposition 9.2.8. For
(ii), observe we have two involutions, T and S, and two neighbourhoods, NT and
NS , whose boundaries are the mirrors of T and S, respectively. The limit set is the
disjoint union A ∪B, where A :=

⋂
γ∈Γ′ γ(NS) , B :=

⋂
γ∈Γ′′ γ(NT ) , Γ

′ is the set
of elements in Γ which are words ending in T and Γ′′ is the set of elements which
are words ending in S. By Theorem 9.1.8, A and B are each the intersection of a
nested sequence of tubular neighbourhoods of projective subspaces of dimension
n, whose intersection is a projective subspace of dimension n. Hence A and B
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are both projective subspaces of dimension n, and they are disjoint. Two reduced
words ending in T and S act differently on NT (or NS). Hence Γ is the free product
of the groups generated T and S, proving (ii).

For (iii), let L ⊂ P2n+1
C

be a subspace of dimension n and let N be a closed
tubular neighbourhood of L as above. Let D be a closed disc which is an inter-
section of the form L̂ ∩ N , where L̂ is a subspace of complex dimension n + 1,
transversal to L. If M is a subspace of dimension n contained in the interior of N ,
then M is transverse to D, otherwise the intersection of M with L would contain
a complex line and M would not be contained in N . From part (i) of Theorem
9.3.1 and Theorem 9.1.8 we know that ΛS(Γ) is the disjoint union of uncountable
subspaces of dimension n. Let x ∈ ΛS(Γ) and let L ⊂ ΛS(Γ) be a projective sub-
space with x ∈ L. Let N be a tubular neighbourhood of L and D a transverse
disc as above. Then ΛS(Γ) ∩D is obtained as the intersection of families of discs
of decreasing diameters, exactly as in the construction of Cantor sets. Therefore
ΛS(Γ) ∩D is a Cantor set and ΛS(Γ) is a solenoid (or lamination) by projective
subspaces which is transversally Cantor. It follows that ΛS(Γ) is a fibre bundle
over Pn

C
, with fibre a Cantor set C. Since Pn

C
is simply connected and C is totally

disconnected, this fibre bundle must be trivial, hence the limit set is a product
Pn
C
× C, as stated.
There is another way to describe the above construction: Γ acts, via the

differential, on the Grassmannian G2n+1,n of projective subspaces of dimension n
of P2n+1

C
. This action also has a region of discontinuity and contains a Cantor set

which is invariant. This Cantor set corresponds to the closed family of disjoint
projective subspaces in ΛS(Γ). It is clear that the action on the Grassmannian is
minimal on this Cantor set.

We now prove (iv). Choose a point x0 in the interior of W . Let Γx0 be the
Γ-orbit of x0. We construct a graph Ǧ as follows: to each γ(x0) ∈ Γx0 we assign
a vertex vγ . Two vertices vγ , vγ′ are joined by an edge if γ(W ) and γ′(W ) have
a common boundary component, which corresponds to a mirror Ei. This means
that γ′ is γ followed by an involution Ti or vice-versa. This graph can be realised
geometrically by joining the corresponding points γ(x0), γ

′(x0) ∈ ΩS(Γ) by an arc
αγ,γ′ in ΩS(Γ), which is chosen to be transversal to the corresponding boundary
component of γ(W ); we also choose these arcs so that no two of them intersect
but at the extreme points. Clearly Ǧ is a tree and each vertex has valence r. To
construct a graph G with an appropriate Γ-action we introduce more vertices in
Ǧ: we put one vertex at the middle point of each edge in Ǧ; these new vertices
correspond to the points where the above arcs intersect the boundary components
of γ(W ). Then we have an obvious simplicial action of Γ on G. Let Γ̌ be as in
the statement of the theorem. It is clear that W̌ = W ∪ T1(W ) is a fundamental
domain for Γ̌ in ΩS(Γ). Hence this group acts freely on the vertices of Ǧ, and it is
a free group of rank r − 1. The tree Ǧ can be compactified by its ends by adding
a Cantor set on which Γ̌ acts minimally; this corresponds to the fact that Γ acts
minimally on the set of projective subspaces which constitute ΛS(Γ).
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(v) By Theorem 9.1.8, if γ ∈ Γ̌, then either γ(N1) is contained in N1 or
γ−1(N1) is contained in N1; say γ(N1) is contained in N1. Thus {γi(N1)}, i > 0,
is a nested sequence of tubular neighbourhoods of projective subspaces whose in-
tersection is a projective subspace P1 of dimension n; {γi(N1)}, i < 0, is also
nested sequence of tubular neighbourhoods of projective subspaces whose inter-
section is a projective subspace P2 of dimension n. For every L ⊂ ΛS(Γ), γ

i(L)
converges to P1 and P2 as i → ∞ or i → −∞, respectively, and both P1 and P2

are invariant under γ, as claimed. �

Remark 9.3.2. (i) The action of Γ̌ in the Cantor set of projective subspaces is
analogous to the action of a classical Fuchsian group of the second kind on its
Cantor limit set. We also observe that, since each involution Ti is conjugate
to the canonical involution defined in Lemma 9.1.1, the laminations obtained
in Theorem 9.3.1 are transversally Projectively self-similar. Hence one could
try to apply results analogous to the results for (conformally) self-similar sets
(for instance the formula in [31]) to estimate the transverse Hausdorff dimen-
sion of the laminations obtained. Here by transverse Hausdorff dimension we
mean the Hausdorff dimension of the Cantor set C of projective subspaces of
G2n+1,n which conform to the limit set. If T̃i, i = 1, . . . , r, denote the maps
induced in the Grassmannian G2n+1,n by the linear projective transforma-
tions Ti, then C is dynamically-defined by the group generated by the set
{T̃i}.

(ii) The construction of Kleinian groups given in Theorem 9.3.1 actually provides
families of Kleinian groups, obtained by varying the size of the mirrors that
bound tubular neighbourhoods around the L′

is. In Subsection 9.3.2 below we
will look at these families .

(iii) The above construction of complex Kleinian groups, using involutions and
mirrors, can be adapted to produce discrete groups of automorphisms of
quaternionic projective spaces of odd (quaternionic) dimension. Every “qua-
ternionic Kleinian group” on P 2n+1

H lifts canonically to a complex Kleinian
group on P4n+3

C
.

9.3.1 Quotient spaces of the region of discontinuity

We now discuss the nature of the quotients ΩS(Γ)/Γ and ΩS(Γ)/Γ̌, for the groups
of Subsection 9.1.1. The proof of Proposition 9.3.3 is straightforward and is left
to the reader. Notice that this is similar to the construction of a “control group”
done in Chapter 5.

Proposition 9.3.3. Let L be a copy of the projective space Pn
C
in P2n+1

C
and let x be a

point in P2n+1
C

\L. Let Kx ⊂ P2n+1
C

be the unique copy of the projective space Pn+1
C

in P2n+1
C

that contains L and x. Then Kx intersects transversally every other copy
of Pn

C
embedded in P2n+1

C
\ L, and this intersection consists of one single point.
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Thus, given two disjoint copies L and M of Pn
C

in P2n+1
C

, there is a canonical
projection map

π := πL : P2n+1
C

\ L → M ,

which is a (holomorphic) submersion. Each fibre π−1
i (x) is diffeomorphic to R2n+2.

Theorem 9.3.4. Let Γ be a complex Schottky group as in Theorem 9.3.1, with r > 2.
Then:

(i) The fundamental domain W of Γ is (the total space of) a locally trivial differ-
entiable fibre bundle over Pn

C
with fibre S2n+2 \ Int(D1)∪ · · · ∪ Int(Dr), where

each Int(Di) is the interior of a smooth closed (2n+2)-disc Di in S2n+2 and
the Di’s are pairwise disjoint.

(ii) ΩS(Γ) fibres differentially over Pn
C
with fibre S2n+2 minus a Cantor set.

(iii) If Γ̌ is the subgroup of index 2 as in Theorem 9.3.1, which acts freely on
ΩS(Γ), then ΩS(Γ)/Γ̌ is a compact complex manifold that fibres differentiably
over Pn

C
with fibre (S2n+1×S1)# · · ·#(S2n+1×S1), the connected sum of r−1

copies of S2n+1 × S1.

Proof. For (i), let P1 , P2 ⊂ ΛS(Γ) be two disjoint projective subspaces of dimen-
sion n contained in ΛS(Γ) ⊂ P2n+1

C
. Since ΩS(Γ) is open in P 2n+1, the restriction

to ΩS(Γ) of the map π given by Proposition 9.3.3, using P1 as L and P2 as M , is
a holomorphic submersion. We know, by part (iii) of Theorem 9.3.1, that ΛS(Γ)
is a compact set which is a disjoint union of projective subspaces of dimension
n and which is a transversally Cantor lamination. By Proposition 9.3.3, for each
y ∈ P2, Ky meets transversally each of these projective subspaces (in other words,
Ky is transverse to the lamination ΛS(Γ), outside P1). Hence, by Theorem 9.3.1,
for each y ∈ P2, Ky intersects ΛS(Γ) \ P1 in a Cantor set minus one point (this
point corresponds to P1). The family of subspaces Ky of dimension n + 1 are all
transverse to P2.

Let us now choose P1 and P2 as in part (iii) of Theorem 9.3.1, so they are
invariant sets for some γ ∈ Γ̌, and γj(L) converges to P2 as j → ∞ for every
projective n-subspace L ⊂ ΛS(Γ) \P1. We see that every mirror Ei, i ∈ {1, . . . , r}
is transverse to all Ky. Hence the restriction

π1 := πP1
|W : W → P2

∼= Pn
C

of π to W , is a submersion which restricted to each component of the boundary
is also a submersion. For each y ∈ P2 one has π−1

1 ({y}) = Ky ∩W , so π−1
1 ({y})

is compact. Thus π1 is the projection of a locally trivial fibre bundle with fibres
Ky ∩W , y ∈ P2, by the fibration lemma in [55]. On the other hand for a fixed
y0 ∈ P2, Ky0 ∩W is a closed (2n+2)-disc with r− 1 smooth closed (2n+2)-discs
removed from its interior. This is true because P1 is contained in exactly one of
the N ′

is, say N1, the tubular neighbourhood of P1, and Ky0
intersects each Nj ,

j �= 1, in a smooth closed (2n+ 2)-disc. This proves (i).
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(ii) The above arguments show that for each γ̄ ∈ Γ, the image γ̄(Ei) of
a mirror Ei is transverse to Ky for all y ∈ P2 and i ∈ {1, . . . , r}. Hence the
restriction πk

1 := πP1 |Wk
, where Wk is as above, is a submersion whose restriction

to each boundary component of Wk is also a submersion. Thus πk
1 is a locally

trivial fibration. Since ΩS(Γ) =
⋃

k≥0 Wk, we finish the proof of the first of part
(ii) by applying the slight generalisation of Ehresmann’s fibration lemma; we leave
the proof to the reader.

Lemma 9.3.5. Let M =
⋃∞

i=1Ni be a smooth manifold which is the union of
compact manifolds with boundary Ni, so that each Ni is contained in the interior of
Ni+1. Let L be a smooth manifold and f :M→ L a submersion whose restriction
to each boundary component of Ni, for each i, is also a submersion. Then f is a
locally trivial fibration.

Thus πP1 : ΩS(Γ)→ P2
∼= Pn

C
is a holomorphic submersion which is a locally

trivial differentiable fibration. To finish the proof of (ii) we only need to show
that the fibres of πP1 are S2n+2 minus a Cantor set. Just as above, one shows
that Ky ∩Wk is diffeomorphic to the sphere S2n+2 minus the interior of r(r− 1)k

disjoint (2n+2)-discs. Therefore the fibre of πP1 at y, which is Ky ∩ΩS(Γ), is the
intersection of S2n+2 minus a nested union of discs, which gives a Cantor set as
claimed in (ii).

For (iii) we recall that by part (iv) of Theorem 9.3.1, the fundamental domain
of Γ̌ is the manifold W̌ = W ∪ T1(W ). Then, as above, the restriction of π to W̌
is a submersion which is also a submersion in each connected component of the
boundary:

∂W̌ =

⎛⎝⋃
j�=1

T1(Ej)

⎞⎠ ⋃
j�=1

Ej ,

which is the disjoint union of the r−1 mirrors Ej , j �= 1, together with the mirrors
E1j := T1(Ej), j �= 1.

The mirror Ej is identified with E1j , j �= 1, by T1, and ΩS(Γ)/Γ̌ is obtained
through these identifications. Let π̌ : W̌ → P2 be the restriction of π to W̌ . By
the proof of (i), π̌−1(y) = Ky ∩ W̌ , y ∈ P2, is diffeomorphic to S2n+2 minus the
interior of 2(r− 1) disjoint (2n+2)-discs. The restriction of π to each Ej and E1j

determines fibrations π̌ij : Ej → P2 and π̌1j : E1j → P2, respectively, whose fibres
are S2n+1. Set π̂j := π̌1j ◦ (T1|Ej ). If we had that π̂j = π̌j for all j = 2, . . . , r, then

we would have a fibration from W̌/Γ̌ to P2, because we would have compatibility of
the projections on the boundary. In fact we only need that π̂j and π̌j be homotopic
through a smooth family of fibrations πt : E1j → P2; π1 = π̂j , π0 = π̌j , t ∈ [0, 1].

Actually, to be able to glue well the fibrations at the boundary we need that
πt = π̌j for t in a neighbourhood of 0 and πt = π̂j for t in a neighbourhood of 1.
But this is almost trivial: π̌j : E1j → P2 is the projection of E1j onto P2 from P1

and π̂ − j is the projection of E1j from T (P1) onto P2.
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The n-dimensional subspaces P1 and T (P1) are disjoint from P2, so there
exists a smooth family of n-dimensional subspaces Pt, t ∈ [0, 1], such that the
family is disjoint from P2 and Pt = P1 for t in a neighbourhood of 0 and Pt = T (P1)
for t in a neighbourhood of 1. We can choose the family so that for each t ∈ [0, 1],
the set of (n+1)-dimensional subspaces which contain Pt meet transversally E1j .
To achieve this we only need to take an appropriate curve in the Grassmannian
of projective n-planes in P2n+1

C
, consisting of a family Pt which is transverse to all

Ky; this is possible by Proposition 9.3.3 and the fact that the set of n-dimensional
subspaces which are not transverse to the K ′

ys , is a proper algebraic variety of

P2n+1
C

. In this way we obtain the desired homotopy.

It follows that W̌ fibres over P2
∼= Pn

C
; the fibre is obtained from S2n+2 minus

the interior of 2(r− 1) disjoint (2n+ 2)-discs whose boundaries are diffeomorphic
to S2n+1 and are identified by pairs by diffeomorphisms which are isotopic to the
identity (using a fixed diffeomorphism to S2n+1). Hence the fibre is diffeomorphic
to (S2n+1×S1)# · · ·#(S2n+1×S1), the connected sum of r−1 copies of S2n+1×S1.
This proves (iii). �

Theorem 9.3.6. Let MΓ be the compact complex orbifold MΓ := ΩS(Γ)/Γ, which
has complex dimension (2n+ 1). Then:

(i) The singular set of MΓ, Sing(MΓ), is the disjoint union of r submanifolds
analytically equivalent to Pn

C
, one contained in (the image in MΓ of) each

mirror Ei of Γ.

(ii) Each component of Sing(MΓ) has a neighbourhood homeomorphic to the nor-
mal bundle of Pn

C
in P2n+1

C
modulo the involution v �→ −v, for v a normal

vector.

(iii) MΓ fibres over Pn
C
with fibre a real analytic orbifold with r singular points,

each having a neighbourhood (in the fibre) homeomorphic to the cone over
the real projective space P 2n+1

R
.

Proof. We notice that MΓ is obtained from the fundamental domain W after an
identification on the boundary Ej by the action of Tj . The singular set of MΓ is
the union of the images, under the canonical projection p : ΩS(Γ)→ ΩS(Γ)/Γ, of
the fixed point sets of the r involutions Tj . Now, Tj is conjugate to the canonical
involution S of Corollary 9.1.2. The lifting of S to C2n+2 = Cn+1 × Cn+1 has as
fixed point set the (n + 1)-subspace {(a, a) : a ∈ Cn+1}. This projectivises to an
n-dimensional projective subspace.

Since we can assume, for a fixed j, that Tj is an isometry, we obtain the
local structure of a neighbourhood of each component of the singular set. The
same arguments as in part (iii) of Theorem 9.3.4 prove that ΩS(Γ)/Γ fibres over
Pn
C
and that the fibre has r singular points, corresponding to the r components of

Sing(MΓ), and each of these r points has a neighbourhood (in the fibre) homeo-
morphic to the cone over P 2n+1

R
. �
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Remark 9.3.7. (i) The map π in the part (ii) of Theorem 9.3.4 is holomorphic,
but the fibration is not holomorphically locally trivial, because the complex
structure on the fibres may change.

(ii) The Kleinian groups of Theorem 9.3.4 provide a method for constructing
complex manifolds which is likely to produce interesting examples (c.f., [107],
[109], [108], [110], [164], [176], [205]). These are never Kähler, because the
fibration π : ΩS(Γ)/Γ̌ → Pn

C
has a section, by dimensional reasons, so there

can not exist a 2-cocycle with a power which is the fundamental class of
ΩS(Γ)/Γ̌. The bundle (n + 1)OPn

C
is nontrivial as a real bundle, because it

has nonvanishing Pontryagin classes (except for n = 1), hence π is a nontrivial
fibration.

We notice that the fundamental group of a compact Riemann surface of
genus greater than zero is never a free group; similarly, by Kodaira’s classi-
fication, the only compact complex surface with nontrivial free fundamental
group is the Hopf surface S3×S1. The examples above give compact complex
manifolds with free fundamental groups (of arbitrarily high rank) in all odd
dimensions greater than 1. Multiplying these examples by P1

C
, one obtains

similar examples in all even dimensions.

As pointed out in [203], it would be interesting to know if there are other
examples which are minimal, i.e., they are not obtained by blowing up along
a smooth subvariety of the examples above. It is natural to conjecture that
these examples in odd dimensions are the only ones which have a projective
structure and free fundamental group of rank greater than 1.

(iii) The manifolds obtained by resolving the singularities of the orbifolds in The-
orem 9.3.6 have very interesting topology. We recall that the orbifold MΓ is
singular along r disjoint copies of Pn

C
: S1, . . . , Sr. The resolution M̃Γ of MΓ

is obtained by a monoidal transformation along each Si, and it replaces each
point x ∈ Si, 1 ≤ i ≤ r by a projective space Pn

C
. Hence, if P : M̃ → M de-

notes the resolution map, then P−1(Si) is a nonsingular divisor in M̃ , which
fibres holomorphically over Pn

C
with fibre Pn

C
, 1 ≤ i ≤ r.

9.3.2 Hausdorff dimension and moduli spaces

Let L := {L1, . . . , Lr} be r pairwise disjoint projective subspaces of dimension
n in P2n+1

C
, r > 2; L will be called a configuration. Let Γ and Γ′ be complex

Schottky groups obtained from this same configuration, i.e., they are generated
by sets {T1, . . . , Tr} and {T ′

1, . . . , T
′
r} of holomorphic involutions of P2n+1

C
such

that T ′
j ◦ T−1

j preserves the subspaces Lj .
It is an exercise to see that the subgroup of PSL(n+2,C) of transformations

that preserve these subspaces is the projectivisation of a copy of GL (n+ 1,C)×
GL (n+ 1C) ⊂ GL (2n+ 2,C). Therefore we can always find an analytic fam-
ily {Γt}, 0 ≤ t ≤ 1, of complex Schottky groups, with configuration L, such
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that {Γ0} = Γ and {Γ1} = Γ′. Furthermore, let L := {L1, . . . , Lr} and L′ :=
{L′

1, . . . , L
′
r} be two configurations of Pn

C
’s in P2n+1

C
as before.

Due to dimensional reasons, we can always move these configurations to
obtain a differentiable family of pairs of disjoint n-dimensional subspaces {L1,t, . . . ,
Lr,t}, with 0 ≤ t ≤ 1, providing an isotopy between L and L′. Thus one has a
differentiable family Γt of complex Kleinian groups, where Γ0 = Γ and Γ1 =
Γ′. The same statements hold if we replace Γ and Γ′ by their subgroups Γ̌ and
Γ̌′, consisting of words of even length. So one has a differentiable family Γ̌t of
Kleinian groups, where Γ̌0 = Γ̌ and Γ̌1 = Γ̌′. Hence the manifolds ΩS(Γt)/Γ̌t are
all diffeomorphic. By Subsection 9.3.1, these manifolds are (in general nontrivial)
fibre bundles over Pn

C
with fibre #(r−1)(S2n+1 × S1) , a connected sum of (r− 1)-

copies of S2n+1 × S1 .
If n = 1, given any configuration of r pairwise disjoint lines in P3

C
, there exist

an isotopy of P3
C
which carries the configuration into a family of r twistor lines.

Hence P3
C
minus this configuration is diffeomorphic to the Cartesian product of S4

minus r points with P1
C
. Moreover, the attaching functions that we use to glue the

boundary components of W , the fundamental domain of Γ, are all isotopic to the
identity, because they live in PSL(4,C), which is connected. Thus, if n = 1, then
ΩS(Γt)/Γ̌t is diffeomorphic to a product P1

C
×#(r−1)(S3 × S1). Hence we have:

Proposition 9.3.8. The differentiable type of the compact (complex) manifold
ΩS(Γt)/Γ̌t is independent of the choice of configuration. It is a manifold of real
dimension (4n+2), which is a fibre bundle over Pn

C
with fibre #(r−1)(S2n+1×S1);

moreover, this bundle is trivial if n = 1. We denote the corresponding manifold by
Mn

r .

The fact that the bundle is trivial when n = 1 is interesting because when
the configuration L consists of twistor lines in P3

C
(see Chapter 10), the quotient

ΩS(Γ)/Γ̌ is the twistor space of the conformally flat manifold p(ΩS(Γ))/p(Γ̌), which
is a connected sum of the form #(r−1)(S3 × S1). Hence, in this case the natural
fibration goes the other way round, i.e., it is a fibre bundle over #(r−1)(S3 × S1)
with fibre P1

C
.

Given a configuration L as above, let us denote by [L]G its orbit under the
action of the group G = PSL(2n + 2,C). These orbits are equivalence classes of
such configurations. Let us denote by Cn the set of equivalence classes of configu-
rations of Pn

C
’s as above. Then Cn is a Zariski open set of the moduli space Mn, of

configurations of unordered projective subspaces of dimension n in P2n+1
C

, which is
obtained as the Mumford quotient [157] of the action of G on such configurations.

By [157], Cn is a complex algebraic variety: the moduli space of configurations
of n-planes Pn

C
in P2n+1

C
. Similarly, we denote by Gn the equivalence classes, or

moduli space, of the corresponding Schottky groups, where two such groups are
equivalent if they are conjugate by an element in PSL(n+ 2, (C).

Given L := {L1, . . . , Lr}, and r-tuples of involutions (T1, . . . , Tr), (S1, . . . , Sr)
as above, i.e., interchanging Tj ◦ Sj leaves Lj invariant for all j = 1, . . . , r, and
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having pairwise disjoint mirrors, we say that these r-tuples are equivalent if there
exists h ∈ G such that hTih

−1 = Si for all i. Let TL denote the set of equivalence
classes of such r-tuples of involutions.

It is clear that a conjugation h as above must leave L invariant. Hence, if
r is big enough with respect to n, then h must actually be the identity, so the
equivalence classes in fact consist of a single element.

Theorem 9.3.9. There exists a holomorphic surjective map π : Gn
r → Cnr which

is a C∞ locally trivial fibration with fibre TL. Furthermore, let Γ ,Γ′ be complex
Schottky groups as above and let ΩS(Γ), ΩS(Γ

′) be their regions of discontinuity.
Then the complex orbifolds MΓ := ΩS(Γ)/Γ and MΓ′ := ΩS(Γ

′)/Γ′ are biholo-
morphically equivalent if and only if Γ and Γ′ are projectively conjugate, i.e., they
represent the same element in Gn

r . Similarly, if Γ̌ , Γ̌′ are the corresponding index 2
subgroups, consisting of the elements which are words of even length, then the man-
ifolds MΓ̌ := ΩS(Γ)/Γ̌ and MΓ̌′ := ΩS(Γ

′)/Γ̌′, are biholomorphically equivalent if
and only if Γ̌ and Γ̌′ are projectively conjugate.

Proof. The first statement in Theorem 9.3.9 is obvious, i.e., that we have a holo-
morphic surjection π : Gn

r → Cnr with kernel TL. The other statements are im-
mediate consequences of Lemma 9.3.10, proved by Sergei Ivashkovich. The proof
below, taken from [203], is a variation of Ivashkovich’s proof. �

Lemma 9.3.10. Let U be a connected open set in P2n+1
C

that contains a subspace
L ⊂ P2n+1

C
of dimension n, and let h : U → V be a biholomorphism onto an open

set V ⊂ P2n+1
C

. Suppose that V also contains a subspace M of dimension n. Then
h extends uniquely to an element in PSL(2n+ 2,C).

Proof. Let f : U → Pn
C
be a holomorphic map. Then f is defined by nmeromorphic

functions f1, . . . , fn from U to P1
C
(see [101]), i.e., holomorphic functions which

are defined outside of an analytic subset of U (the indeterminacy set).

Consider the set of all subspaces of P2n+1
C

of dimension n+ 1 which contain
L. Then, if N is such a subspace, one has a neighbourhood UN of L in N which is
the complement of a round ball in the affine part, Cn+1, of N . Since the boundary
of such a ball is a round sphere SN and, hence, it is pseudo-convex, it follows from
E. Levi’s extension theorem, applied to each fi, that the restriction, fN , of f to
U ∩N extends to all of N as a meromorphic function.

The union of all subspaces N is P2n+1
C

and they all meet in L. The functions
fN depend holomorphically on N as is shown in [101]. One direct way to prove this
is by considering the Henkin-Ramirez reproducing kernel defined on each round
sphere SN , [88], [183]. One can choose the spheres SN in such a way that the
kernel depends holomorphically on N by considering a tubular neighbourhood of
L in N whose radius is independent of N . Hence the extended functions to all N ′s
define a meromorphic function in all of P2n+1

C
, which extends f .

Now let h be as in the statement of Lemma 9.3.10 and let h̃ be its meromor-
phic extension. Then, since by hypothesis h is a biholomorphism from the open
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set U ⊂ Pn
C
onto the open set V := h(U) ⊂ Pn

C
, one can apply the above argu-

ments to h−1 : V → U . Let g : Pn
C
→ Pn

C
be the meromorphic extension of h−1.

Then, outside of their sets of indeterminacy, one has h̃g = gh̃ = Id. Hence the
indeterminacy sets are empty and both h̃ and g are biholomorphisms of Pn

C
.

In fact, in [101] it is shown that if f is as in the statement of Lemma 9.3.10
and if f is required only to be locally injective, then f extends as a holomorphic
function. �

Notice that if n = 1, then Lemma 9.3.10 becomes Lemma 3.2 in [107].

Corollary 9.3.11. For r > 2 sufficiently large, the manifold ΩS(Γ)/Γ̌ has nontrivial
moduli.

In fact, if the manifolds ΩS(Γ)/Γ̌ and ΩS(Γ
′)/Γ̌′ are complex analytically

equivalent, then Γ̌ is conjugate to Γ̌′ in PSL(2n+ 2,C), by Theorem 9.3.9, and
the corresponding configurations L and L′ are projectively equivalent. Now it
is sufficient to choose r big enough to have two such configurations which are
not projectively equivalent. This is possible because the action induced by the
projective linear group G on the Grassmannian G2n+1,n is obtained from the
projectivisation of the action of SL(2n + 2,C) acting on the Grassmann algebra
Λn+1
S

, of (n + 1)-vectors of C2n+2, restricted to the set of decomposable (n + 1)-
vectors Dn+1. The set Dn+1 generates the Grassmann algebra and G2n+1,n =
(Dn+1 \ {0})/ ∼, where ∼ is the equivalence relation of projectivisation.

If r is small with respect to n, then Cn consists of one point, because any two
such configurations are in the same PSL(2n+ 2,C)-orbit. Therefore, in this case
TL coincides with Gn. That is, to change the complex structure of Mn we need to
change the corresponding involutions into a family of involutions, with the same
configuration (up to conjugation), which is not conjugate to the given one.

The following result is a generalisation of Theorem 1.2 in [107]. This can be
regarded as a restriction for a complex orbifold (or manifold) to be of the form
ΩS(Γ)/Γ (or ΩS(Γ)/Γ̌).

Proposition 9.3.12. If r > 2, then the compact complex manifolds and orbifolds
ΩS(Γ)/Γ̌ and ΩS(Γ)/Γ, obtained in Theorem 9.3.4, have no nonconstant mero-
morphic functions.

Proof. Let f be a meromorphic function on one of these manifolds (or orbifolds).

Then f lifts to a meromorphic function f̃ on ΩS(Γ) ⊂ P2n+1
C

, which is Γ̌-invariant.
By lemma 9.3.13 below, f extends to a meromorphic function on all of P2n+1

C
.

Hence f̃ must be constant, because Γ̌ is an infinite group. �

Lemma 9.3.13 (see [101]). Let U ⊂ P2n+1
C

, n ≥ 1, be an open set that contains a
projective subspace Pn

C
. Let f : U → P1

C
be a meromorphic function. Then f can

be extended to a meromorphic function f̃ : U → P1
C
.
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We refer to [101] for the proof of Lemma 9.3.13.
The following proposition estimates an upper bound for the Hausdorff di-

mension of the limit set of some Schottky groups.

Proposition 9.3.14. Let r > 2, 0 < λ < (r − 1)
−1

and let Γ and Γ̌ be as in Theorem
9.1.8. Then, for every δ > 0, the Hausdorff dimension of ΛS(Γ) = ΛS(Γ̌) is less
than 2n+1+ δ, i.e., the transverse Hausdorff dimension of ΛS(Γ) = ΛS(Γ̌) is less
than 1 + δ.

Proof. By part (i) of Theorem 9.3.1 one has that ΛS(Γ) =
⋂∞

k=0 Fk, where Fk is the

disjoint union of the r(r − 1)
k
closed tubular neighbourhoods γ(Ni), i ∈ {1, . . . , r},

where γ ∈ Γ is an element which can be represented as a reduced word of length
k in terms of the generators. γ(Ni) is a closed tubular neighbourhood of γ(Li), as
in Theorem 9.1.8, and the “width” of each γ(Ni), w(γ,i) := d(γ(Ei), Li), satisfies

w(γ,i) ≤ Cλk, as was shown in Lemma 9.1.7 and Theorem 9.1.8. Hence:

w(k) :=

l(γ)=k∑
i∈{1,...,r}

w1+δ
(γ,i) ≤ Cr(r − 1)kλk(1+δ) < C r(r − 1)

−δk
.

Thus limk→∞ w(k) = 0 . Hence, just as in the proof of the theorem of Marstrand
[142], the Hausdorff dimension of ΛS(Γ) can not exceed 2n+ 1 + δ. �

Next we will apply the previous estimates to compute the versal deformations
of manifolds obtained from complex Schottky groups as in Proposition 9.3.14,
whose limit sets have small Hausdorff dimension.

We first recall ([122]) that given a compact complex manifold X, a deforma-
tion of X consists of a triple (X ,B, ω), where X and B are complex analytic spaces
and ω : X → B is a surjective holomorphic map such that ω−1(t) is a complex
manifold for all t ∈ B and ω−1(t0) = X for some t0, which is called the reference
point. It is known [134] that given X, there is always a deformation (X ,KX , ω)
which is universal, in the sense that every other deformation is induced from it
(see also [123, 122]).

The space KX is the Kuranishi space of versal deformations of X [134]. If we
let Θ := ΘX be the sheaf of germs of local holomorphic vector fields on X, then
every deformation of X determines, via differentiation, an element in H1(X,Θ),
so H1(X,Θ) is called the space of infinitesimal deformations of X ([122, Ch. 4]).
Furthermore ([123] or [122, Th. 5.6]), if H2(X,Θ) = 0, then the Kuranishi space
KX is smooth at the reference point t0 and its tangent space at t0 is canonically
identified withH1(X,Θ). In particular, in this case every infinitesimal deformation
of X comes from an actual deformation, and vice-versa, every deformation of the
complex structure on X, which is near the original complex structure, comes from
an infinitesimal deformation.

The following lemma is an immediate application of Proposition 9.3.14 and
Harvey’s Theorem 1 in [86], which generalises the results of [191].
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Lemma 9.3.15. Let r > 2 , 0 < λ < (r − 1)
−1

, let Γ̌ be as in Proposition 9.3.14
and let ΩS := ΩS(Γ) ⊂ P2n+1

C
be its region of discontinuity . Then one has

Hj(ΩS , i
∗(Θ

P
2n+1
C

)) ∼= Hj(P2n+1
C

,Θ
P
2n+1
C

) , for 0 ≤ j < n ,

where i is the inclusion of ΩS in P2n+1
C

. Hence, if n > 1, then one has

H0(ΩS , i
∗(Θ

P
2n+1
C

)) ∼= sl2n+2(C) and Hj(ΩS , i
∗(Θ

P
2n+1
C

)) ∼= 0 ,

for all 0 < j < n, where sl2n+2(C) is the Lie algebra of PSL(2n+ 2,C), and it is
being considered throughout this section as an additive group.

Proof. By Proposition 9.3.14 we have that the Hausdorff dimension d of the limit
set ΛS(Γ̌) satisfies d < 2n+1+δ for every δ > 0. Therefore the Hausdorff measure
of ΛS(Γ) of dimension s, Hs(ΛS(Γ)), is zero for every s > 2n + 1. Hence the
first isomorphism in Lemma 9.3.15 follows from part (ii) of Theorem 1 in [86],
because the sheaf Θ is locally free. The second statement in Lemma 9.3.15 is now
immediate, because H0(P2n+1

C
,Θ

P
2n+1
C

) ∼= sl2n+2(C) and Hj(P2n+1
C

,Θ
P
2n+1
C

) ∼= 0

for j > 0, a fact which follows immediately by applying the long exact sequence
in cohomology derived from the short exact sequence

0→ O → [O(1)]n+1 → Θ
P
2n+1
C

→ 0,

where O is the structural sheaf of P2n+1
C

and [O(1)]n+1
is the direct sum of n+ 1

copies of O
P
2n+1
C

(1), the sheaf of germs of holomorphic sections of the holomorphic

line bundle over P2n+1
C

with Chern class 1. See [87], Example 8.20.1, page 182. �
We let M := ΩS/Γ̌, where Γ̌ is as above. We notice that ΩS is simply con-

nected when n > 0, so that ΩS is the universal covering M̃ of M . Let p : M̃ →M
be the covering projection; since Γ̌ acts freely on ΩS , this projection is actually
given by the group action. Let ΘM be the sheaf of germs of local holomorphic
vector fields on M and let Θ̃ be the pull-back of Θ to M̃ under the covering p; Θ̃
is the sheaf i∗(Θ

P
2n+1
C

) on M̃ = ΩS .

Lemma 9.3.16. If n > 2, then for 0 ≤ j ≤ 2 we have

Hj(M,ΘM ) ∼= Hj
ρ(Γ̌, sl2n+2(C)) ,

where sl2n+2(C) is considered as a Γ̌-left module via the representation

ρ : Γ̌→ Aut (sl2n+2(C))

given by
ρ(γ)(v) = dTg ◦ v ◦ Tg

−1 , v ∈ sl2n+2(C) ,

where Tg is the action of g ∈ Γ̌ on P2n+1
C

.
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Proof. If n > 2, then Lemma 9.3.15 and [156, formula (c) in page 23] (see also
[82, Chapter V]) imply that there exists an isomorphism

Φ : Hj
ρ(Γ̌, H

0(ΩS , Θ̃))→ Hj(M,ΘM ) ,

for 0 ≤ j ≤ 2, where H0(ΩS , Θ̃) is the vector space of holomorphic vector fields

on the universal covering M̃ = ΩS ⊂ P2n+1
C

of M .
Now, by part (i) of Theorem 1 in [86], every holomorphic vector field in

ΩS(Γ), extends to a holomorphic vector field defined in all of P2n+1
C

. Therefore,

H0(ΩS , Θ̃) = H0(P2n+1
C

,Θ
P
2n+1
C

) = sl2n+2(C) .

�
We recall that Γ̌ is a free group of rank r − 1; let g1, . . . , gr−1 be generators

of Γ̌. By [89], page 195, Corollary 5.2, applied to Γ̌, we obtain

H1
ρ(Γ̌, sl2n+2(C)) ∼= sl2n+2(C)× · · · × sl2n+2(C)/�(ψ) ,

where
ψ : sl2n+2(C)→ sl2n+2(C)× · · · × sl2n+2(C)

is given by ψ(v) = (g1(v) − v, . . . , gr−1(v) − v). We claim that ψ is injective.
Indeed, if v is a linear vector field in P2n+1

C
which is invariant by g1, . . . , gr−1,

then, by Jordan’s theorem, this vector field is tangent to a hyperplane Π which
is Γ̌-invariant. This can not happen. In fact, if L is an n-dimensional projective
subspace contained in ΛS(Γ̌), then Lmust intersect Π transversally in a subspace of
dimension n−2, for otherwise Π would contain the whole limit set ΛS(Γ̌), which is
a disjoint union of projective subspaces of dimension n. Hence, there exists L ⊂ Π,
a projective n-subspace such that L ∩ ΛS(Γ̌) = ∅. Then, as proved before, there
exists a sequence {γi}i∈N such that limi→∞(γi(L)) = L1, where L1 ⊂ ΛS(Γ̌),
where L1 is not contained in Π. This is a contradiction to the invariance of Π.

Therefore,

dimC H1(ΩS , Θ̃) = dimC [sl2n+2(C)
r−2

] = (r − 2)
(
(2n+ 2)2 − 1

)
.

By [89], page 197, Corollary 5.6 we have H2
ρ(Γ̌, sl2n+2(C)) = 0 . Hence, by

Lemma 9.3.16 above, one obtains that

H2(M,ΘM ) ∼= H2
ρ(Γ̌, sl2n+2(C)) = 0 .

Thus we arrive at the following theorem from [203]:

Theorem 9.3.17. Let n, r > 2 and let λ be an arbitrary scalar such that 0 < λ <
(r − 1)−1. Let Γ be a Schottky group as in part (iii) of Theorem 9.1.8, so that
the (Fubini-Study) distance from γ(x) to the limit set ΛS decreases faster than
Cλk for every point x ∈ P2n+1

C
and any γ ∈ Γ of word-length k (where C is some
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positive constant). Let Γ̌ be the index 2 subgroup of Γ consisting of words of even
length. Let ΩS be the region of discontinuity of Γ, M := ΩS/Γ̌, and let Kn

r denote
the Kuranishi space of versal deformations of M , with reference point t0 ∈ Kn

r

corresponding to M . Then, we have

H1(M,ΘM ) ∼= H1
ρ(Γ̌, sl2n+2(C)) ∼= C(r−2)((2n+2)2−1) ,

and
H2(M,ΘM ) = 0 .

Hence Kn
r is nonsingular at t0, of complex dimension (r−2)((2n+2)2−1), and every

small deformation of M is obtained by a small deformation of Γ̌ as a subgroup of
PSL(2n+ 2,C), unique up to conjugation.

Remark 9.3.18. Although we only considered n > 2 above, the last theorem re-
mains valid for n = 0, 1. In fact, if n = 0 and r > 2, we have the classical Schottky
groups. The manifold ΩS/Γ̌ is a compact Riemann surface of genus r−1. It is well-
known that in this case the moduli space has dimension 3(r − 1)− 3 = 3(r − 2),
which, of course, coincides with the formula above. When n = 1 and r > 2 the
manifolds ΩS/Γ̌ are Pretzel twistor spaces of genus g = r − 1, in the sense of
[176, 206]. The theorem above gives that the dimension of the moduli space of this
manifold is 15g − 15, which coincides with Penrose’s calculations in page 251 of
[176].

9.4 Schottky groups do not exist in even dimensions

This section is taken from [38]. The aim is to show that there are no Schottky
groups acting on even-dimensional projective spaces. For this we need a better
understanding of the dynamics of projective transformations in general.

9.4.1 On the dynamics of projective transformations

The purpose now is to describe the closure of the set of accumulation points
under the action of cyclic groups 〈γ〉 in PSL(n,C). In Kulkarni’s terms this means
describing the set L0(〈γ〉) ∪ L1(〈γ〉). For this we need:

Definition 9.4.1. Let V be a C-linear space with dimC(V ) = n and let T : V → V
be a C−linear transformation. We define

Eve(T ) = 〈〈{v ∈ V : v is an eigenvector of T}〉〉.

This is the linear subspace generated by the eigenvectors of T .

Remark 9.4.2. If M is an n×n matrix with coefficients in C we have that Eve(M)
is the smaller complex linear subspace which contains the eigenvectors of M . For
example if M is diagonalisable and 0 is not an eigenvalue, then Eve(M) is Cn.
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Definition 9.4.3. Let γ ∈ PSL(n,C) be an element of infinite order and let γ̃ be a
lifting of γ. Then we define:

(i) The set Eva(γ) of nonnegative real numbers defined by:

Eva(γ) = {r ∈ R : there is an eigenvalue λ of γ̃ such that r = |λ|} .

(ii) The set Latr(γ) = 〈[{v ∈ Cn : v is an eigenvector of γ̃ and |γ̃(v)| = r|v|}]n〉.

(iii) The set Λ(γ) is the closure of the accumulation points of orbits {γm(z)}m∈Z

where z ∈ Pn
C
.

Notice that Λ(γ) is the union of the Kulkarni sets L0(〈γ〉) and L1(〈γ〉).

Remark 9.4.4. (i) In the one-dimensional case we can show that if γ is an elliptic
Möbius transformation then

Eva(γ) = {1}, Lat1(γ) = Λ(γ) = P1
C,

where Λ(γ) is the usual limit set of 〈γ〉. If γ is parabolic, then

Eva(γ) = {1}, Lat1(γ) = Λ(γ) = Fix(γ).

Finally, if γ is loxodromic and λ2, λ−2 are the corresponding multipliers
at the fixed points, then Eva(γ) = {|λ|, |λ−1|} and

Latλ(γ) ∪ Latλ−1(γ) = Λ(γ) = Fix(γ).

(ii) It is possible to check that Λ(γ) = L0(〈γ〉) ∪ L1(〈γ〉).

(iii) Parts 1 and 2 of this definition do not depend on the choice of lifting γ̃.

The following is the main result of this subsection and its proof takes the
rest of it.

Proposition 9.4.5. Let γ ∈ PSLn+1(C) be an element of infinite order, then

Λ(γ) =
⋃

r∈Eva(γ)

Latr(γ).

To prove this result we need several lemmas:

Lemma 9.4.6. Let V be a C-linear space with dimC(V ) = n and T : V → V an
invertible linear transformation such that |λ| < 1 for every eigenvalue λ of T . For

every l ∈ N we have uniform convergence

(
m
l

)
Tm

m→∞ �� 0 on compact subsets

of V .
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Here

(
m
l

)
denotes the number of sets with l elements from a set with m

elements.

Proof. We decompose T into one or more Jordan blocks according to Jordan’s
Normal Form Theorem. This reduces the problem to the case where there is 0 <
|λ| < 1 and an ordered basis β = {v1, . . . , vn}, n ≥ 2, such that the matrix of T
with respect to β (in symbols [T ]β) satisfies

[T ]β =

⎛⎜⎜⎝
λ 1 0 · · · 0
0 λ 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · λ

⎞⎟⎟⎠ .

An induction argument shows that, for all m > n,

[Tm]β =

⎛⎜⎜⎜⎜⎜⎜⎝
λm

(
m
1

)
λm−1

(
m
2

)
λm−2 · · ·

(
m

n− 1

)
αm+1−n

0 λm

(
m
1

)
λm−1 · · ·

(
m

n− 2

)
λm+2−n

· · · · · · · · · · · · · · ·
0 0 0 · · · λm

⎞⎟⎟⎟⎟⎟⎟⎠ .

(9.4.7)
Given a compact subset K ⊂ V we set

σ(K) = sup{
n∑

j=1

|αj | :
n∑

j=1

αjvj ∈ K}.

Let z ∈ K, z =
∑n

j=1 αjvj , then by equation (9.4.7) we deduce that

|Tm(z)| ≤ σ(K)max{|vj | : 1 ≤ j ≤ n}
n∑

j=1

j−1∑
k=0

(
m
k

)
|αm−k|.

Hence it is sufficient to observe that∣∣∣∣( m
l

)(
m
k

)
αm−k

∣∣∣∣ ≤ m2max{k,l}|α|m−k
m→∞ �� 0 ,

and the lemma follows. �
Lemma 9.4.8. Let V be a C-linear space with dimC(V ) = n > 1 and let T : V → V
be an invertible linear transformation such that there are λ ∈ C with |λ| = 1, and
an ordered basis β = {v1, . . . , vn} for which

[T ]β =

⎛⎜⎜⎝
λ 1 0 · · · 0
0 λ 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · λ

⎞⎟⎟⎠ .
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That is, [T ]β is an n×n-Jordan block. Then for every v∈V −{0} there is a unique

k(v, T )∈N∪{0} such that the set of cluster points of

{(
m
k(v, T )

)−1

Tm(v)

}
m∈N

lies in 〈〈v1〉〉 \ {0}.

Proof. Let z =
∑n

j=0 αjvj and define

k(z, T ) = max{1 ≤ j ≤ n : αj �= 0} − 1,

then we have that(
m
k(v, T )

)−1

Tm(z) =
n∑

j=1

(

n−j∑
k=0

(
m
k

)(
m
k(v, T )

)−1

λm−kαk+j)vj .

The result now follows easily. �
Corollary 9.4.9. Let V be a C-linear space with dimC(V ) = n and let T : V → V be
a linear transformation which is diagonalisable and all its eigenvalues are unitary
complex numbers. Then for every v ∈ V \{0}, the number k(v, T ) = 0 is the unique

positive integer for which the set of cluster points of

{(
m
k(v, T )

)−1

Tm(v)

}
m∈N

lies in Eve(T ) \ {0}.

Corollary 9.4.10. Let V be a C-linear space with dimC(V ) = n and let T : V → V
be an invertible linear transformation such that each of its eigenvalues is a unitary
complex number. Then for every v ∈ V \{0} there is a unique k(v, T ) ∈ N∪{0} for

which the set of cluster points of

{(
m
k(v, T )

)−1

Tm(v)

}
m∈N

lies in Eve(T )\{0}.

Proof. By the Jordan Normal Form Theorem there are k ∈ N; V1, . . . , Vk ⊂ V
linear subspaces and Ti : Vi → Vi, 1 ≤ i ≤ k such that:

(i)
⊕k

j=1 Vj = V .

(ii) For each 1 ≤ i ≤ k, Ti is a nonzero C-linear map whose eigenvalues are
unitary complex numbers.

(iii)
⊕k

j=1 Tj = T .

(iv) For each 1 ≤ i ≤ k, Ti is either diagonalisable or Vi contains an ordered basis
βi for which [T ]β is an ni × ni-Jordan block.

Let v ∈ V \ {0}, then there is a nonempty finite set W ⊂
⋃k

j=1 Vj \ {0} such
that v =

∑
w∈W w. Take i : W → N where i(w) is the unique element in {1, . . . , k}

such that w ∈ Vi(w). Define

k(v, T ) = max{k(w, Ti(w)) : w ∈W},
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W1 = {w ∈W : k(w, Ti(w)) < k(v, T )},

W2 = W \W1,

then

Tm(v)(
m
k(v, T )

) =
∑

w∈W1

(
m
k(w, Ti(w))

)
(

m
k(v, T )

) Tm
i(w)(w)(

m
k(w, Ti(w))

) +
∑

w∈W2

Tm
i(w)(w)(

m
k(w, Ti(w))

) .

(9.4.10)

The result now follows from equation (9.4.10), Lemma 9.4.8 and Corollary
9.4.9. �

Proof of Proposition 9.4.5. Let the set Λ(Γ), Eva(Γ) and Latr(γ) be as in Defi-
nition 9.4.3. Since

⋃
r∈Eva(Γ) Latr(γ) ⊂ Λ(Γ), thence it is enough to show that

Λ(γ) ⊂
⋃

r∈Eva(Γ) Latr(γ).

Let γ̃ be a lifting of γ, then by the Jordan Normal Form Theorem there
are k ∈ N; V1, . . . , Vk ⊂ Cn+1 linear subspaces; γi : Vi → Vi, 1 ≤ i ≤ k and
r1, . . . , rk ∈ R which satisfy:

(i)
⊕k

j=1 Vj = Cn+1.

(ii) For each 1 ≤ i ≤ k, γi is a nonzero C-linear map whose eigenvalues are
unitary complex numbers.

(iii) 0 < r1 < r2 < · · · < rk.

(iv)
⊕k

j=1 rjγj = γ̃.

In what follows (γ̃, k, {Vi}ki=1, {γi}ki=1, {ri}ki=1) will be called a decomposition for

γ. Now let [v]n ∈ Pn
C
, thus v =

∑k
j=1 vj where vj ∈ Vj . Set j0 = max{1 ≤ j ≤ k :

vj �= 0}. One has(
m

k(vj0 , Tj0)

)−1
γ̃m(v)

rmj0
=

k∑
j=1

(
m

k(vj0 , Tj0)

)−1 rmj γm
j (vj)

rmj0
. (9.4.10)

By Lemma 9.4.6 and Corollary 9.4.10 we conclude that the set of cluster
points of {γm(v)}m∈Z lies in [Eve(γj0) \ 0]n = Lrj0

(γ). �

9.4.2 Nonrealizability of Schottky groups in PSL(2n+ 1,C)

As we know from Chapter 3, for every group G ⊂ PSL(3,C) and every region Ω
where the group acts discontinuously, there is a projective line contained in P2

C
\Ω.

If we had a Schottky group in P2
C
, this would mean that the generating sets Ri, Si

would contain each at least one complex line, and these lines cannot meet since
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the generating sets are pairwise disjoint. This is not possible since in P2
C there

are no pairwise disjoint complex lines. In higher dimensions we will show that
the existence of a Schottky group acting on P2n

C would imply that the set Λ(γ) is
contained in a single connected component of the complement of the discontinuity
region, and this leads to a contradiction.

Lemma 9.4.11. If Γ ⊂ PSL(2n+ 1,C) is a Schottky group, then P2n
C \ ΩS(Γ) does

not contain a projective subspace V with dimC(V) ≥ n.

Proof. If V ⊂ P2n
C \ ΩS(Γ) is a projective subspace with dimC(V) ≥ n, then

V ⊂ P2n
C \ ΩS(Γ) = P2n

C \
⋃
γ∈Γ

γ(F (Γ)) ⊂ P2n
C \ F (Γ) =

⋃
g∈Gen(Γ)

R∗γ ∪ S∗γ .

Since V is connected and (V∩∪γ∈Gen(Γ)R
∗
γ ,V∩∪γ∈Gen(Γ)S

∗
γ) is a disconnection for

V we deduce that V ⊂ ∪γ∈Gen(Γ)R∗γ
or V ⊂ ∪γ∈Gen(Γ)S∗γ

. Moreover by an induction

argument we deduce that there is γ0 ∈ Gen(Γ) such that V ⊂ S∗γ0
or V ⊂ R∗γ0

. For
simplicity let us assume that V ⊂ S∗γ0

. Taking σ ∈ Gen(Γ) \ {γ0} we have

σ−1(V) ⊂ σ−1(S∗γ0
) ⊂ σ−1(P2n

C − S
∗
σ) = R∗σ. (9.4.12)

Observe that V and σ−1V are projective subspaces with dimC(V)+dimC(σ−1V) ≥
2n. Thence V ∩ σ−1(V) 6= ∅, which is a contradiction since by equation (9.4.12)
we have V ∩ σ−1V ⊂ R∗σ ∩ S∗γ0

= ∅. �

Lemma 9.4.13. Let Ac({γ} be as in Definition 9.2.5 and L(γ) be the closure of
the set of accumulation points of the orbits γm(z)m∈Z with z ∈ PnC. Let Γ ⊂
PSL(2n+ 1,C) be a group and ΩS a nonempty, Γ-invariant open set where Γ acts
properly discontinuously. Assume further that whenever l is a projective subspace
contained in P2n

C \ΩS, then dimC(l) < n. Then for every γ ∈ Γ with infinite order
there is a connected set L(γ) ⊂ Ac({γ}m∈Z,ΩS) ∪ L(γ), such that L(γ) ⊂ L(γ).

Proof. Let γ ∈ Γ be an element with infinite order, and choose a decomposition
(γ̃, k, {Vi}ki=1, {γ}ki=1, {ri}ki=1) for γ. Take j0 = min{1 ≤ j ≤ k :

∑j
i=1 dimC(Vi) ≥

n + 1}. From Proposition 9.4.5 we can assume that k ≥ 2. For the moment we

assume that j0 6= 1, k. Observe that, since
∑j0
i=1 dimC(Vi) ≥ n+ 1, we know there

is a nonzero w =
∑j0
i=1 wj ∈

⊕j0
j=1 Vj , where wi ∈ Vi, such that [w]2n ∈ ΩS . Since

ΩS is open we can assume that wj0 is nonzero. Now, let z ∈
⊕

j>j0
Vj \ {0}, then

by Lemma 9.4.6 we have

wm(z) =

w +

(
m
k(w, γj0)

)∑
j>j0

(
rj0
rj

)m
γ−mj (zj)


2n

m→∞
// [w]2n .

Thus form(z) large one has (wm(z))m≥m(z) ⊂ ΩS . On the other hand, by Corollary
9.4.10 there is a strictly increasing sequence (nm)m∈N ⊂ N and w0 ∈ Eve(γj0)\{0}
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such that (
nm

k(wj0 , γj0)

)−1

γnm
j0

(w0) m→∞ �� w0.

From this and Lemma 9.4.6 we deduce that

γnm(wnm) =

⎡⎣( nm

k(wj0 , γj0)

)−1 ∑
j≤j0

(
rj
rj0

)nmγnm
j (wj) + z

⎤⎦
2n

m→∞ �� [w0 + z]2n.

Hence ⋃
j>j0

Lrj (γ) ⊂ 〈[w0]2n, [
⊕
j>j0

Vj \ {0}]2n〉 ⊂ Ac({γm}m∈Z,ΩS) ∪ L(γ).

Now consider the following observations:

(i) If j0 = 1, k, then we have that L(γ) contains a single connected component
and therefore L(γ) can be taken as L(Γ).

(ii) In the case j0 = 1 one has that there is a w1 ∈ L(r1) such that⋃
j>1

L(rj) ⊂ 〈w1, [
⊕
j>1

Vi \ {0}]2n〉 ⊂ Ac({γm}m∈Z,ΩS) ∪ L(γ) .

So in this case, to finish the proof of Lemma 9.4.13 it is enough to take

L(γ) = 〈w1, [
⊕
j>1

Vj \ {0}]2n〉 ∪ Lr1(γ).

(iii) To obtain the result in the case j = k it is enough to apply to γ−1 the same
argument used in the first observation above.

(iv) In the case j0 �= 1, k, applying the same arguments to γ−1 we get that there
is v ∈ L(rj0) such that⋃

j<j0

L(rj) ⊂ 〈v, [
⊕
j<j0

Vi \ {0}]2n〉 ⊂ Ac({γm}m∈Z,ΩS) .

Therefore to finish the proof of Lemma 9.4.13 in this case it is enough to take

L(γ) = 〈v, [
⊕
j<j0

Vj \ {0}]2n〉 ∪ 〈[w0]2n, [
⊕
j>j0

Vj \ {0}]2n〉 ∪ Lrj0
(γ). �

Theorem 9.4.14. If Γ ⊂ PSL(2n+1,C) is a discrete subgroup, then Γ cannot be a
Schottky group acting on P2n

C
.
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Proof. Assume Γ is a Schottky group acting on P2n
C
, and let γ be one of its gener-

ators. Since the group Γ is free, γ must have infinite order. Now, since the action
is on a projective space of even dimension, the previous Lemmas 9.4.11 and 9.4.13
insure that the set A = L0(〈γ〉)∪L1(〈γ〉) is contained in a connected component of
the limit set as defined in Definition 3.3.9. On the other hand, since the dynamics
of the group is of the “ping-pong” type, one has that the set A must be contained
in at least two connected components of the limit set, which is a contradiction,
and the theorem follows. �

Remark 9.4.15. Notice that Theorem 9.4.14 and its proof remain valid if we replace
C by R.

9.5 Complex kissing-Schottky groups

We recall that in Chapter 1 we looked at kissing-Schottky subgroups of conformal
maps of P1

C
. These are groups obtained by reflections on circles which were not all

of them disjoint, but we allowed them to touch their neighbours slightly. That is,
each circle could kiss their neighbours, touching them tangentially. In this section
we construct a family of complex Kleinian groups acting on the 2-dimensional
projective space with similar features. The idea is to start with sets Rj and Sj in
P1
C
with the properties of Definition 9.2.1, but allowing them to touch others in a

“little part”, thus obtaining examples of free kissing-Schottky groups as in [158];
then from these we get complex kissing-Schottky subgroups of PSL(3,C).

The precise definition of complex kissing-Schottky goes exactly as in Defini-
tion 9.2.1, replacing the condition on the sets {Ri, Sj : j = 1, . . . , g} being pairwise
disjoint by the condition

⋃g
j=1 Rj ∪ Sj �= Pn

C
. In this way we can guarantee that

the corresponding group is free in g generators and it has a nonempty region of
discontinuity, with noncompact quotient.

We recall that the construction of Schottky groups in [203], explained before,
is based on having mirrors that play in P2n+1

C
the same role that circles play in

P1
C
∼= S2. Then we proved in the previous section that there are no Schottky

groups in even dimensions, but we did not say that there are no mirrors. In fact
the arguments used there show that the existence of such mirrors implies that
these sets necessarily intersect each other.

So the question now is how to create mirrors with “small” intersections, in
such a way that they enable us to construct complex Kleinian groups?

For this, let us first construct mirrors in P2
C
. A way to do so is to consider

the complex line � in P2
C
given by [z1 : z2 : 0] and the point p = [0 : 0 : 1]. Now

consider a Euclidean circle C on � = P1
C
and the complex inversion ıC on it; this

is the composition of the Euclidean inversion defined in Chapter 1, followed by a
reflection on a line (actually a circle) through its centre. Let C(C, p) be the union
of all the complex lines which join points in C with p, so it is a complex cone, and
it is a 3-dimensional subvariety of P2

C
with an isolated singularity at the vertex.
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Lemma 9.5.1. The involution ıC extends canonically to an involution ı̃C of P2
C

which leaves the cone C(C, p) invariant, and this cone C(C, p) splits P2
C

in two
diffeomorphic halves which are permuted by ı̃C .

Proof. Let m ∈ SL(2,C) be a lift of ıC , then ı̃C is the projectivisation of the
matrix (

m 0
0 1

)
.

It is clear that this map has the properties stated in the lemma. �
In other words the cone C(C, p), together with the map ıC , play the role of a

mirror. More generally,

Definition 9.5.2. A mirror in P2
C
is the image of C(C, p) by a projective automor-

phism.

So we can now start playing ping-pong as before. Consider a disjoint family of
circles in � with the corresponding inversions, and apply the procedure described
before. Then we generate a Kleinian group. But notice that the mirrors intersect at
the vertex of the cone, so the group is not Schottky but is often kissing-Schottky.

As an example, consider the Möbius transformations given by

m1(z) =
(1 + i)z − i

iz + 1− i
; m2(z) =

(1− i)z − i

iz + 1 + i
; m3(z) =

3iz + 10i

iz + 3i
.

We have:

m1(D+ 1 + i) = P1
C \ D+ 1− i ;

m2(D− 1 + i) = P1
C \ D− 1− i ;

m3(D− 3) = P1
C \ D+ 3 .

Thus Σs = 〈m1, m2, m3〉 is a kissing-Schottky group.
Now let Γε = 〈M1,M2,Mε〉 where ε ∈ C∗ and

M1 =

⎛
⎝ −1 − i i 0

−i −1 + i 0
0 0 1

⎞
⎠ ; M2 =

⎛
⎝ 1 − i −i 0

i 1 + i 0
0 0 1

⎞
⎠ ; Mε =

⎛
⎝ 3iε 10iε 0

iε 3iε 0

0 0 ε−2

⎞
⎠ .

Proposition 9.5.3. The group Γε is a complex kissing-Schottky subgroup of
PSL(3,C) with three generators. The discontinuity region in the sense of Kulkarni
is the largest open set where Γε acts properly discontinuously on P2

C
and its com-

plement is given by ΛKul(Γε) =
⋃

p∈Λ(Σs)
←−→p, e3, where Λ(Σs) is the usual limit set

of a subgroup in PSL(2,C).

Proof. Let rD + p be the Euclidean disc on ←−→e1, e2 with radius r and centre p.
Consider the following disjoint family of open sets

R1 =
⋃

q∈D+1+i

←−→q, e3; S1 =
⋃

q∈D+1−i

←−→q, e3;
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R2 =
⋃

q∈D−1+i

←−→q, e3; S2 =
⋃

q∈D−1−i

←−→q, e3;

R3 =
⋃

q∈D−4

←−→q, e3; S3 =
⋃

q∈D+4

←−→q, e3.

One deduces that

M1(R1) = P2
C \ S1;

M2(R2) = P2
C \ S2;

M3ε(R3) = P2
C \ S3;

3⋃
i=1

Ri ∪ Si �= P2
C.

Therefore Γε is a Kissing-Schottky group with three generators. Finally, since
tr2(m2) = 4 and det(M2 + Id) = 8, we deduce that M2 has the following normal
Jordan form: ⎛⎝ 1 1 0

0 1 0
0 0 1

⎞⎠ .

Then there is a complex line � such that e3 ∈ l = Fix(M2). Hence � ∩ ←−→e1, e2 =
Fix(m2) and Γε� =

⋃
q∈ΛS(Σs)

←−→q, e3. Thus
⋃

q∈ΛS(Σs)
←−→q, e3 ⊂ L0(Γε). Now, by

Proposition 3.3.6 we conclude that ΛKul(Γε) =
⋃

q∈ΛS(Σs)
←−→q, e3 is the largest open

set on which Γε acts discontinuously. �

9.6 The “zoo” in dimension 2

We know from Chapter 8 that if a subgroup Γ ⊂ PSL(3,C) has an invariant region
Ω ⊂ P2

C
where it acts properly discontinuously and with compact quotient, then

the group must be either complex hyperbolic, affine or elementary. So it is natural
to ask whether there are any other type of groups when we relax the compactness
condition.

The following is an example of a kissing-Schottky group which is not ele-
mentary and it is not topologically conjugate to either an affine or a complex
hyperbolic group.

Example 9.6.1. Now let us consider the following modification of the previous
example. Let Γε = 〈M1,M2,Mε〉 where ε = (ε1, ε2, ε3) ∈ C∗ × C2 and

M1 =

⎛
⎝ −1 − i i 0

−i −1 + i 0
0 0 1

⎞
⎠ ; M2 =

⎛
⎝ 1 − i −i 0

i 1 + i 0
0 0 1

⎞
⎠ ; Mε =

⎛
⎝ 3iε1 10iε1 0

iε1 3iε1 0

ε2 ε3 ε−2
1

⎞
⎠ .

The proof of the following lemma is a straightforward computation.
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Lemma 9.6.2. Let Pε(λ) denote the characteristic polynomial of Mε. Then

Pε(λ) = −(λ− ε−2
1 )(λ− iε1(3−

√
10))(λ− iε1(

√
10 + 3)).

Thus, if we take ε1 = −(3 +
√
10)1/3e−iπ(1+4ϑ)/6 with ϑ ∈ R−Q, we deduce:

(i) The set β =

⎧⎨⎩p1 =

⎛⎝ −
√
10

1
k−ε

⎞⎠ , p2 =

⎛⎝ √
10

1
k+ε

⎞⎠ ,

⎛⎝ 0
0
1

⎞⎠⎫⎬⎭ is an ordered

basis of eigenvectors, where

k±ε =
i(±
√
10ε2 + ε3)e

iπ(1+4ϑ)/6

(3 +
√
10)1/3(3(1− e2iπϑ)−

√
10(∓1− e2iπϑ))

.

The corresponding eigenvalues are {α−, α+, e
2πiϑα−}, where

α± =
−i(3±

√
10)(3 +

√
10)1/3

eiπ(1+4ϑ)/6
.

(ii) For every point x ∈ P2
C
\ (←−−→p1, p2 ∪←−→p1, e3 ∪←−→e3, p2) the set of cluster points of

{M−n
ε (x)}n∈N is contained in ←−→p1, e3 and is diffeomorphic to S1.

Recall that a kissing-Schottky group is like a Schottky group but allowing
the corresponding mirrors to touch each other tangentially (compare with [158]).

Proposition 9.6.3. The group Γε is a complex kissing-Schottky subgroup of
PSL(3,C) with three generators. The Kulkarni discontinuity region is the largest
open set where Γε acts properly discontinuously on P2

C
and its complement is given

by ΛKul(Γε) =
⋃

p∈ΛS(Σs)
←−→p, e3.

Moreover, if we assume ε1 = −(3 +
√
10)1/3e−iπ(1+4ϑ)/6, where ϑ = R − Q,

and kε �= k−ε , then these kissing-Schottky groups Γε are not topologically conjugate
to either an elementary, an affine or a complex hyperbolic group.

Proof. Let us first take p = e3, l = ←−→e2, e1 . Let π = πp,� : P2
C
\ {p} −→ � , be

the canonical projection and Π = Πp,� : Γ −→ Bihol(�) ∼= PSL(2,C) , given
by Π(g)(x) = π(g(x)), the group morphism associated to π. Then Π(M1) =
m1, Π(M2) = m2, Π(Mε) = m3.

Let us prove that Γε is a kissing-Schottky group. Consider the disjoint family
of open sets

R1 = π−1(D+ 1 + i); S1 = π−1(D+ 1− i);
R2 = π−1(D− 1 + i); S2 = π−1(D− 1− i);
R3 = π−1(D− 4); S3 = π−1(D+ 4).

One has:

M1(R1) = P2
C \ S1;

M2(R2) = P2
C \ S2;
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M3ε(R3) = P2
C \ S3;

3⋃
i=1

Ri ∪ Si �= P2
C.

Therefore Γε is a Kissing-Schottky group with three generators.
Now consider the following properties of Γε:

Property 1. Since tr2(m2) = 4 and det(M2 + Id) = 8 we deduce that M2 has the
normal Jordan form ⎛⎝ 1 1 0

0 1 0
0 0 1

⎞⎠ .

Then there is a complex line � such that e3 ∈ l = Fix(M2). Thus π(l \ {e3}) =
Fix(m2) and therefore Γεl =

⋃
q∈ΛS(Σs)

←−→q, e3. Hence
⋃

q∈ΛS(Σs)
←−→q, e3 ⊂ L0(Γε).

Now, by Theorem 5.8.2, it follows that Γε acts discontinuously on P2
C
\⋃

q∈ΛS(Σs)
←−→q, e3. By Proposition 3.3.6 we conclude that ΛKul(Γε) =

⋃
q∈ΛS(Σs)

←−→q, e3.

Property 2. The group Γε is not topologically conjugate to a complex hyperbolic
group. In fact, it is easy to see that ΛKul(Mε) =

←−→p1, e3∪{p2}. On the other hand, by
Theorem 7.3.1 we have that Mε cannot be topologically conjugate to an element
of PU(2, 1).

Property 3. The group Γε is not topologically conjugate to an affine group. In fact,
assume on the contrary that there is a homeomorphism φ : P2

C
−→ P2

C
such that

φ−1Γεφ(�) = � for some complex line �. Then φ(�) is a Γε-invariant 2-sphere. If
there is a point q ∈ φ(�) such that q /∈ ←−−→p1, p2 ∪ ←−→p2, e3 ∪ ←−→p1, e3, then by (ii) of
Lemma 9.6.2 the set of cluster points of {M−n

ε q}n∈N is contained in ←−→p1, e3 and is
diffeomorphic to S1. Hence |φ−1(←−→p1, e3)∩ �| > 2. On the other hand, since ←−→p1, e3 ⊂
L0(Mε), it follows that φ

−1(←−→p1, e3) is a complex line. Thus φ(�) =←−→p1, e3, which is a
contradiction. Therefore φ(�) ⊂ ←−−→p1, p2∪←−→p2, e3∪←−→p1, e3. Now, since φ(�)\{p1, p2, e3}
is connected we conclude that φ(�) = ←−−→p1, p2 or φ(�) = ←−→p2, e3 or φ(�) = ←−→p1, e3.

Since Γε
←−→p1, e3 = Γε

←−→p2, e3 =
⋃

q∈ΛS(Σs)
←−→q, e3 with card(ΛS(Σs)) > 2, we deduce

φ(�) =←−−→p1, p2. On the other hand, one can easily check that [1; 1; 0] and [0; 0; 1] are
the unique fixed points of M1 and its normal Jordan form is⎛⎝ −1 1 0

0 −1 0
0 0 1

⎞⎠ . (9.6.3)

Now, by Corollary 4.3.4 we conclude that←−→e1, e2 and
←−−−−−→
[1; 1; 0], e3 are the unique

invariant complex lines for M1. It follows that ←−−→p1, p2 = ←−→e1, e2. Thence there are
α, β ∈ C such that |α|+ |β| �= 0 and

−
√
10α+ β

√
10 = 1,
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α+ β = 0,

k−ε α+ k+
ε β = 0,

which is a contradiction since K+
ε 6= K−ε . �

Remark 9.6.4. By Chapter 4 the limit set ΛKul(〈[[Mε]]2〉) is not a subset of
ΛKul(Γε) for |ε1| > (

√
10 + 3)1/3. This shows that the limit set in the sense of

Kulkarni is not monotone. In other words, having discrete subgroups Γ1 ⊂ Γ2 of
PSL(3,C) does not imply that the Kulkarni limit set of Γ1 is contained in that of
Γ2.

9.7 Remarks on the uniformisation of projective 3-folds

In Chapter 8 we discussed projective structures on manifolds, and we spoke about
the uniformisation problem for Riemann surfaces and for complex projective sur-
faces. Of course it is very interesting to study this problem in higher dimensions,
and the constructions we give in this and in the following Chapter 10 point in that
direction: we get subgroups of PSL(n + 1,C) acting properly discontinuously on
an open set Ω ⊂ PnC with compact quotient, and the projection map Ω→ Ω/Γ can
be regarded as a uniformisation.

When pursuing this line of ideas, it is important to mention the important
contributions to the subject by M. Kato, particularly in dimension 3 (see references
in the bibliography).

In [111] the author studies compact complex 3-manifolds whose universal
covering is a “large” domain in the projective space P3

C. A domain in a projective
space P3

C is called large if it contains a projective line. So for instance, the disconti-
nuity regions of Schottky groups envisaged in this chapter, are large domains. The
author proves that if a large domain Ω ⊂ P3

C is the universal covering of a smooth
compact complex manifold M carrying nonconstant meromorphic functions, then
Ω is dense in P3

C and its complement is contained in a finite union of hypersurfaces
and a set with Hausdorff dimension ≤ 2. With some extra assumptions on the
structure of P3

C\Ω, it is also shown that this complement is actually a disjoint
union of two lines, or a line, or empty. This uses a previous result by the same
author, saying that if Ω is large, then the fundamental group of M is a subgroup
of PSL(4,C), acting on Ω as deck transformations.

More recently, in [112] the author refined and improved the results from
[111] studying properly discontinuous actions of discrete subgroups Γ ⊂ PSL(4,C)
on large open domains in Ω ⊂ P3(C), and the structure of their quotients. It
is proved that every holomorphic automorphism of a large domain is actually a
restriction of an element in PSL(4,C), so the group Aut(Ω) of biholomorphisms
of Ω is a subgroup of PSL(4,C), the stabiliser of Ω. Using results of P. J. Myrberg
about limit sets of normal sequences, the author shows that if Γ acts properly
discontinuously on a large domain Ω, then Γ must be of the so-called type L,
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which means that there is an open subdomain W ⊂ P3, biholomorphic to {[z0 :
z1 : z2 : z3] ∈ P3 | |z0|2 + |z1|2 < |z2|2 + |z3|2}, which satisfies γ(W ) ∩W = ∅ for
any γ ∈ Γ\{id}.

This is of course reminiscent of the results from [202] explained in this chap-
ter. And as before, one also has for Γ ⊂ PSL(4,C) of type L a corresponding
concept of a limit set Λ(Γ), which is a union of projective lines and a closed,
nowhere dense Γ-invariant subset of P3

C
. The complement Ω(Γ) = P3

C
\ Λ(Γ) is a

large domain and Γ acts properly discontinuously on it.
Groups of type L also have the nice property that given two such groups Γ1

and Γ2, one has a Klein combination Γ1 ∗ Γ2, which is again a group of type L
The quotient Ω(Γ)/Γ may have infinitely many components, see M. E. Kapo-

vich and L. D. Potyagailo [Sib. Math. J. 32, No.2, 227–237 (1991; Zbl 0741.30038)].
Let Ω be a large domain in P3 and assume that the quotient X = Ω/Γ, by a
properly discontinuous holomorphic action of Γ ⊂ Aut(Ω) on Ω, is compact. Then
Ω is a connected component of Ω(Γ). If moreover Γ acts fixed point free on Ω and
the algebraic dimension a(X) of X is positive, then Ω = Ω(Γ), see [K], and the
universal covering space of X is biholomorphic equivalent to the complement of
one or two disjoint projective lines in P3. The latter statement is the main result
of the paper and the extensive proof uses a broad spectrum of classical methods
from algebraic geometry including deformation theory of Kodaira surfaces. The
main difficulty occurs for a(X) = 1 and is solved by a thorough analysis of the
possible singularities of the singular fibres of the algebraic reduction map of X,
added by detailed considerations about free abelian group actions on P2 and P3.



Chapter 10

Kleinian Groups and Twistor
Theory

Twistor theory is one of the jewels of mathematics in the 20th Century. A start-
ing point of the celebrated “Penrose twistor programme” is that there is a rich
interplay between the conformal geometry on even-dimensional spheres and the
holomorphic on their twistor spaces. Here we follow [202] and explain how the re-
lations between the geometry of a manifold and the geometry of its twistor space,
can be carried forward to dynamics. In this way we get that the dynamics of
conformal Kleinian groups embeds in the dynamics of complex Kleinian groups.

The prototype of a twistor fibration is P3
C
→ S4, also known as the Calabi-

Penrose fibration, in which the fibre is the 2-sphere. In this case we get that every
Kleinian subgroup of Iso+(H5

R
) embeds canonically in PSL(4,C) as a complex

Kleinian group.
This chapter is based on [202]. In Section 10.1 we review the twistor space

and the twistor fibration associated to Riemannian manifolds. We look in detail
at the case of the 4-sphere, whose twistor space is P3

C
, where we define the twistor

fibration in three equivalent ways. We then discuss the canonical lifting of the
conformal group acting on the base, to a group of holomorphic automorphisms
of the twistor space. We use this information to construct and study complex
Kleinian groups, and finally we use the Patterson-Sullivan measure for conformal
Kleinian groups, to define a measure for these “twistorial” Kleinian groups, and
study their ergodicity and the minimality of the action on their Kulkarni limit set.

10.1 The twistor fibration

In this section we give a definition of the twistor fibration and we explain some of
the basic ideas and results in this respect. We consider first the case of 4-manifolds,
where this fibration was also studied, independently and from a different viewpoint

DOI 10.1007/978-3-0348-0481-3_10, © Springer Basel 2013
A. Cano et al., Complex Kleinian Groups, Progress in Mathematics 303, 231
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in [35, 36]. Here we discuss both viewpoints, and we refer to [10], [12], [174] and
[175] for more about twistor theory. See also [34], [189], [97] for clear accounts on
the subject. We use also the spin representation of the orthogonal group, and we
refer to [11] and [137] for clear accounts of spin geometry.

10.1.1 The twistor fibration in dimension 4

IfM is a closed, oriented 4-manifold endowed with a Riemannian metric, its twistor
space Z(M) is by definition the total space of the fibre bundle over M . The fibre
of Z(M) at each x ∈M is the set Zx(M) of all complex structures on TxM which
are compatible with the metric and orientation on M .

It is clear that given one such complex structure J on TxM , i.e., an element
in Zx(M), every element in SO(4) transforms J into another complex structure
on TxM compatible with the metric and the orientation. That is, SO(4) acts on
Zx(M), and it is an exercise to show that this action is transitive, with isotropy

U(2). Hence the fibre is SO(4)/U(2).
It is well known that SO(4)/U(2) is diffeomorphic to the 2-sphere, i.e.,

SO(4)/U(2) ∼= S2 .

A way to prove this is by showing that SO(4) acts transitively on S2 with fibre

U(2), and the best way to achieve this is via the spin representation. In fact, SO(4)
is isomorphic to SU(2) × SO(3) and its spin representation is the direct sum of
two complex representations of dimension 2, the usual representation of SU(2) as
linear maps in C2. Its projectivisation provides a transitive action of SO(4) on
P1
C
∼= S2 with isotropy U(2) and thence the fibre Zx(M) = SO(4)/U(2) is actually

P1
C.

Thus one has a fibre bundle p : Z(M)→M , with fibre P1
C
∼= S2:

Definition 10.1.1. The 2-sphere bundle,

p : Z(M)→M ,

is called the Calabi-Penrose, or twistor, fibration of the Riemannian manifold M ;
its fibres are called the twistor lines.

When M = S4 with its canonical metric, the twistor space Z := Z(S4) turns
out to be the complex projective space P3

C. In fact, it is easy to see that one has

Z(S4) ∼= SO(5)/U(2) ∼= SO(6)/U(3) ,

and the projectivisation of the spin representation of SO(6) provides a diffeomor-
phism SO(6)/U(3) ∼= P3

C. One thus has the twistor fibration

Z(S4) ∼= P3
C −→ S4 ,

with fibre S2.
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Let us give an alternative (well-known) construction of this fibration. Let H
be now the quaternionic line. We can think of it as being R4 equipped with three
complex structures given by i, j, k, with i2 = j2 = k2 = −1, which satisfy ij = k;
jk = i; and ki = j.

We now consider the 2-dimensional quaternionic space H2. We leave it as an
exercise to show that S4 is diffeomorphic to the space of right quaternionic lines
in H2: S4 ∼= P1

H.
Multiplication in H2 on the right by i determines a complex structure on

H2 ∼= R8. In this way, each right quaternionic line Lq in H2 becomes a 2-dimen-
sional complex space in C2 ∼= H. Moreover, given any α ∈ H, multiplication by
α on the right preserves Lq := {qλ : λ ∈ H , q ∈ H2 − {(0, 0)} }, so each line
Lq is covered by the complex lines lqα := {qαλ : λ ∈ C , } ⊂ Lq. If we identify
each complex line lqα to a point we obtain P3

C
= Z(S4), and if we identify each

quaternionic line Lq to a point we obtain P 1
H = S4. This gives the 2-sphere bundle,

the twistor fibration p : P3
C
→ S4 , where each fibre is a projective line P1

C
.

We remark that there is yet another way for thinking of the fibres of this
fibration P3

C
→ S4, which generalises immediately to all oriented, Riemannian 4-

manifolds M . Or rather, there is a natural way for constructing elements in these
fibres, that is complex structures on the tangent space at each point ofM . This was
Calabi’s viewpoint. For this, notice that a choice of a metric and an orientation in
R2 identifies this space with C: multiplication by i being a rotation of π/2 degrees
counterclockwise. Now consider R4 equipped with an orientation and its usual
metric, and let P be an oriented 2-plane through the origin in R4. Then, by the
previous remark, P is canonically a complex line. On the other hand, the metric
on R4 determines a well-defined orthogonal complement P⊥ of P . The orientation
in R4 determines an orientation in P⊥ compatible with that in P . Hence P⊥ also
has a canonical complex structure. Since R4 ∼= P ⊕ P⊥, one thus has a complex
structure on R4. Thence we have proved:

Lemma 10.1.2. Every oriented 2-plane in R4 determines an isomorphism R4 ∼= C2.

In other words, given a point x ∈ M4 and an oriented plane P ⊂ TxM , one
has a well-determined element in the twistor fibre Zx(M) ∼= S2. Thus one has:

Lemma 10.1.3. Let Σ be a closed, oriented, C1 surface immersed in S4. Then Σ
has a canonical lifting to a surface Σ̃ in P3

C
.

The problem studied by Calabi and others, was to determine geometric con-
ditions on Σ to ensure that the lifting Σ̃ was a complex submanifold of P3

C
. Calabi’s

work is particularly interesting in relation with minimal immersions of 2-spheres
in S4, and that will be used later in this chapter. See [35], [36], and also [54], [34],
[189].
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10.1.2 The twistor fibration in higher dimensions

We now define the twistor fibration in higher dimensions. We consider the unitary
group U(n) := {A ∈ GL (n,C) : A−1 = At}; the columns of each such matrix
define linearly independent vectors in Cn, so U(n) can be regarded as being the
set of all unitary n-frames in Cn. We also consider the special orthogonal group
SO(n), which consists of all orthonormal, oriented n-frames in Rn. These are both
compact Lie groups of dimensions n2 and n(n − 1)/2, respectively. There are
natural inclusions

U(n) ↪→ SO(2n) ↪→ SO(2n+ 1) and U(n) ↪→ U(n+ 1) .

This gives a map between symmetric spaces,

SO(2n+ 1)/U(n) −→ SO(2n+ 2)/U(n+ 1) , n > 0 ,

which is easily seen to be a diffeomorphism. One also has a natural action of
SO(2n+ 1) on the sphere S2n, with isotropy SO(2n), so that S2n ∼= SO(2n+ 1)/
SO(2n). This induces a projection map

p : Z(S2n) := SO(2n+ 1)/U(n) → S2n ,

which is a submersion with fibre L
(2n)
x := p−1(x) ∼= SO(2n)/U(n) , the set of

all complex structures on the tangent space TxS2n which are compatible with

the metric and orientation. For n > 1, the fibre L
(2n)
x coincides with the space

Z(S2n−2).

Definition 10.1.4. The manifold Z(S2n) is the twistor space of S2n, and p : Z(S2n)→
S2n is its twistor fibration. The fibres of p are the twistor fibres.

More generally one has:

Definition 10.1.5. Let N be an oriented, Riemannian 2n-manifold, n > 0. The
twistor space of N is the total space of the twistor fibration, p : Z(N)→ N , whose
fibre at x ∈ N is the twistor space SO(2n)/U(n) of S2n−2, i.e., the set of all
complex structures on TxN compatible with the metric and the orientation on N .

This generalises the twistor fibration studied above in dimension 4. We refer
to Penrose’s articles [174], [175], [176], and to the articles [95], [12], [52], [165] for
more on the subject. See also to [34], [189] for clear accounts of twistor spaces.

The space Z := Z(N) is always an almost complex manifold. In fact the Levi-
Civita connexion ∇ on N gives rise to a splitting T (Z) = H ⊕ V of the tangent
bundle T (Z), into the horizontal and vertical components, where V is the bundle
tangent to the fibres of p and H is isomorphic to the pull-back p∗(TN) of TN .

Each x̃ ∈ Z(N) represents a point x := p(x̃) in N , together with a complex
structure on TxN ; since at each x̃ in Z(N) one has Tx̃(Z) = Hx̃⊕Vx̃, and Hx̃ is nat-
urally isomorphic to TxN , one has a tautological complex structure on Hx̃. Hence
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an almost complex structure on the fibre Z(S2n−2) = SO(2n)/U(n), determines

an almost complex structure J̃ on Z(N), and an almost complex structure on the
fibre is easily defined by induction: Z(S2n−2) fibres over S2n−2 with fibre Z(S2n−4),
and so on; at each step T (Z(S2i)) decomposes as above, into an horizontal and a
vertical component, with the horizontal component having a tautological almost
complex structure.

Hence, the complex structure on P1
C
= Z(S2) determines an almost complex

structure on Z(S4) = P3
C
and so on, till we get an almost complex structure J̃ on

Z(N).

The question of the integrability of J̃ is very subtle: it is integrable if N is
(locally) conformally flat (by [12] for n = 2, by [52], [165] for n > 2). In fact this
condition is also necessary for n > 2, see [189, Th.3.3]. Hence, in particular, Z(S2n)
is always a complex manifold with the almost complex structure J̃ . It has complex
dimension n(n+ 1)/2.

We summarise the previous discussion in the following well-known theorem.

Theorem 10.1.6. Let N be a closed, oriented, Riemannian 2n-manifold, n > 1,
and let p : Z(N) → N be the twistor fibration of N . Then Z(N) has a (preferred)

almost complex structure J̃ , which is integrable whenever N is conformally flat.
The twistor fibration p : Z(N) → N , is a locally trivial fibre bundle with fibre
Z(S2n−2) = SO(2n)/U(n) . In particular,

Z(S2n) ∼= SO(2n+ 1)/U(n) ∼= SO(2n+ 2)/U(n+ 1) .

For n = 2, to have integrability of the almost complex structure J̃ , one does
not actually need to ask so much: the metric only needs to be anti self-dual.

Another important property of the twistor space Z(S2n) is that it always
embeds in a projective space PN

C
, for some N . We will return to this point later

in the chapter.

10.2 The Canonical Lifting

A key-fact of Penrose’s twistor programme is that every orientation preserving
conformal automorphism of the 2n-sphere lifts canonically to a holomorphic auto-
morphism of its twistor space. Here we briefly explain these liftings, and prove that
these are isometries on the twistor fibres, a fact which is essential for studying,
later in this chapter, the dynamics of these liftings.

10.2.1 Lifting Conf+(S4) to PSL(4,C)

There are several ways for explaining the canonical lifting of (orientation preserv-
ing) conformal automorphisms of S4 to holomorphic automorphisms of P3

C
. Here

we give one such description, following [202].
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Let us give a different description of the group Conf+(S4) which is appro-
priate for this work. We know already that S4 can be thought of as being the
projective quaternionic line P1

H ∼= S4. This is the space of right quaternionic lines
in H2, i.e., subspaces of the form

Lq := {qλ : λ ∈ H} , q ∈ H2 −
{(

0
0

)}
,

where H is the space of quaternions and H2 :=

{(
q0
q1

)
: q0, q1 ∈ H

}
. Identify S4

with H ∪ {∞} := Ĥ via the stereographic projection. Let GL (2,H) := Gll(2,H)

be the group of all invertible 2× 2 quaternionic matrices

(
a b
c d

)
acting on H2 by

the left in the obvious way. The space H2 is a right module over H and the action
of GL (2,H) on H2 commutes with multiplication by the right: for every λ ∈ H
and A ∈ GL (2,H) one has

A ◦Rλ = Rλ ◦A,

where Rλ is multiplication on the right by λ. Thus GL (2,H) carries right quater-
nionic lines into right quaternionic lines, so it defines an action of GL (2,H) on
P 1
H = S4. Now consider the map

ψ : H2 −
{(

0
0

)}
→ S4

given by: ψ

(
q0
q1

)
= q0q

−1
1 . For each A =

(
a b
c d

)
∈ GL (2,H) and a point (q0, q1)

in H2 −
{(

0
0

)}
, one has: T ◦ ψ(q0, q1) = ψ(A

(
q0
q1

)
) , where T is the Möbius

transformation T (q) = (aq + b)(cq + d)−1 ∈ S4 .

We refer to [4], [5], [10], [133] or [64] for proofs of the following theorem.

Theorem 10.2.1. Let us denote by Möb(2,H) the set of all the quaternionic Möbius

transformations in Ĥ := H ∪∞ = S4 of the form

T (q) = (aq + b)(cq + d)−1 , q ∈ Ĥ ,

where a, b, c, d are quaternions and the matrix

(
a b
c d

)
is in GL (2,H) . We make

the usual conventions about the point at infinity. Then Möb(2,H) is a group, and
one has the group isomorphisms

Möb(2,H) ∼= PSL(2,H) ∼= Conf+(S4) ∼= SO0(5, 1) ,

where PSL(2,H) = (SL(8,R) ∩GL(2,H)) /{±I} and SO0(5, 1) is the connected
component of the identity of SO(5, 1).
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As before, we endow S4 with its usual metric and we consider its twistor
fibration

p : Z(S4) ∼= P3
C −→ S4 ,

with fibre Ex
∼= P1

C
the twistor line at each x ∈ S4; this is the set of all complex

structures on TxS4 which are compatible with the metric and orientation.
We think of S4 as being the space of right quaternionic lines in H2, as above.

Recall that to get the twistor fibration in this way we observed that multiplication
on the right by i determines a complex structure on H2 ∼= R8, so that each right
quaternionic line Lq in H2 becomes a 2-dimensional complex space in C4 ∼= H2.
Moreover, given any α ∈ H, multiplication by α by the right preserves Lq :=
{qλ : λ ∈ H , q ∈ H2 − {(0, 0)} }, so each line Lq is covered by the complex lines
lqα := {qαλ : λ ∈ C , } ⊂ Lq.

If we identify each complex line lqα to a point we obtain P3
C
= Z(S4), and if

we identify each quaternionic line Lq to a point we obtain P 1
H = S4. This gives

the 2-sphere bundle, p : P3
C
→ S4 , where each fibre is a projective line P1

C
.

Now, given h ∈ Conf+(S4), its canonical lifting to a holomorphic map

h̃ : Z(S4) = P3
C → P3

C ,

can be defined through the above identification

Conf
+

(S4) ∼= Möb(2,H) ∼= PSL(2,H) ⊂ PSL(4,C) .

This also says that Conf+(S4) actually lifts to PSL(4,C) as a group, carrying
twistor lines into twistor lines.

Let us now say something about the way this lifting transforms the twistor
lines.

We recall that P1
C

has the Fubini-Study metric (see Chapter 2 or [232]),
which coincides with the standard metric on S2. This metric is essentially the
angle between the complex lines in C2. More precisely, we think of S2 ∼= P1

C
as

being the quotient S3/ U(1), which inherits a metric from the usual metric on S3,
which is U(1)-invariant.

For each line Lq, with the above complex structure, we consider the standard
Hermitian metric. Then a transformation A ∈ PSL(2,H) sends the right line
Lq isometrically into the right line Lq′ , because the vectors {q, qi, qj, qk} form a
real orthonormal basis in Lq, and their image in Lq′ is the basis {q′, q′i, q′j, q′k}.
Therefore A preserves the angle between complex lines contained in the same
right quaternionic line, so it preserves the Fubini-Study metric on the fibres of the
twistor fibration. We thus arrive at the following theorem of [202]:

Theorem 10.2.2. Let h ∈ Möb(2,H) and let h̃ be its canonical lifting to an au-

tomorphism of P3
C
. Then h̃ carries twistor fibres isometrically onto twistor fibres,

with respect to the Fubini-Study metric on the fibres.
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10.2.2 The Canonical lifting in higher dimensions

We now discuss the generalisations of Theorems 10.2.1 and 10.2.2 to higher di-
mensions.

The Lie group SO(2n+1), being compact, has a canonical bi-invariant metric,
that we may think of as being the distance between two frames. This descends
to a metric on Z(S2n) ∼= SO(2n+ 1)/U(n), which is invariant under the left
action of SO(2n + 1) and restricts to the corresponding metric on each twistor

fibre L
(2n)
x := p−1(x) ∼= SO(2n)/U(n) .

With this, the projection p : Z(S2n) → S2n becomes a Riemannian submer-
sion. Furthermore, each element F ∈ SO(2n + 1) can be regarded as being of
the form (x,F2n

x ), where x is a point in S2n and F2n
x = (v1(x), . . . , v2n(x)) is an

orthonormal basis of the tangent space TxS2n.
If γ ∈ Conf+(S2n) is a conformal diffeomorphism, then the derivative of dγ

carries F2n
x into a basis F2n

γ(x) of Tγ(x)S2n, which is orthonormal up to a scalar

multiple. Thus γ lifts canonically to a diffeomorphism γ̃ of the Z(S2n). There is
another way of defining this lifting of γ to Z(S2n): at each point x ∈ S2n, the basis
F2n

x provides an identification Tx(S2n) ∼= Cn, so it endows Tx(S2n) with a complex
structure J1

x . Then dγ determines the basis d(γ)x(F2n
x ) of Tγ(x)(S2n) , hence an

isomorphism Tγ(x)(S2n) ∼= Cn and a complex structure J1
γ(x) on Tγ(x)(S2n). This

gives the lifting γ̃ of γ.

More generally, if N is a closed, oriented Riemannian 2n-manifold, then its
twistor space Z(N) has a natural metric g, which turns it into an almost Hermi-
tian manifold (following the notation in [189]): this metric is defined locally on
Tx̃(Z(N)) = Hx̃ ⊕ Vx̃ as the product of the metric on the horizontal subspace
Hx̃ and the above metric on the fibre Z(S2n−2). It is clear that the constructions
above can be extended to this more general setting. Hence, whenever we have
an orientation preserving conformal automorphism γ of N , we have a canonical
lifting of γ to an automorphism γ̃ of Z(N) that carries twistor fibres isometrically

into twistor fibres. Moreover, it is clear that one has: (dγ̃)x̃ J̃x̃ = J̃γ̃(x̃) (dγ̃)x̃ for
every x̃ ∈ Z(N), so that γ̃ is in fact an “almost-holomorphic” automorphism of
Z(N), i.e., an automorphism that preserves the almost complex structure. (These
maps are called holomorphic in [189].) If the almost complex structure on Z(N)
is integrable, then γ̃ is actually holomorphic. One has the following theorem from
[202]. The first statement in it is actually well-known; we include it here for com-
pleteness and to emphasise that the canonical lifting of conformal maps to the
twistor space actually lifts the whole conformal group, as a group, a fact which is
essential for us in the sequel.

Theorem 10.2.3. Let N be as above, a closed, oriented, Riemannian 2n-manifold,
let p : Z(N) → N be its twistor fibration and endow Z(N) with the metric g as
above, i.e., it is locally the product of the metric on N , lifted to the horizontal
distribution given by the Levi-Civita connexion on N , by the metric on the fibre
induced by the bi-invariant metric on SO(2n). Then:
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(i) The group Conf+(N), of conformal diffeomorphisms of N that preserve the

orientation, lifts canonically to a subgroup C̃onf+(N) ⊂ Authol(Z(N)) of
almost-holomorphic transformations of Z(N). Moreover, if the almost-com-

plex structure J̃ on Z(N) is integrable, then these transformations are indeed
holomorphic.

(ii) Each element in C̃onf+(N) carries twistor fibres isometrically into twistor
fibres.

10.3 Complex Kleinian groups on P3
C

We now recall from Chapter 3 that given a subgroup G ⊂ PSL(4,C), its Kulkarni
limit set ΛKul = ΛKul(G) is the union L0(G) ∪ L1(G) ∪ L2(G), where L0(G) is
the closure of the set of points in P3

C
with infinite isotropy; L1(G) is the closure

of the set of accumulation points of orbits in P3
C
\ L0; and L2(G) is the closure

of the set of accumulation points of orbits of compact sets in P3
C
\ (L0 ∪ L1). The

complement Ω̃Kul(G) := P3
C
\ ΛKul is the (Kulkarni) region of discontinuity of G.

From now on we essentially follow [202].

Proposition 10.3.1. Let G̃ ⊂ PSL(4,C) be the canonical lifting of a discrete sub-
group G of Conf+(S4), let p : P3

C
→ S4 be the twistor fibration, and let Λ(G) ⊂ S4

be the limit set of G. Then ΛKul(G̃)) = p−1(Λ(G)) , and therefore Ω̃Kul(G) =
p−1(Ω(G)) , where Ω(G) = S4 \Λ(G) is the discontinuity region of G. Hence, if G

is Kleinian, then G̃ is a complex Kleinian group.

Proof. Since the action of G̃ on P3
C
is a lifting of the G-action on S4, it is clear that

one has ΛKul(G̃)) ⊂ p−1(Λ(G)) . To prove this we observe first that if x̃ ∈ P3
C
is

not in p−1(Λ(G)), then there is a neighbourhood U of x = p(x̃) totally contained
in Ω(G) which meets at most finitely many of its orbits under the action of G on

S4. Hence Ũ := p−1(U) meets at most finitely many of its orbits under the action

of G̃ on P3
C
. Therefore p−1(Λ(G)) contains Λ(G̃).

Observe that since G̃ acts discontinuously on p−1(Ω(G)) by Proposition 3.3.6,

to prove p−1(Λ(G)) = Λ(G̃) it will be enough to show that p−1(Λ(G)) = L0(G̃) ∪
L1(G̃). For this, let x ∈ Λ(G), thus there is a sequence of distinct elements γm ⊂ G

such that γm(y)
m→∞ �� x, for each y ∈ Ω(G). Let (γ̃m) ⊂ G̃ be the sequence of

the respective canonical liftings of the γm. Taking γ̂m = γ̂m |p−1(y), we will deduce
that the family {γ̂m : m ∈ N} is equicontinuous and pointwise relatively compact;

this claim is supported by the fact that each element in C̃onf+(N) carries twistor
fibres isometrically into twistor fibres (see theorem 10.2.3) and P3

C
is compact.

Thus for the Arzelà-Ascoli theorem, there is a continuous function γ̂ : p−1(y)→ P3
C

and a subsequence, still denoted by (γ̂m), such that γ̂m m→∞ �� γ̂ uniformly, since

γ̂m(p−1(y)) is a twistor fibre for eachm, we conclude that γ̂(p−1(y)) is contained in
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a twistor fibre. Moreover, since γ̂m is an isometry we conclude that γ̂ is an isometry
and therefore γ̂(p−1(y)) is a twistor fibre. By the following commnutative diagram
we conclude that this fibre must be p−1(x).

p−1(y)
γ̂m ��

p

��

γ̂m(p−1(y))

p

��
{y}

γm

�� {γm(y)}.

Hence the limit set in P3
C
is as stated. In particular, if G is Kleinian, then G̃ is

complex Kleinian. �

Now consider a discrete subgroup G of Conf+(S4); we recall that G is said to
be Fuchsian if it leaves invariant a 3-dimensional round sphere S3δ in S4 where by
round sphere we mean, a sphere at infinity which is the boundary of a complete
totally geodesic subspace of the hyperbolic space H5 (see Subsection 1.2.4). Every
such group is automatically a Kleinian group in S4, because its limit set is con-
tained in S3δ . The fundamental group of every complete hyperbolic n-orbifold with
n < 5 is a Fuchsian group in S4 because the canonical inclusion Iso(Hn) ↪→ Iso(H5)
leaves invariant a hyperplane in H5, hence this group is also Kleinian.

Theorem 10.3.2. Let G̃ and G be as in Theorem 10.3.1. Then:

(i) If G is the fundamental group of a hyperbolic n-orbifold with n < 4, via the

inclusion Iso(Hn) ↪→ Iso(H5), then the action of G̃ on P3
C
leaves invariant a

proper submanifold of P3
C
and it is not minimal on the limit set.

(ii) If G is the fundamental group of a hyperbolic orbifold of dimension n = 4, 5

and Λ(G) is the whole Sn−1 ⊂ S4, then the action of G̃ is minimal on its

limit set ΛKul
∼= Sn−1 × P1

C
. Hence the action of G̃ on P3

C
is algebraically-

mixing, i.e., there is no proper complex submanifold (nor sub-variety) of P3
C

which is G̃-invariant.

We recall that the action of a group acting on a topological space is said to
be minimal if each orbit is dense.

To prove Theorem 10.3.2 we need the following theorem, which is of inde-
pendent interest.

Theorem 10.3.3. Let G be a discrete subgroup of Conf+(S4). Let G̃ be the canonical

lift of G to P3
C
and let H ⊂ Λ(G̃) be a nonempty minimal subset for the action of

G̃. Then:

(i) The restriction of p : P3
C
→ S4 to H is a locally trivial continuous fibre bundle

over all of Λ(G).
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(ii) If H �= Λ(G̃), then each fibre Hx of p|H is either a point or a copy of the

round circle S1, and there exists a G̃-invariant continuous section of the
bundle p : P3

C
→ S4 over the points in Λ(G) ⊂ S4.

Proof of Theorem 10.3.3. We first note that, becauseH is compact, nonempty and
the action of G on Λ(G) is minimal, H intersects every twistor line over Λ(G). Let

x ∈ Λ(G) and Hx = H ∩ p−1({x}). Then γ̃(Hx) = Hγ(x) for every γ̃ ∈ G̃, because

G̃ acts minimally on H and it carries twistor lines onto twistor lines . Moreover,
the action on the twistor lines is by isometries. Thus for every x, y ∈ Λ(G), Hx is
isometric to Hy. Also by minimality, if for a sequence {xi} of Λ(G) one had

lim
i→∞

xi = x, but lim
xi→x

Hxi �= Hx,

whereHxi converges to Fx in the Hausdorff metric, then Fx∪Hx would be isometric
to Hx, which is not possible. Thus Hx depends continuously on x in the Hausdorff
metric of compact subsets of P3

C
. Hence, for each x ∈ Λ(G) there exists an open

neighbourhood Ux ⊂ Λ(G) and a continuous map ψ : Ux → SO(3), such that if
we consider a trivialisation of the Calabi-Penrose fibration p−1(Ux) ∼= Ux × S2,
then (y,Hy) = (y, ψ(y)(Hx)). Thus we can trivialise p|H in Ux by the function

(y, w) �→ (y, ψ(y)(w)), w ∈ Hx ⊂ S2, from Ux ×Hx ⊂ Ux × S2 to p|H−1
(Ux). This

proves statement (i).

Suppose that H �= p−1(Λ(G)), then we also have a fibration p1 : P3
C
−H →

Λ(G), where the fibres are p−1
1 ({x}) = p−1({x}) −Hx := Σx, and Σx is an open

subset of the sphere Hπ−1({x}). Thus Σx is isometric to Σy for all x , y ∈ Λ(G)
and γ̃ sends Σx isometrically onto Σγ(x). Suppose that for a fixed x ∈ Λ(G) the
function y �→ d(y,Hx), from Σx to R, attains its maximum at a unique point
zx, where d denotes the spherical distance in p−1({x}). Then, by minimality, the

closure of the orbit of zx under G̃ meets every fibre of p1, and it can not meet the
fibre in more than one point because zx is the unique point at maximal distance
to Hx. Hence the closure of the G̃-orbit of zx is the graph of a continuous section
of p1. The image of this section is a closed set, it is G̃-invariant, with a minimal
action of G̃.

Let us now show that, for each x ∈ Λ(G), Hx is homogeneous. Let w1 , w2 ∈
Hx. Then there exists a sequence {γ̃i} in G̃ such that γ̃i(w1) converges to w2,
by minimality, and we can obtain a subsequence γ̃ij such that the restriction
γ̃ij |Hx is convergent, because SO(3) is compact. Hence the subgroup of SO(3) that
leaves invariant Hx is compact and it acts transitively on Hx. Then the connected
component of this group is either trivial and Hx is a section of p|Λ(G̃), or else it

is SO(2) or SO(3). If it is SO(2), then Hx is a round circle and we can apply the
previous argument to obtain an invariant section (for instance we could take the
set of points which are centres of one of the discs in which the circle divides the
fibre). If this group is SO(3), then H = Λ(G̃), which is a contradiction. This proves
statement (ii). �
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Proof of Theorem 10.3.2. Let us prove statement (i) first. This is done by using
[35], [36] to show that if G is a conformal Kleinian group in S4 that leaves invariant
a maximal round sphere S2 ⊂ S4, then S2 lifts to a holomorphic Legendrian curve
in P3

C
, which is G̃-invariant and it is transversal to all the twistor lines that this

line meets.

We first recall that the bundle normal to the twistor lines in P3
C
, with re-

spect to the Fubini-Study metric, is a complex two-dimensional (holomorphic)
sub-bundle of the tangent bundle of P3

C
. This gives a holomorphic contact struc-

ture to P3
C
(by [9] or [136, p. 204]). We recall that a complex structure on R4

can be thought of as being a choice of an oriented 2-plane P ⊂ R4: the orienta-
tion determines a complex structure on P , and also an orientation and a complex
structure on the orthogonal complement of P . Hence, if Σ � S4 is an immersed
oriented surface in S4, then Σ can be lifted canonically to P3

C
, and by [35], [36], this

is a Legendrian (or horizontal) surface Σ̂ in P3
C
, i.e., it is tangent to the contact

structure. Moreover, if Σ is the Riemann sphere, then every minimal immersion
Σ � S4 lifts to a holomorphic curve Σ̂ in P3

C
(see [33, p. 466], also [35], [36], [136]).

Let us now consider a maximal round sphere S2 in S4 and consider a con-
formal Kleinian group G on S4 that leaves invariant this S2. Then S2 lifts to a
holomorphic curve L in P3

C
, which is horizontal. The action of G̃ on P3

C
preserves

L and it also preserves all lines in the Calabi-Penrose fibration that intersect L.
Hence L is a proper complex submanifold of P3

C
which is G̃-invariant and the ac-

tion on Λ(G̃) is not minimal, because the action on the fibres is by isometries, so
the points in p−1(S2)−L can never accumulate towards L. This proves statement
(i).

To prove statement (ii) we first observe the standard fact that Zorn’s lemma

implies that there exists a subset H ⊂ Λ(G̃) ⊂ P3
C

where the action of G̃ is

minimal. We claim that one must have H = Λ(G̃). Suppose H �= Λ(G̃) and n = 4,
so that the limit set Λ(G) is a round 3-sphere S3 ⊂ S4. By statement (ii) in
Theorem 10.3.3, there exists a continuous family of almost complex structures
Jx : TxS4 → TxS4 for all x ∈ S3 ⊂ S4, which is compatible with the metric and the
orientation of S4, and which is G-invariant. Consider the associated 2-plane field
Π := {Πx := TxS3 ∩ Jx(TxS3) ⊂ TxS4 , x ∈ S3}. This plane field is G-invariant.
Let L be the line field tangent to S3 which is orthogonal to Π, then L is also
G-invariant by the conformality of the action, and this is not possible.

In fact, following the idea of the proof of Mostow’s Rigidity Theorem [154], if
α is a geodesic whose endpoints are in S3, then we can use parallel transport along
α to transport the line at one end point of α at infinity, to a line at the other
end point at infinity. The angle of these two lines is a continuous G-invariant
function in S3 × S3 which must be a constant because, under the hypothesis, G
acts ergodically on pairs of points in S3. This is impossible by Theorem 5.9.10 in
[222], in which Thurston gives a proof of Mostow’s Rigidity Theorem [153, 154]
(see also Chapter 1 above) using the nonexistence of G-invariant measurable line
fields.
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We can also use the following argument: Let H be the family of all horocycles,
of dimension 1, which are contained in H4 ⊂ H5 and which are tangent at infinity
to the line field L. Since G = π1(M

4), this family H determines a proper, closed
and invariant subset for a unipotent one-parameter subgroup of SO(4, 1) on the
unit tangent bundle of M . But this is not possible because every such action is
minimal, hence every orbit is dense (see [49]). Therefore H = Λ(G̃) and G̃ acts

minimally on Λ(G̃) = S3×P1
C
. Hence the action of G̃ on P3

C
is algebraically mixing,

since any invariant algebraic sub-variety of P3
C
must contain Λ(G̃), which has real

dimension 5, so it must have complex dimension 3. This proves statement (ii)

when n = 4. If n = 5 and the action of G̃ on Λ(G̃) were not minimal, then, by
Theorem 10.3.3, there would exist a section of the Calabi-Penrose fibration over
all of S4. This is impossible since the sphere S4 does not have an almost complex
structure. �

Theorem 10.3.2 implies the following corollary:

Corollary 10.3.4. There exist discrete subgroups of the projective group PSL(4,C)
which act minimally on P3

C
. More precisely, let G be a discrete subgroup of Iso+(H5)

such that H5/G has finite volume. Let G̃ be its canonical lifting to PSL(4,C). Then
G̃ acts minimally on P3

C
.

In fact we will prove later that these groups also act ergodically on P3
C
with

respect to the geometric measure.
We consider now subgroups G ⊂ Conf+(S4) which are geometrically finite.

Recall (see Chapter 1) that this implies that the group has a fundamental domain
with finitely many faces. The group is Zariski-dense if its Zariski closure is the
whole Conf+(S4). The previous Theorem 10.3.2 can be generalised as follows:

Theorem 10.3.5. Let G be a geometrically-finite discrete subgroup of Iso+(Hm),

m = 4, 5, which is Zariski-dense. Let Λ be its limit set in S4. Let G̃ be the lifting
of G to P3

C
. Then, G̃ acts minimally on its limit set ΛKul = Λ× P1

C
⊂ P3

C
.

Theorem 10.3.5 implies that if we consider a hyperbolic Schottky group acting
on H5, whose Cantor limit set is not contained in any round sphere of dimension
less than 4, then its twistorial lifting acts minimally on its limit set. This is a ques-
tion that C. Series asked, motivating Theorem 10.3.5 and the equivalent statement
in (10.5.3) below, both of them proved in [202]. To prove Theorem 10.3.5 we use a
theorem of L. Flaminio and R. Spatzier (Theorem 1.3 in [59]) stated as Theorem
1.3.20 of this monograph.

Proof of Theorem 10.3.5. Suppose the action is not minimal. Then, by Theorem
10.3.3, there exists a continuous invariant section of the Calabi-Penrose fibration
restricted to Λ. This section is therefore a G-invariant continuous family of almost
complex structures {Jx}x∈Λ. If m = 5, let Ex be the subspace of dimension 2
of TxS4 which is the eigenspace corresponding to the eigenvalue i of Jx. Then,
the family {Ex}x∈S4 is a 2-dimensional G-invariant distribution. This contradicts
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Theorem 1.3.20. If m = 4, for each x ∈ Λ ⊂ S3 ⊂ S4, let Ex be the 2-plane Ex =
Tx(S3) ∩ Jx(Tx(S3)). Then, the family {Ex}x∈S3 is a 2-dimensional G-invariant
distribution. This contradicts Theorem 1.3.20. �

Remark 10.3.6. It is worth noting that results of [104] show that Ahlfors’ Finite-
ness Theorem and Sullivan’s Finite Number of Cusps Theorem fail for conformal
groups in S3. More precisely, there exist finitely generated conformal Kleinian
groups G on all Sn , n > 2, such that Ω(G) is not of finite topological type. Also,
M. Kapovich has examples where Ω(G) contains infinitely many connected com-
ponents (personal communication). And there exist finitely generated conformal
Kleinian groups in all spheres Sn , n > 2, having infinitely many nonequivalent
cusps. Thus the results above show that Ahlfors’ Finiteness Theorem fails for
complex Kleinian groups acting on Pn

C
, for all n > 1. Similarly, Sullivan’s Finite

Number of Cusps Theorem also fails for complex Kleinian groups in Pn
C
, but one

has to make precise what a “cusp” means in this context.

10.4 Kleinian groups and twistor spaces in higher

dimensions

We now consider a subgroup G ⊂ Conf+(N) and its canonical lifting G̃ ⊂
Authol(Z(N)). Its Kulkarni Limit set ΛKul = ΛKul(G) is defined as in Chapter
3. This is the union of the three sets L0, L1, L2. Its complement Z(N) \ Λ is the
Kulkarni region of discontinuity.

Theorem 10.4.1. Let N be as above, a closed, oriented, Riemannian 2n-manifold,
let p : Z(N) → N be its twistor fibration and endow Z(N) with the metric g as
above, i.e., it is locally the product of the metric on N , lifted to the horizontal
distribution given by the Levi-Civita connexion on N , by the metric on the fibre
induced by the bi-invariant metric on SO(2n). Then:

(i) The group Conf+(N), of conformal diffeomorphisms of N that preserve the

orientation, lifts canonically to a subgroup C̃onf+(N) ⊂ Authol(Z(N)) of
almost-holomorphic transformations of Z(N). Moreover, if the almost-com-

plex structure J̃ on Z(N) is integrable, then these transformations are indeed
holomorphic.

(ii) Each element in C̃onf+(N) carries twistor fibres isometrically into twistor
fibres.

(iii) If G ⊂ Conf+(N) is a discrete subgroup acting on N with limit set Λ, then

its canonical lifting C̃onf+(N) acts on Z(N) with limit set in the sense of

Kulkarni ΛKul(G̃) = p−1(Λ(G)), so Λ̃ is a fibre bundle over Λ with fibre
Z(S2n−2).
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Proof. We already know that every γ ∈ Conf+(N) lifts canonically to an element
γ̃ ∈ Authol(Z(N)). So the only thing to prove for statement (i) is that Conf+(N)
lifts to Authol(Z(N)) as a group, i.e., that given any γ1, γ2 ∈ Conf+(N), one has
γ̃1 ◦ γ̃2 = γ̃1 ◦ γ2, but this is evident because the derivative satisfies the chain rule.
We next recall that at each x ∈ N , the derivative dγx : TxN → Tγ(x)N takes
orthonormal framings into orthogonal framings. In other words, dividing dγ(x)
by some positive real number, we obtain an orthogonal automorphism TxN →
Tγ(x)N . Hence, given the splitting TZ(N) = V ⊕H, into the vertical and horizontal
components, one has that, for each x̃ ∈ Z(N), the induced action of the derivative,
dγ̃(x̃)|Vx̃

: Vx̃ → Vγ̃(x̃), is by orthogonal transformations. Therefore statement (ii)
follows from the fact that the metric on the fibres comes from the bi-invariant
metric on SO(2n). The proof of (iii) is the same as that of Proposition 10.3.1,

since G̃ acts by isometries on the twistor fibres in Z(N). �

Let us restrict now our attention to the case N = S2n.

Definition 10.4.2. A twistorial Kleinian group is a discrete subgroup of the group
Authol(Z(S2n)) of holomorphic automorphisms, which acts on Z(S2n) with non-
empty region of discontinuity.

It follows from Theorem 10.2.3 that if G ⊂ Conf+(S2n) is Kleinian, then its

lifting G̃ to Authol(Z(S2n)) is also Kleinian. We have the following generalisation
of Theorem 10.3.2:

Theorem 10.4.3. Let G ⊂ Conf+(S2n), n > 1, be a conformal Kleinian group. We

set Z := Z(S2n) and let G̃ be the canonical lifting of G to Authol(Z), whose limit

set we denote by Λ̃. Then one has:

(i) If G leaves invariant an m-sphere Sm ⊂ S2n , m < 2n − 1, then the action

of G̃ on Z leaves invariant a copy of each twistor space Z(S2r) ⊂ Z for all
r ≥ m/2, which are all complex (algebraic) submanifolds of Z. Hence the

action of G̃ on Λ̃ ⊂ Z is not minimal.

(ii) If G is a geometrically-finite discrete subgroup of Iso+(Hm), m = 2n, 2n+1,

which is Zariski-dense, then G̃ acts minimally on Λ̃. Hence, there are no
proper complex submanifolds (nor subvarieties) of Z which are G̃-invariant,

i.e., the action of G̃ on Z is algebraically-mixing.

(iii) Let G be a geometrically-finite discrete subgroup of Iso+(H2m+1), m < n−1,

which is Zariski-dense (so G̃ leaves invariant Z(S2m)). Then the action of G̃
on Z(S2m) ⊂ Z has no invariant complex submanifolds, the restriction of the

projection p : Z → S2n to Λ̃2m := Λ̃ ∩ Z(S2m) is a fibre bundle over Λ(G),

with fibre Z(S2m−2), and the action of G̃ on Λ̃2m is minimal.

Proof. If G leaves invariant an m-sphere Sm, then it leaves invariant, via the in-
clusion, a sequence of spheres Sm ⊂ Sm+1 ⊂ · · · ⊂ S2n. Hence, for every sphere S2r
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in this sequence, G takes almost complex structures on S2r into almost complex
structures on S2r, so G̃ preserves Z(S2r) ⊂ Z. Since G̃ takes twistor fibres isomet-

rically into themselves, preserving Z(S2r), one has that the action of G̃ on Λ̃ is

not minimal, because the orbits can not get too close to Λ̃ ∩ Z(S2r). This proves
statement (i).

The proof of statement (ii) relies heavily on Theorem 1.3.21, which generalises
the theorem in [59] (Theorem 1.3) about ergodicity of the action of G on the bundle
of frames. In fact, notice that as in Section 10.3, there exists necessarily a compact
set H ⊂ Λ̃ ⊂ Z , where G̃ acts minimally. If H = ΛKul, then there is nothing to
prove. Assume H �= ΛKul, then by Theorem 10.3.3 we know that p|H : H → Λ is
a fibre bundle.

The set H is a closed subset of the set of pairs (x, J), where x ∈ Sm−1 ⊂ S2n

and J is an almost complex structure on TxS2n compatible with the metric and
orientation. If m = 2n, then H determines a closed family F of hyperplanes of
dimension 2n − 2 tangent to S2n−1, in the same way as in Theorem 10.3.2: F :=
TxS2n−1∩J(TxS2n−1), (x, J) ∈ H. This contradicts Theorem 1.3.21, so the action
is minimal on its limit set when m = 2n. If m = 2n+1, we consider the families of
n-planes: Π±i := ∪x∈ΛΠ

±i
x , where Π±i

x is the eigenspace in Tx(S2n) corresponding
to the multiplication by ±i given by the corresponding complex structure. These
are disjoint, G-invariant families of n-planes over Λ, contradicting Theorem 1.3.21.
Hence the action of G̃ is minimal on its limit set.

The second statement in (ii) now follows easily: the minimality of the action
implies that any invariant complex submanifold (or subvariety) of Z must have the
same dimension as Z, so it must be all of Z. Statement (iii) is an easy combination of
Theorem 10.3.3 with statements (i) and (ii), so we leave the proof to the reader. �

As mentioned before, the twistor space Z := Z(S2n) embeds in a projective
space PN

C
, for some N (see for instance [34]). This can be proved in the usual

way: showing that there exists a holomorphic line bundle L over Z with “enough”
sections, which provide a projective embedding of Z.

However, in order to state our next result, we will give a more precise de-
scription of such an embedding, following [99]. For this we first recall some facts
about the spin representation. We refer to [11], [137] or [63, Ch.3] for details.

If V is a real vector space of dimension m, with the usual quadratic form
q, then its Clifford Algebra C(V ) is the quotient C(V ) :=

⊗r
T ∗(V )/I, of the

complete tensor algebra of V by the ideal generated by elements of the form
(e ∗ e + q(e) · 1). As a vector space, C(V ) has dimension 2m and it is isomorphic
to the exterior algebra of V (see [137] for a nice description of this isomorphism).

For m = 2n even, the group Spin(2n) is defined to be the multiplicative
subgroup of C(V ) consisting of all the elements that can be expressed in the form
v1∗· · ·∗v2r , where each vi is a vector in V of unit length. Spin(2n) acts orthogonally
on V , so there is a canonical surjective homomorphism Spin(2n)→ SO(2n), whose
kernel is the centre of Spin(2n), which consists of ±1. Hence, for all n > 1, Spin(2n)
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is simply connected and it is the universal cover of SO(2n). This group acts linearly
on C(V ), so it also acts on the complexification CC(V ) = C(V ) ⊗ C, which is a
complex representation space for the spin group, of complex dimension 22n. As
a left module, CC(V ) splits as the direct sum of 2n copies of a left module Δ of
dimension 2n, which is the the spin representation of Spin(2n), by definition.

This is in fact a complex representation space for the whole Clifford algebra
C(V ), and it is its unique irreducible complex representation, up to equivalence.
However, as a representation space of the spin group, this is still reducible: Δ
splits as the direct sum of two irreducible, nonequivalent representations Δ± of
dimension 2n−1, called the (positive and negative) half-spin representations.

Let PC(Δ
+) ∼= P2n−1−1

C
be the projectivisation of the positive half-spin

representation space Δ+. Then Spin(2n) acts on PC(Δ
+) inducing an action of

SO(2n), whose isotropy group at a preferred point θ∅ is U(n). This gives an
SO(2n)-equivariant embedding of Z(S2n−2) = SO(2n)/U(n) in the projective

space PC(Δ
+), isomorphic to P2n−1−1

C
, see [99], pages 108 and 114. Furthermore,

from [99], Theorem 3.7, we know that this is the projective embedding of Z(S2n−2)
of smallest codimension.

It is clear that the first Betti number of Z is 0 and H2(Z;Z) ∼= Z. Hence, by
[27] or [119, Ch. III-9], given the above embedding Z ↪→ P2n−1

C
, every holomorphic

automorphism of Z extends to this projective space and, moreover, the group
Authol(Z) can be identified uniquely with the group of holomorphic automorphisms
of P2n−1

C
that preserve Z. Thus we arrive at the following theorem:

Theorem 10.4.4. Let G be a conformal Kleinian group on S2n. Then G is a complex
Kleinian group in P2n−1

C
. More precisely, G lifts canonically to a Kleinian group

G̃ on the twistor space Z and, given the natural embedding Z ↪→ P2n−1
C

via the

spin representation, G̃ extends uniquely to a complex Kleinian group in P2n−1
C

.

We remark that the only Riemannian manifold which is not a sphere and
whose twistor space is Kähler is P2

C
, by [95], [208]; its twistor space is the manifold

F3(C) of flags in C3. The above discussion applies also in this case; however, the
group Conf+(P2

C
) is PU(3), which is compact, hence every discrete subgroup of

this group is finite.

10.5 Patterson-Sullivan measures on twistor spaces

It follows from the previous discussion that each Riemannian metric g on S2n de-
fines canonically a Riemannian metric g̃ on Z via the twistor fibration: This is the
unique metric g̃ for which the differential of p, dp, is an isometry in each horizontal
plane Hx and which coincides with the metric on each twistor fibre inherited from
the bi-invariant metric on SO(2n). Two conformally equivalent Riemannian met-
rics on S2n lift to two Riemannian metrics on Z which are horizontally conformal,
i.e., they coincide in the twistor fibres and differ by a conformal factor in the hor-
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izontal distribution. A similar remark holds for other 2n-dimensional Riemannian
manifolds, and also for measures.

Let G be a geometrically-finite Kleinian group on H2n+1, n > 1. Let y ∈
H2n+1 and let μy be the Patterson-Sullivan measure on the sphere at infinity S2n

obtained from the orbit of y (See Chapter 1 or [172], [216], [218], [163]). Let G̃
be the lifted group acting on Z. For each y ∈ H2n+1, let μ̃y be the measure on

Z, supported in Λ(G̃), which is the product of μy on S2n and the measure on the
twistor fibres determined by the metric. This is well defined and the family {μ̃y} is
a horizontally conformal density in Λ(G̃) of exponent δ, where δ := δ(Λ(G)) is the
Hausdorff dimension of Λ(G) (see Chapter 1 or [163] for the definition of conformal
densities). These measures are all proportional for y ∈ H2n+1. Moreover, since

the limit set of G̃ is the cartesian product of Λ(G) and a manifold of dimension
(n2 − n), Theorem 2 of [24] (see also [142]) says that the Hausdorff dimension

of Λ(G̃) is δ(Λ(G̃)) = δ(Λ(G)) + n2 − n. Thus one can apply known results of

discrete hyperbolic groups to obtain results about the Hausdorff dimension of G̃.
In particular, by Theorem D in [226] (c.f., [218]) one has the following theorem:

Theorem 10.5.1. Let G be a geometrically-finite conformal Kleinian group on
H2n+1, with n > 1. Let G̃ be its lifting to Z. Then δ(Λ(G̃)) = δ(Λ(G))+(n2−n) <
n2 + n.

Also, by results of R. Bowen [31] and D. Ruelle [188], we obtain:

Theorem 10.5.2. Let {Gt} be an analytic family of conformal Kleinian groups
acting on H2n+1, which are geometrically-finite and without parabolic elements.
Let G̃t be their liftings to Z. Then δ(t) := δ(Λ(G̃t)) is a real analytic function of
t.

It would be interesting to find conditions under which this theorem holds for
general complex Kleinian groups on PN

C
.

We now recall:

(i) If G is a subgroup of Iso(Hm),m ≤ 2n+1, then G is a subgroup of Iso(H2n+1)
via the inclusion Iso(Hm) ↪→ Iso(H2n+1).

(ii) The Patterson-Sullivan density {μy}, y ∈ H2n+1, associated to G ⊂
Iso+(H2n+1) is ergodic if for any G-invariant Borel subset A, either μy(A) = 0
or μy(−A) = 0, where −A := Λ(G)−A.

(iii) If a discrete subgroup G ⊂ Iso(H2n+1) is geometrically-finite, then the den-
sities {μy} , y ∈ H2n+1, are all proportional, and so are their liftings {μ̃y} to
Z. Hence, ergodicity for a fixed μy implies ergodicity for all μy, y ∈ H2n+1.

Theorem 10.5.3. Let G̃ be a group of holomorphic transformations of Z := Z which
is the lifting of a geometrically-finite discrete subgroup G ⊂ Conf+(S2n), n > 1.
Assume G is indeed contained in Iso+(Hm+1) = Conf+(Sm) ⊂ Conf+(S2n), for
some m ≤ 2n. Let Λ̃ := Λ(G̃) be the limit set of G̃.
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(i) If m < 2n − 1, then the action of G̃ on Λ̃ is not ergodic with respect to the
measures μ̃y , y ∈ Hm+1.

(ii) If m is either 2n− 1 or 2n and Λ(G) = Sm−1, then the action of G̃ on Λ̃ is
ergodic with respect to the measures μ̃y , y ∈ Hm+1.

(iii) In fact, if m is either 2n − 1 or 2n and G is Zariski-dense in Iso+(Hm+1),
then μ̃ is ergodic, y ∈ Hm+1.

(iv) Let m = 2r < 2n − 1 , so that (by Theorem 10.4.3) one has a G̃-invariant

twistor space Z(S2r) in Z, whose intersection with Λ̃ is a fibre bundle over Λ
with fibre Z(S2r−2). If G is Zariski-dense in Iso+(Hm+1), then the action on

Λ̃ ∩ Z(S2r) is ergodic for μ̃y , y ∈ Hm+1.

Notice that statement (iii) implies statement (ii), so we only prove statement
(iii). We also notice that, by [216] and [218], the action of G ⊂ Conf+(Sm) on its
limit set Λ ⊂ Sm is ergodic with respect to the Patterson-Sullivan densities (see
Chapter 1). If Λ = Sm, these measures are constant multiples of the Lebesgue
measure on Sm.

Proof. Assume m < 2n − 1 and suppose m = 2r is even. Then, by Theorem
10.4.3, one has a G̃-invariant twistor space Z(S2r) in Z, whose intersection with

Λ̃ is a fibre bundle over Λ with fibre Z(S2r−2). Furthermore, by Theorem 10.2.3,

G̃ takes twistor fibres isometrically into twistor fibres. This implies that for every
ε > 0, the ε-neighbourhood of Z(S2r) ∩ G̃ in G̃, is an invariant set of positive

μy-measure, whose complement in G̃ has also positive measure if ε is small. Hence
these measures are not ergodic, proving i) when m is even. If m < 2n− 1 is odd,
then m + 1 is even and m + 1 < 2n − 1, so we can apply the above arguments
taking the inclusion Conf+(Sm) ↪→ Conf+(Sm+1), thus proving (i).

Now let m = 2n − 1. Suppose there exists A ⊂ Λ(G̃) ⊂ Z which is a G̃-
invariant Borel subset such that μ̃y(A) �= 0 �= μ̃y(−A), where −A is the comple-

ment of A in Λ(G̃). The set p(A) ⊂ Λ(G) ⊂ S2n−1 ⊂ S2n is G-invariant. Since
the measure μy is ergodic, by [216], then either μy(p(A)) = 0 or μy(−p(A)) = 0,
where −p(A) := S2n−1 − p(A). We can assume μy(−p(A)) = 0, so that p(A) has
full measure, μy(p(A)) = 1 . Then, by Fubini’s theorem applied to the fibration p,

the set p−1(p(A)) has full measure in Λ(G̃). The set p−1(p(A)) consists of A and
B = p−1(p(A)) ∩ (−A), which are disjoint sets of, necessarily, positive measure.

The limit set Λ̃ ∼= p−1(Λ) is the set of all almost complex structures compat-
ible with the orientation and the canonical metric of TxS2n for x ∈ Λ ⊂ S2n−1. An
almost complex structure Jx of TxS2n, at a point x ∈ Λ ⊂ S2n−1, determines the
oriented (2n−2)-plane Px := TxS2n−1∩Jx(TxS2n−1) , tangent to S2n−1 at x ∈ Λ.
Let Lx be the line in TxS2n−1 orthogonal to Px ; this line determines the family
Hx, consisting of all horocycles in H2n which are tangent to Lx.

Let H be the space of all one-dimensional horocycles in H2n−1. It is clear
that the group Iso+(H2n) ∼= Conf+(S2n−1) acts transitively on H. So H is a ho-
mogeneous space with a unique invariant measure class, which is clearly ergodic,
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because the action of Iso+(H2n) is transitive. Therefore the restriction of this ac-
tion to G also acts ergodically on H, by Moore’s Ergodicity Theorem (see [233,
Th. 2.2.6] or Theorem 1.3.1 above).

Let HA and HB be the subsets of H consisting of all horocycles in H2n ⊂
H2n+1 which are tangent to the lines determined by the points of x ∈ Λ which
are in A and B, respectively. Then HA and HB are two disjoint Borel subsets of
H which are G-invariant and of positive measure, because p(A) = p(B) has full
measure in S2n−1. This is a contradiction and the statement (ii) is proven when
m = 2n− 1. Notice that this would also contradict Theorem 1.3.21 in Chapter 1.

Let now m = 2n. Then the limit set of G is contained in the sphere S2n. Sup-
pose that the action of G̃ is not ergodic. Then, as before, there exists a G̃-invariant
open set A ⊂ Z such that both A and −A have positive Lebesgue measure. If
z ∈ A, then z corresponds to an almost complex structure Jz at the tangent
space, Tx(S2n), of the point x := p(z).

The tangent space decomposes as the direct sum: Tx(S2n) = E1
z ⊕E2

z , where
E1

z and E2
z are the eigenspaces which correspond to the eigenvalues i and −i,

respectively. Now we use the same argument as before: the set of horocycles which
are tangent to the family {E1

z}z∈U is a G̃-invariant set in the space of all horocycles
which has positive measure and whose complement has also positive measure. This
contradicts both, Moore’s ergodicity theorem and Theorem 1.3.21. This completes
the proof of statement (iii).

The proof of statement (iv) is immediate from the above discussion. �

10.6 Some remarks

Consider a discrete subgroup Γ of Conf+(S4) ∼= Iso+(H5
R), the group of orientation

preserving conformal automorphisms of the 4-sphere, which has real dimension 15.
One has a canonical embedding of Conf+(S4) in PSL(4,C), which is a Lie group
of complex dimension 15, and we may have deformations of Γ in PSL(4,C) that
do not come from Conf+(S4).

If the group Γ is cocompact, then Mostow’s rigidity theorem implies that Γ
is rigid. In particular it has no infinitesimal deformations. Since the Lie algebra of
PSL(4,C) is the complexification of the Lie algebra of Conf+(S4), it follows that
Γ is rigid also in PSL(4,C). Yet, when Γ ⊂ Conf+(S4) is not a lattice, then it may
have a rich deformation theory, and it can be interesting to study its deformations
in PSL(4,C). For instance, we can start with a Schottky subgroup of Conf+(S4),
lift it to PSL(4,C) and deform it there. Among other things, this gives a new
method for constructing compact complex 3-folds with a projective structure and
an interesting Teichmüller-type theory.

We may consider also discrete subgroups of PSL(2,R) ⊂ PSL(2,C) ∼=
Conf+(S2), include them in Conf+(S4) and then lift them to PSL(4,C), where
they can have interesting deformations.

Problem. Study deformations in PSL(4,C) of discrete subgroups of Conf+(S4).
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There are indeed many ways in which this problem can be turned into con-
crete questions and problems. Some of these are related with the behaviour of
limit sets under deformations. For instance we know from the work of R. Bowen
and others, that if we start with a cocompact Fuchsian group Γ ⊂ PSL(2,R) and
we deform it “slightly” in PSL(2,C), then the limit set of the deformed group is
a quasi-circle and the Hausdorff dimension of the limit set depends analytically
on the parameters of the deformation. What if we deform it in PSL(4,C)?, or in
PSL(3,C)? This is of course related to the work done by various authors, studying
deformations of Fuchsian groups in PU(2, 1) (see for instance [171]).
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tions. In “Mathématique et Physique”, edit L. Boutet et al. Progress in
Maths. 37. Birkhäuser, 1983.
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Möbius group, 3
Margulis superrigidity, 31
McMullen, Curt, xiv, 30

Minimal, 18, 39, 75, 137, 142, 150,
163, 203, 240, 243

Mirror , 2, 198, 224
canonical, 197

Models for real hyperbolic geometry,
5

Montel’s Theorem, 138
Mostow, G. Daniel, 66
Mostow-Margulis Rigidity Theorem,

31

Nori, Madhav V., 199
Normal family, 77

Ochiai, Takushiro, 167, 175
Orbifold , 177

fundamental group, 181
good, 179
universal covering, 181

Parker, John R., xviii, 66, 67, 72
Patterson-Sullivan measure, 247
Penrose, Roger, 216, 234, 235
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